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Abstract . This article enriches the idea of neutrosophic soft ideal (NSI). The notion of neutrosophic soft prime ideal 
(NSPI) is also introduced here. The characteristics of both NSI and NSPI are investigated. Their relations are drawn 
with the concept of ideal and prime ideal in crisp sense. Any neutrosophic soft set (Nss) can be made into NSI or NSPI 
using the respective cut set under a situation. The homomorphic characters of ideal and prime ideal in this new class 
are also drawn critically. 


Keywords: Neutrosophic soft ideal (NSI); Neutrosophic soft prime ideal (NSPI); Homomorphic image. 


1 Introduction 


In today’s world, the most of our routine activities are full of uncertainty and ambiguity. Whenever solving any 
problem arisen in decision making, political affairs, medicine, management, industrial and many other different 
real worlds, analysts suffer from a major confusion instead of directly moving towards a positive decision. 
The situation can be nicely conducted by practice of Neutrosophic set (Vs) theory introduced by Smarandache 
[7,8]. This theory represents an object by an additional value namely indeterministic function beside another 
two characters seen in Attanasov’s theory [16]. So, Attanasov’s theory can not be a proper choice in uncertain 
situation. Hence, the Ns theory is more reliable to an analyst, since an object is estimated here by three 
independent characters namely true value, indeterminate value and false value. The analysis of uncertain fact is 
possible in a more convenient way on the availability of adequate parameters. The soft set theory innovated by 
Molodtsov [5] brought that opportunity to practice the different theories in uncertain atmosphere. 

Researchers are trying to extend the various mathematical structures over fuzzy set, intuitionistic fuzzy set, 
soft set from the very beginning. Some attempts [1,2,3,4,6,11,12,21,32,33,45] allied to group and ring theory 
are pointed out. Maji [22] took a successful effort to combine the neutrosophic logic with soft set theory and 
thus the Nss theory was brought forth. Later, modifying the different operations of Nss theory using t-norm 
and s-norm, Deli and Broumi [13] gave this Nss theory a new look. Doing the habit of this modified formation, 
Bera and Mahapatra [36] began to study the notion of NSI. From initiation, the authors are making attempt to 
unite with the neutrosophic logic in different mathematical areas and in many real sectors. These [9,10,14,15, 
17-20, 23-31, 34-44] are some accomplishments. 

The present study investigates the characteristics of NSI. Section 2 states some necessary definitions to carry 
on the main result. In Section 3, the structural characteristics of NSIs are investigated. Section 4 introduces and 
develops the concept of NSPI. Section 5 describes the nature of homomorphic image of NSI and the conclusion 
is given in Section 6. 
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2 Preliminaries 


We shall remember some definitions here to make out the main thought. 


2.1 Definition [38] 


1. A continuous t-norm A maps [0, 1] x [0,1] — [0, 1] and satisfies the followings. 

(i) A is continuous and associative. 

(ii) mAg=qAm, Vm,¢€ [0,1]. 

(iii) mA1L1=1Am=m, Vme [0,1]. 

(iv) mAqg<nAs if m<n,q<s with m,q,n,s € [0,1]. 

mAgq=mq,mAq=min{m,q},m Aq = max{m + q-— 1,0} are some necessary continuous t-norms. 
2. A continuous ¢ - conorm (s - norm) V7 maps {0, 1] x [0, 1] > [0, 1] and obeys the followings. 

(i) V7 is continuous and associative. 

jiij)w Vp=pVuw, Vu,p € (0, 1]. 

jij) w V0=0Vw=w, Vu € (0, 1]. 

(iv) wVpsvVq if w<vu,p<q with w,v,p,q€ [0,1]. 

wVp=w+tp—wp,w V7 p= max{w,p},w V7 p = min{w + p, 1} are some useful continuous s-norms. 


2.2 Definition [7] 


An element u of a universal set X is described under an Ng A by three characters viz. truth-membership 
Ty, indeterminacy-membership J;,; and falsity-membership Fy, such that Ty(w), [y(u), Fy (wu) €]~0, 17| and 
~0 < sup Ty(u) + sup Iy7(u) + sup Fy(u) < 3%. For 1* = 1+, 1 is the standard part and « is the non- 
standard part and so on for ~0 also. The non-standard subsets of |~0, 1*| is practiced in philosophical ground 
but in real atmosphere, only the standard subsets of |~0,1*[ i-e., [0,1] is used. Thus the Ng H is put as : 
{< u, (TH(u), In(u), Fx(u)) >: u © X}. 


2.3 Definition [5] 


Suppose X be the universe of discourse and F be a parametric set. Then for B C E and o(X) being the set of 
all subsets of X, a soft set is narrated by a pair (G, B) when G maps B > ¢(X). 


2.4 Definition [22] 


Suppose X be the universe of discourse and FE’ be a parametric set. Then for B C EF’ and Ng(X) being the set 
of all Nss over X, an Nss is narrated by a pair (G', B) when G maps B > Ng(X). 


The Nss theory appeared in a new look by Deli and Broumi [13] as follows. 


2.5 Definition [13] 


Suppose X be the universe of discourse and FE being a parametric set describes the elements of X. An Nss 
D over (X,£) is put as: {(b,hp(b)) : b © E} where hp maps E + Ng(X) given by hp(b) = {< 
U, (Thy) (u), Lnp() (4), Frpw)(u)) >: u © X}. Tho), Inyo); Fao) € [0,1] are three characters of hp(b) as 
mentioned in Definition [7] and they are connected by the relation 0 < Th,,()(w) + Inp(o) (u) + Fro) (u) < 3. 
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2.5.1 Definition [13] 


Over (X, FE’), suppose P, Q be two Nss. Vb € FE and Vu € X, if Trp (u) < Tho (u), Inpoy(u) = Inow(u), 
Frp(o)(u) = Fro)(u), then P is called a neutrosophic soft subset of Q (denoted as P C Q) 


2.6 Proposition [34] 


A neutrosophic soft group (NSG) D is an Nss on (V, 0), a classical group, obeying the inequalities mentioned 
below with respect tom A q = min{m, q} and p 7 n = max{p, n}. 

Thp(s) (uov*) > Thp (y(t) A Thp(b)(v); Tnp(p)(uov-*) < Inp(b)(U) V Thp(b)(v) and 

Fi, 5 (») (uov—") < Fry (oy (u) V Fry) (v), Vu,v EV, VbE E. 


2.7 Definition [36] 


1. For a neutrosophic soft ring (NSR) D on a ring (.5,+,-) in crisp sense if each hp(b) is a neutrosophic left 
ideal for b € E, then D is called a neutrosophic soft left ideal (NSLI) i.e., 

(i) hp(b) is a neutrosophic subgroup of (5, +) for every b € E and 

Gi) Tho (2-¥) = Thow(¥)s Inow(2-¥) < Ino); Faow(@-y) < Faow(y); for z,y € S. 
2. For an NSR D on (S,+,-) if each hp(b) is a neutrosophic right ideal for b € FE, then D is called a 
neutrosophic soft right ideal (NSRI) 1.e., 

(i) hp(b) is a neutrosophic subgroup of (5, +) for every b € E and 

Gi) Tse (t) > Tage) @) ins Uv) = ph) Fas le? = Pasay); tora, y-e S. 
3. For an NSR D on (S,+,-) if each hp(b) is an NSLI as well as NSRI for b € E, then D is called an NSI ie., 

(i) hp(b) is a neutrosophic subgroup of (5, +) for every b € E and 

(ii) Thy (@-y) => max{Th,(o)(2), Trp) (yt, Drow (@-y) < min{lnp( (2), Inpwy(y)} and 

Frow(v-y) S min{ Frp)(2); Frow(y)hs for x,y € S. 


2.8 Definition [35] 


1. Let M be an Ns on the universe of discourse X. Then M(g.n,5) is called (a, 7, 5)-cut of M and is described 
asaset {u € X : Ty(u) > o,Iu(u) < n, Fuv(u) < 6} where o,7,6 € [0,1] andO <o0+7+6 < 3. This 
M o.n,5) is called (a, 7, 6)-level set or (a, 17, 6)-cut set of the Ng M and clearly, M(g.n,5) C X. 

2. Let D be an Nss on (X, £). Then the soft set Dion,5) = {(0, [hp (8)](on,5)) 1 6 € E} is called (a, 7, 5)-level 
soft set or (a, 7, 6)-cut soft set for o,7,d € [0,1] wihO <ao+%7+6 < 3. Here each [hp(b)|(o7,5) is an 
(a, 7, 0)-level set of the Ng hp(b) over X. 


In the main results, we shall restrict ourselves by the t-norm as m A q = min{m, q} and s-norm as p 7 n = 
max{p,n} and shall take b € EF, a parametric set, as an arbitrary parameter. 


3 Neutrosophic soft ideal 


Some features of NSI are studied by developing a number of theorems here. 
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3.1 Proposition 


Let K be an NSLI (NSRD on (S, £). If Og is the additive identity of the ring S, then 
(i) Thay (b) (14) < Thye(b) (Os), Tnx (b) (U) > Tnx (b) (05), Fri (b)(u u) > Ps (») (Os), Vue RandVbe E. 
(ii) K(o,n,5) is a left (right) ideal for 0 < o < Th, (05), Lng )(0s) <7 <1, Fax (Os) <6 <1. 


Proof. (i) Here, for every b € E', hx(b) is a neutrosophic subgroup of (S,+). Then Vu € S and Vb € E, 
Thic)(95) = They — U) 2 Tao) (t) A Taco) (u) = fu u), 


The )(Os) = Tne wy(u—u) < Ing (t) V Tae (u) = Ingo) (u), 
Fix(b) (Os) Figo (u—uU) < Frew (u) 7 Fae(sy(u) = me (u); 


(ii) Let u,v € K(on,5) and r € S. Then, 


Tiepltu—v) 2 Tix lu) A Themlv) 2c Ao =o, 
Ingy(U—v) < Tago (4) 7 Ineo lv) S070 =, 
Fix(y(U-v) < Fag (tu) V Fae v) $67 6 = 4; 


and Th,.@) (TU) = Thou) 2% Liew (Tu) S Inc (@) S Faw (ru) S Fay (u) < 6. 
Hence u — v, ru € K(o,5) and so K(g,,5) is a left ideal of S. Similarly, one right ideal of S is K(4.,5) also. 


3.2 Theorem 





(i) Q be a non-empty ideal of crisp ring S if and only if 3 an NSI K& on (S, £) where hx : E —> Ng(S) is 
given as, Vb € E, 


D ifueQ D ifueQ Dp ifueQ 
Thx (o)(U) = 2 : om aueo. Thye(b)(U) = { Cis ifu dO. Fig (o)(u) = ee (> p3) ifud Q. 


: _ (P1, P2, D3) when u € Q 
Briefly stated  hx(b)(u) = { lene a) wien 2. 
where $1 < pj, S2 > P2, 83 > p3 and p;, s; € [0,1] for all 7 = 1, 2,3. 
(ii) Specifically, Q is a non empty ideal of a crisp ring S iff it’s characteristic function \g is an NSI on (S, E) 
where Ag : E —> Ng(S) is given as, Vb € E, 


rool= {9 ituge, Bom={9 iuge, Hom=(1 rage 


Proof.(i) First let Q be a non empty ideal of S in crisp sense and consider an Nss K on (5S, E’). We now take the 
following cases. 


Case 1 : When u,v € Q, then u — v € Q, an ideal. So, Vb € E, 


The((u—-v) = pi=pi Apr = Thy wy(u) A Thao) (v) 
Thc (by) (u —v) P2 = p2 V p2 = Lite )(w) V Thc (b)(v) 
Fio(u—v) = ps = ps V3 = Fry (t) V Fhe (v) 
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Case 2: If u € Q but uv ¢ Q, thenu —v ¢ Q. So, Vb E E, 


Thrw(u-v) = 8: =p. Asi =Thyw(u) A Thxw(r) 
Tape (by (U =) = po V7 $2 = Thx )(u) VT Lhe) (v) 
Fagy(U-—v) = $3 = ps 7 $3 = Fag (u) V Fax (v) 


Case 3: If u,v ¢ Q, then Vb € E, 


Tig@lu=v) 2 81 = 8, As; =Thze(u) A Thou) 
Ing()(U—V) S82 = $2 7 82 = Tago) (u) V Ingo (v) 
Fr)(U—v) S 83 = 83 7 83 = Fag () V Fav) 


Thus in any case Vu,v € Rand Vb € E, 
Thc (U — ¥) 2 Thy oy) A Thre), Ingo 2%) S Lage) V Ing(v) and 
Fie(s) (= V) S Fay (t) VY Fries) (v). 

We shall now test the 2nd condition of the Definition [2.7]. 

Case 1: When u € Q then wv, vu € Q, an ideal on S, for v € S. So, Vb € E, 


Taw (uv) = The@(vu) = Pi = Thee (u), 
Liev) = Ing (vu) = po = The (u), 
Fixg()(Uv) = Fre (vu) = ps = Fro) (u); 


Case 2: If u € Q then either wv € Q or uv ¢ Q and so, Vb € E, 


Thic(b) (Uv) > 81 = Thy oy (u), Theo (vu) > 81 = Thy (u), 
Ing (by) (uv) < 82 = Ing (u), Ing (vu) < $2 = Ingo (u), 
Frc(o)(Uv) < 83 = Fax (t), Faew (vu) < 83 = Frew (u); 


This shows that K is NSLI and also NSRI on (S, £). Thus & is an NSI on (5, F). 
Reversely, suppose KC be an NSI on (S, £) in the specified form. We are to show Q(¥ 4@) is a crisp ideal of 
S. Letu,v € Q anda € S. Then Th je (b)(U) = The(b)(v) = 71, Tnx (b) (U) = Thx (b)(V) = po, Fh (b) (U) = 
Fh) (v) = p3. Now, 

Thc (U — ¥) 2 Thy oy) A Theo) = Pry Lael - ¥) STi VY Lax (v) = 2 and 

Fic) (U — ¥) S Fax) V Faciy(v) = Ds. 
Further, as is an NSI over (S, £) and as either 0s € Q or Og € Q, 

Trx(o)(U— ¥) < Thy(ey(Os) < pi, Ing (o)(u — v) > Inge) (05) > po, Fhyacoy(u—v) > Fax) (0s) > ps. 
This implies 7), (6)(u—v) = pi, Ing (b)(U—-V) = Pe, Fry(b)(u—v) = ps and so by construction of K, u—v € Q. 
Next, A is an NSLI over (5, £) and so, 

Tico) (QU) 2 Theo) (U) = Dis Ineo) (Qt) S Inge) (U) = Pa, Fay (Qu) S Frc) (u) = ps. 

Again K is an NSLI over (5, E) and as either 05 € Q or Os € Q, 

Thx (v) (Qu) < Theo) (Os) < pr, Ing (o) (au) > Inyo) (Os) > pe, Fax (au) > Fry) (Os) > ps. 

This shows T),,.(o)(au) = pi, Ing(o) (Qu) = po, Fryx(y) (au) = p3. So, au € Q by structure of K. In a same 
comer, ua € Q. Therefore, Q is a crisp ideal of S. 





T. Bera, S. Broumi and N. K. Mahapatra, Behaviour of ring ideal in neutrosophic and soft sense. 


6 Neutrosophic Sets and Systems, Vol. 25, 2019 





(ii) First suppose Q be a non empty crisp ideal of S and on (S, £), Ag be an Nss. Following cases are needed 
to discuss. 


Case 1 : When u,v € Q, then u — v € Q, an ideal. So, Vb € E, 
Tyo) (u om v) = l= = 1 A l= = Dro )(w) A Tyr9(6)(v) 
Dy (u — v) CS057.0 = 1h 40) (u) 7 Drow (v) 
Fy) (u — v) 0=0:57:0 = Fyo0) (u) 7 Pro (v) 


Case 2: If u € Q but uv ¢ Q, thenu —v ¢ Q. Then Vb € E, 


Tyo) (u = v) = US 10 Dxot )(w) A Tr9(6)(v) 
Tyo) (u — v) = 1=0 V = Lob) (u) V Iho) (v) 
Fy oy (u — v) = | =0V 1 = Fy) (u) 7 Frow(v) 


Case 3: If u,v € Q, then Vb € E, 


Ty9(o)(u =< v) > 0= = 0 A 0= = Jat by (20) LX est »)(v) 
how) (u — v) < l=1V1=he »)(U) F Lrg »)(v) 
Fy5@)(u =v) < 1=1V1= Fy a(t) V Pagi b)(v) 


Thus in any case Vu,v € Sand Vb € E, 
Trg) (u — v) 2 Tra (u) A Trgw(v), Dew lu-v) < Dew) V Dew(v) and 
Fyg@(u-v) < ae )(u) 7 Prew(v). 

We shall now test the 2nd condition of Definition [2.7]. 

Case 1 : When u € Q then wv, vu € Q, an ideal of S, for v € S. So, Vb € E, 
Dy (6) (wv) = Ty9(b) (vu) =] = Ty9(6) (uw), Ly Q(b) (wv) = Loi) (vu) =0= Low) (wu) and 
Fy o() (wv) = Fy (8) (vu) =0= Py ow) (u). 

Case 2: If u € Q then either wv € Q or uv € Q and so Vb E E, 


Ty9(b) (wv) >) = Ty9(b) (uw), Ty9(b) (vu) >0= DSO) (w), 
Tyg) (uv) < l= Tyo) (u), Tyo) (vu) < 1= Tyo) (u), 
Fy oo) (uv) <l= Fy oy (u), Fy oie) (vu) <= Py (tu); 


This shows that \g is NSLI and NSRI on (S, £’). Thus Ag is NSI on (5, £). 
Reversely, let Ag be an NSI over (S, /) in the prescribed form. We shall have to show @(¥ ¢) is a crisp ideal 
of S. Let U,V E Q anda € S. Then Tyo (6) (u) = Ty9()(v) = |, Tyg (u) = Tyg (v) = 0, Fy) (u) = 
Pow y(v v) = 0. Now, 
Troe) (u — v) = Tiga (u) A Tiga (v) =1, Dow lu-v) < how (4) V Dew (v) =0 and 
Fyowy(u—v) < Fagay(u) V Pagay(v) = 0. 
Further, as Ag is an NSI over (5, £) and as either 0s € Q or Os ¢ Q, 
Throy(u—v) < Tiga (Os) < 1, Dow (u-v) = Hews) = 0, Prgay(u—v) = Fro (0s) = 0. 
This implies T),(4)(u—v) = 1, Iygo)(u—v) = 0, Frg@)(u — v) = 0 and so by construction of Ag, u—v € Q. 
Next, Ag is an NSLI over (5, F’) and so, 
Tre (@) 2 Tray (u) = 1, Drow (ae) < Drow (u) = 0, Fro (au) < Frow(u) = 0. 
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Again Ag is an NSLI over (S, £) and as either 0s € Q or 0s ¢ Q, 

Tro(o) (au) < Trg(y (0s) <1, Dew (au) 2 Dow (0s) 2 0, Prag (au) 2 Fro) (0s) 2 0. 
This shows Ty9(b) (au) = 1, Iho) (au) — 0, Fro(w (au) = 0. So, au € Q by structure of Ag. By same logic, 
ua € Q. Thus, Q is a crisp ideal of S. 


3.3. Theorem 
Consider an NSLI (NSRI) Q over (5, E). Then, Qo = {u € S : Thowy(u) = Thowy(0s), Ingw(u) = 
Tho(b)(Os); Fae(o)(U) = Fao(s)(0s)} is a crisp left (right) ideal of S for b € E. 


Proof. Following the reverse part of Theorem [3.2], it will be as usual. 


3.4 Theorem 

Q, an Nss on (S, £), is an NSLI (NSRD iff Q = {ue S: Tho(s)(u) = 1, Inga (u) = 0, Froy(u) = O} with 
Os € Q is acrisp left (right) ideal of S. 

Proof. We can put Q, an Nss on (5, F), as given below, Vb € E, 


_ J (1,0,0) when u € Q 
fig b)) = (s1,59,83) whenu¢ Q. 


where 0 < sy < 1,0 < 529 < 1,0 < 53 < 1. Assume Q be a crisp left ideal of S for Q being an Nss on (S, F). 
We shall now take the cases stated below. 
Case 1 : When u,v € Q, then u—v€ Q, a crisp left ideal. So, Vb € E, 


Thao) (u = v) = ha PL Tho( b) (u A Tholb )(v) 
Thowy(u-v) = 0=0790= Ing (u) T Lng) (v) 
Fhraw(u-v) = 0=070= Fhow(u) 7 Fhew(v) 


Sa 


Case 2: Ifu € Q but v ¢ Q, thenu —v ¢ Q. Then Vb € E, 


Tho(b) (u = v) SS SF 1A sy, Tho(b )(w) A Tho(b) (v) 
Thagwy(u-v) = 82=07 82 = Ing (u) V Ing (r) 
Figo (u-v) = 8 =0V7 83 = Fagw(u) V Frow(v) 


Case 3: If u,v ¢ Q, then Vb € EF, 


S, = $1 A sy, = Tho(b )(w) ray Tho(o)(v) 
82 = 82 V 82 = Ing) (u) V Ing (v) 
83 = 83 V7 83 = Fig (u) V Fag (v) 


Tho (0) (u = v) 
The (b)(U _ v) 
Fha(v)(u — v) 


IA IA IV 


Thus in any case Vu,v € Sand Vb € E, 
Tho(o)(u — ¥) 2 Thay (4) A Thaw v), Inet) (u — v) S Tha) (u) VY Ina()(v) and 
Fho(o)(l — 0) S Fag(o)(u) V Fair): 

We are to test now the 2nd condition of Definition [2.7]. 
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Case 1:Ifue Q then vu € Q, a crisp left ideal on S, for v € S. So, Vb € E, 
Thaw) (vu) = 1 = Tho) (u), Ing (vu) = 0 = Ing) (U4), Fho(o (vu) = 0 = Frio (u). 
Case 2: If u ¢ Q then either vu E Q or vu ¢ Q for v € RandsoVbe E, 
Tho(o) (Vu) = $1 = Thos) (U), Thais) (vu) < 82 = Ings) (¥), Fao (vu) < 83 = Fig) (u)- 
This shows that Q is an NSLI over (S, E£). 
Conversely, let Q be an NSLI on (5, E) in the assumed structure. Let u,v € Q anda € S. Then Tj, o(b)(u) = 
Tho) (¥) = 1, LThg(o) (U) = Lng) (v) = 9, Fro) (U) = Foi) (v) = 0. Now, 
Thg(o)(u — Vv) = Tho) (u) A Tho (v) = 1, Ingo) ( — ¥) S Inge) (©) VY Ingo) (v) = 90 and 
Fig) (u—v) < Fag@(u) V Fhow(v) = 9. 
Further, as Q is an NSLI over (R, E) and as either 0g € Q or 05 ¢ Q, 
Lig@) (w= 2) S Tig@) Os) ST, dag@ U =v) 2 Inge) 05) = Feo @e= 0) 2 Pages) 0. 
This implies T;,5()(u — v) = 1, Ingw)(u — v) = 90, Figiwy(u — v) = 0 and so by construction of Q, u — vu € Q. 
Next, Q is an NSLI over (R, FE) and so, 
Tho(s) (au) = Tho) (u) = 1, Ing (au) < Ing) (u) = 9, Foy (au) < Fhow)(u) = 0. 
Again @ is an NSLI over (R, F) and as either Or € Q or Op ¢ Q, 
Tho(s) (au) < Tho)(Or) < 1, Ing (au) = Ing) (OR) = 0, Fro) (au) = Fro) (Or) = 0. 
This shows T),.(v) (au) = 1, Ing(o) (au) = 0, Fhow) (au) = Oie., au € Q. Therefore, Oo is a crisp left ideal of S 
and so is Q over S' similarly. 


3.5 Theorem 


Let K be an Nss over (S, £’). Then Kk is an NSLI (NSRD) iff each nonempty cut set [hx(b)]|(5n,0) of the Ns 
hi (b) is a crisp left (right) ideal of S for 6 € ImT),,.0),7 € IMIng),  € LM Firg(p)- 


Proof. Let K be an NSLI (NSRI) over (5, £) and u,v € [hx (b)|(5n,0),7 € S. Then, 


Theo) (U — ¥) = Thew(u) A Thaw (v) = 6 Ad=4 


Tne (u—v) <The) VIarw(e) S<2V0=7 
Fhyc(bt)(u — ¥) < Fra (u) V Fawy(v) <¢@ Vo =o and 


Taco) (TU) = Thiew(U) 2 5, Tnx (Tu) < Trem) S Fhaew(ru) < Fixw(u) So. 
Hence u — v, ru € [hx(6)]|(5n,0) and so [hx (b)](5n,0) iS a crisp left ideal of S. By same way, [hx (b)](5,n,0) is a 
right ideal of S. 
Reversely, assume [hx (b)](5,y,0) be a crisp left (right) ideal of S and u,v € S. If possible, let 

Thre (b) (Us _ v) < Thic(b) (u) A Deh) (v), Thc (by (u _ v) > Ing (b) (U) V Tnx (b)(V) and 

Free) = V) > Fie) (U) V Fric(sy(&)- 
If Th. .(b)(u) A Th, (o)(v) = s (say), then T),,,(5)(u) > s and T),,.«)(v) > s. As cut set is a crisp left ideal, 
so T),.(b)(u — v) > s is natural. It shows a contradiction for T),,.«,)(u — v) < s. Hence Th,.(»)(u —v) = 
Thx (b)(u) A Thx (a) (v). Other two can be shown as usual. 

For r € S, let, Thx (b) (ru) < Thx (b)(u), Tnjc(v) (TU) > Tn (b) () and Frig(o) (Tu) > Fry (b) (tu). 
If Ti,.(o)(u) = t, then T),,,(4)(ru) < t. As cut set is a crisp left ideal, then T),,.(2)(ru) > t is obvious. It is 
against our assumption. So, Th,,.(2)(ru) > Th,(2)(u). Other two can be set naturally. Thus / is an NSLI on 
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(S,£). & can also be shown an NSRI over (S, £) by same path and thus the theorem is ended. 


4 Neutrosophic soft prime ideal 


This section defines and illustrates NSPI along with the development of some theorems. 


4.1 Definition 


A constant Nss kK on (S, £) is one whose hx(b) is constant Vb € E. It means, for every b € FE, the triplet 
(Th (b)(U), Ingo) (U), Fre (o)(u)) always gives same value Vu € S. 

If for every b € E, the triplet (T),,.(6) (a), Lnic(b) (4), Fric(by(w)) is at least of two different kinds Vu € S, then 
is called a nonconstant Nss. 


4.2 Definition 


Let C, D be two Nss on (5, £). Then CoD (= P, say) is also an Nss on (5, £). Vb € E and Vu € S, it is 
defined as : 


if; Magica T net) Os tg he) | 
Theol) = { 0 ifwis notputas u = vz. 


_ J minu=v2ne(2)(%) V Lav@(2)] 
Trou) = { 1 ifwis notputas u = vz. 


_ J minuvelFhe(e)(¥) V Frov)()] 
Froo(u) = { 1 ifxis notputas u = vz. 


4.3 Definition 
An NSI K over (5, £) is called an NSPI when (i) K is not constant NSI, (ii) for any two NSIs C, D over (S, E), 
CoD C K implies either C C K or DC K. 


4.3.1 Example 


Consider the integer set Z and the parametric set EF = {b),b2,b3}. Take a division Z into 3Z and Z — 3Z. 
Consider an Nss K on (Z, F) given below. 


Table 1 : Tabular form of Nss iv 
| hic(b1) hy (b2) hx (bs) 
3Z (0.9,0.4,0.1) (0.4,0.3,0.4) (0.8, 0.7, 0.3) 
Z —3Z | (0.6,0.7,0.5) (0.1,0.6,0.5) (0.2, 0.9, 0.4) 

















Now the following several cases are taken into consideration. 

Case 1: If u,v € 3Z then u — v, uv € 3Z. 

Case 2: Ifu,v € Z — 3Z then u —v € 3Z or Z — 3Z, uv € Z — 3Z. 
Case 3: Ifu € 3Z,v € Z — 3Z thenu —v € Z — 3Z and ww € 3Z. 
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Obviously, A is an NSI on (Z, £). To make out that, consider Case 3 with respect to the parameter b,. Other 
two are as usual. 


Thy(b1)(U = v) = = 0.6 = min{0. 9, 0. 6} = Thic( bi) (u) A Thc bi) (v ) 
Die(y)(u — v) = 0.7 = max{0.4, 0.7} = Ingo (t) V Tne (%) 
Fric(i)(u — v) = 0.5 = max{0.1,0.5} = Fh) (u) V onet a v). 
Thic(b1) (Uv) = 0.9 = max{0.9, 0.6} = max{T},,(6,)(U), The (m1) (v) } 
Thy (b1) (uv) = 0.4 = min{0.4, 0.7} = min{Jp,.(6:)(u), Lrg (o1)(v) } 
Fry (by) (uv) = 0.1 = min{0.1, 0.5} = min{F),,.(6,)(U), Free) (v) }- 


To prove K as NSPI, we now let another two NSIs C’ (by Table 2) and D (by Table 3) on (Z, F). Table 4 refers 
the operation CoD. 


Table 2 : Table for NSI C 
ho(b1) hoa(b2) ho(bs) 
3Z (0.3, 0.4,0.6) (0.7,0.2,0.5) (0.6, 0.5, 0.1) 
L23F \(O10-5.038)) AOA 062027). A308? 02) 











Table 3 : Table for NSI D 
hp(b1) hp(b2) hp(bs) 
3Z (0.6,0.4,0.5) (0.3,0.5,0.6) (0.4, 0.8, 0.4) 
Z —3Z | (0.2,0.8,0.9) (0.1,0.7,0.8) (0.1, 1.0, 0.5) 

















Table 4 : Table for CoD = Q(say) 
ha(b1) ha(ba) habs) 
3Z (0.3, 0.4,0.6) (0.3,0.5,0.6) (0.4, 0.8, 0.4) 
Z —3Z | (0.1,0.8,0.9) (0.1,0.7,0.8) (0.1, 1.0, 0.5) 




















The discussion of hg(b;) is provided to convince the Table 4. 
When wv € 32, theneitheru,v € 3Z or u€3Z,vE Z—3Z or wE Z— 32,0 € 32. 
When wv € Z — 3Z, then u,v € Z — 3Z only. Now for w = uv € 3Z, 


Tho(t1)(w) = max{The)(u) A Tho) (v)} = max{0.3 A 0.6, 0.3 A 0.2,0.1 A 0.6} = 0.3 
Taal b1) (w) = = min{Lne(b,)(u) V digs tey));} = min{0.4 V 0.4, 0.4 V 0.8, 0.5 V 0.4} = 0.4 
Fho(bs)(w) = min{ Fre(o1)(u) V Fry (b,)(v) $ = min{0.6 V 0.5, 0.6 V 0.9, 0.8 V 0.5} = 0.6 
Next for u = uv € Z — 3Z, 
Tho( )(u) = max{Ti,..(b,)(u) A Thp(b,)(v) } = max{0.1 A 0.2} = 0.1 
Tho(b,) (U) = min{Lne(b,)(¥) V Lhp(os)(v) } = min{0.5 7 0.8} = 0.8 
Fg) (u) = mint Fie) (w) VY Fro) (v) } = min{0.8 7 0.9} = 0.9 


Table 1, Table 3, Table 4 execute that D C K and CoD C K. Therefore, K is an NSPI on (Z, F). 


4.4 Theorem 
Consider an NSPI K on (5, F). Then Vb € E, hx(b) exactly attains two distinct values on S i.e., |hx(b)| = 2. 
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Proof. As K is non-constant, hence |hx(b)| > 2, Vb € E. Let |hx(b)| > 2. Take = glb{Th,.(n(u)}, y = 
lubt Dh pe(b) (U (u MB Z= Lub{ Frjc(by (a) fe Then J s1, p1, 52, 2, 3, p3 such that 7 < 5s; < py < Thc(b) (Os), y= 82> 
p2 > Ingo) (Os), 2 = $3 > p3 > Frx(v)(05). Define two Nss C,, D on (S, F) as : 


Tho (u) = $(81 + p1), Inc (u) = $(82 + P2), Face (u) = $(s3 + ps), Vue S and 
Tho) (u) = 2, Inp@(u) =, Fhow(u) =z ifu ¢ Ko, pps), 


Thp(o)(u) = Thy) (0s), Lhro@ (4) = Ing) (Os), Fao) (u) = Frei (Os) if u © Kp1po,ps)- 
Clearly, Cis an NSI on (S, £’). We are to prove that D is an NSI over (S, £). Since Kk is an NSI on (S, £) then 
K (p, ,po,p3) 18 a crisp ideal of S. Let u,v € S. Following facts are considered. 


Case 1: When u,v © K(p, n9,p3) then u — v © K(p, po,p3) SO; 





Thy (oy (u = v) = Th x(b) (Os) = Thiet ») (05) A Die (05) = Ties (b) (u) A Thy) (v) 
Tnp(oy(u— v) = Ing) (08) = Ing) (Os) V Iho) (05) = Ingo (u) VW Inpy(v) 
Fry) (u — v) = Fayz(o) (0s) = Fax (0s) V Fae (0s) = Fhow(u) V Fao (v) 


Case 2: When u € K(p, ,p9,p3)5 U $ K(p,po,p3) then u — v € Kp, ,po,p3) and so, 


Tho (u — y) = © = Thao) (0s) Ax = Tho (u) A Thow@(v) 
Tho) (u—v) =y = Ingo (Os) V ¥ = Ing (u) V Inpoy(v) 
y( 


Fro) (u — v) = 2 = Faz (Os) 7 2 = Fao (¥) V Fave (v) 


Case 3: When u,v ¢ K(p, y,p3) then, 


Thpwlu—v) =e=rcAzr=T,, wu) ATipw(v) 
Thpoy(u-—v) Sy =y VY = Ihpw(u) V Inpo(v) 
Froo(u—v) $2=272= Faow(u) V Fawr) 


Thus in any case Vu,v € Sand Vb € E, 


Thou — v) 2 Tho) (4) A Tro@(¥), Lap — ¥) S Tro (¥) V Invi (v) and 
Firpw(u—v) < Froe y(u) 7 Frow )(v). 

We are to test the 2nd condition of Definition [2.7]. 

Case 1: When u € Kp, p5,p,) then uv, vu € Kp, ps,p3), a crisp ideal of S, for u,v € S. So, 


Tho (uv) = Tho (vu) = Thx (0s) = Thow(u) 
Tap (uv) = Inne) (vu) = Ines) (Os) = Inpay(u) 
Frow (uv) = Fhpow (vu) = Fre)(Os) = Fhaow(u) 


Case 2: If u € K(p, pp) then, 


Tho) (uv) > & = Thou), Tho (vu) > 2 = Tho (u) 
Tap (uv) <y =Th Le Tho (vu) < y = Thy (u) 
Fhowy(uv) < z= Fhapwy(u), Faow (vu) < z = Faow(u) 


This shows that D is both NSLI and NSRI over (S, £). So, D is an NSI on (5S, £). We claim CoD C Kk. We 
require following cases to analyse. 
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Case 1: Tell P = CoD. For u = Og, 


Troy) = maxlTre@y(0) 4 Troe(t)] $ 5(61 + Pr) A Tire y(0s) 


< Thx (v)(0s) A Thx») (Os) [as $1 < pr < Thy) (05)] = Thy (o) (Os) 


1 
Inpoy(u) = min 1 nob (ev) VW Ino (w)] = 5 (82 + pa) 7 Ings) (Os) 
= i (Os) 7 Inx(oy(Os) [as 82 > po > Ing (o)(Os)) = Inno) (Os) 


1 
Frp(o)(u) = min 0 | Fhe(b y(v )V ae: y(w = 3 (83 + ps) 7 Fre )(05) 
> ae (0s) F Faw (Os) [as $3 > ps > Fre(s)(Os)] = Fae) (Os) 


Case 2 : For u £ Og but u € K(p, po ,p3)s 


—_ 


Theoy(u) = max[Tre()(v) A Trp (w)] < 5(81 + Pr) A Taio) (Os) 


U=VUW 


i) 


1 
= ri + pi) [as s1 < pi < The (Os)] 
< py [as 51 < pi] < Thyy(u) 


ay 


Thou) = minlUp.w(v) V Inapw@(w)] = 5(s2 + P2) VY Ingo) (Os) 


U=VUW 


i) 


1 
7 5 (82 + p2) [as 82 > po > Ing (0s)| 
> pe [as tg > Mg] > Tnx (b) (U) 


Freo(u) = min|Frow(v) V Faow(w)] = 


U=VUW 


(s3 + ps) 7 Fao) (Os) 


a 


1 
= 5 (83 + p3) [as 83 > p3 > Fr, (0s) 


> pz [as s3 > p3] > Fax) (u) 


Case 3: When 05 4 u € K(p, 5,3), for v, w € S such that u = vw, v € K(p, p93) and w ¢ K 


(p1,p2,p3)? 
1 
Thp(b)(u) = max |Th<( b) (v v) A Des (o) (w w)| = 5 (51 + pi) A t= [as x <a 8, < Pil < The (b) (U) 


1 
Tipu) = min ULnow(v) V Lio (w)] = 5(s2 + P2) Vy =y [as y 2 82> pa] 2 Ing (u) 


Freoo(u) = min [Frew (v) V Fao (w)] = (ss +p3)72=2 [as z> 83 > ps] > Faxw(u) 
Therefore, CoD C K. Lastly, let v € S such that T,,0)(v) = $1, Ingo (v) = 52, Fae (v) = $3. 
Then, Ti.(»)(v) = $(81 + P1) > Thywy(v). Then C Z K. Again assume w € S for which T,,,.(5)(w) = 
Pi; Tnx (by (W) = Ppa, Fry (b) (w) = Pz 1.€., Wwe EE Gass a3 Then Th p(s) (w) = Th(b) (Os) > p= Thc (b)(w) 
imply D Z K. Hence, neither C Z K nor D Z K if CoD C K. Therefore, K is not an NSPI on (5, F) and it 
is against the hypothesis. So, hx (b) exactly attains two distinct values on S for b € FE i.e., |hx«(b)| = 2. 





T. Bera, S. Broumi and N. K. Mahapatra, Behaviour of ring ideal in neutrosophic and soft sense. 


Neutrosophic Sets and Systems, Vol. 25, 2019 13 





4.5 Theorem 


If K is an NSPI on (5, ), then T),,.(6)(05) = 1, Ing (o)(05) = 9, Fri) (Os) = 0, Vb € E. 


Proof. For Kk being an NSPI on (S, F), |hx(b)| = 2, Vb € E. Assume Th,()(05) < 1, Ingo) (Os 
0, Fre(o)(Os) > 0. For kK being nonconstant, Ju € S for which T),,,y)(u) < Tact) (Os), Inge (by (U 





) 

) 
Tne()(O5); Fhe (u) > Fae(s)(Os). Let Thou) = Pi, The) (Os) = M1, Ing) (u) = patie e) 
m2, Fry (b)(U) = D3) Fg(b) (Os) = m3. Take 81, $2, 83 for that py < my < 8; <1, po > m2 > Sq > O, pz 
m3 > 83 > 0. We assume two Nss C,, D on (S, E) so that, 


Tho (u) = §(P1 +'m1), Inca (u) = §(p2 + M2), Frow(u) = 3(p3 +s), Vue Sand 


V il viv 


Trp(s)(u) = Pi, Inno) (u) = po, Fhpw(u) =ps foru¢ Ko, 


Tipo) (U) = 81, Inyo (&) = 2, Fapw(u) = 83 if u € Ko 
where Ko = {u € S : Thy) (U) = Th) 0s), Ine) (U) = Inc) Os), Fric(o(U) = Frew (Os) }- 
Clearly, C is an NSI on (S, £). D is an NSI on (S, £) for Ko being an ideal of S. We are now to show that 
CoD C K. Following facts are needed to consider. 


Case 1 : Take Q = CoD. For u = Og, 


1 1 
Tho (0) (u) mine Tho(b y(v )A Tho y(w J = max[5 (P1 +m) Api, 5 (Pt +m) A s1| 
1 1 
= max([p, 5 (P1 +m,)] = 5 (Pt +m) < m1 = Thy (0s) 
Trew (%) = min Unow(%) 7 Irow(w)] = 5(p2 + ma) > M2 = Ing (Os) 





Frou) = min| Frei (v) V Fro@(w)] = 


U=VUW 


Case 2: When 0s 4 u = vw € Ko forv,w € Ko CS, 


1 1 

Thao) (u u) = max|Tho(p b)(v )A Tho(b )(w = 5 (Pt +m) As, = 5 (Pt +m) <m, = Th(v) (Os) = Th (v(t) 
1 1 

Tig(b)(u) = min 0 Tne 6) (¥) YT Inno) (w)] = 5 (P2 + m2) A s2 = 5 (P2 + m2) > me = Ingo) (05) = Ihe oy (u) 


(p3 + m3) > m3 = Frz)(05) = Fray) (u) 


NON ies 


Frqc(t) = min Fro(0) V Faot(t)] = 5(Ps +s) A 35 = 


Case 3: When 05 4 u = vw ¢ Ko forv,w € S — Ko, 


(pi +m) Api = pi = Tho) (u) 


ee 


Thg(b)(u u) = max|[The(p \(v) A Trpw(w)] = 


1 
Thaw (u) = = min 0 Lhe 0) (%) T Tao (w)] = 5 (P2 + m2) V7 p2 = pe = Ingo) (u) 
1 
Fig@(u) = oe (0) V Fao w(w)] = 5(P3 + ms) V Ps = Ps = Faye (u) 


So including all, CoD C K. As Th») (05) = m1 < 51 = Thy) (0s), so D Z K. Further du € S so that 
Tig) =p = $(pi + m1) = Tno(v)(u) impliy C Z Kk. This means that iv is not an NSPI which is against 
the hypothesis. rTNeretOre Thx (b)(0s) = 1, In, (o) (05) = 0, Fr(o) (Os) = 0, Vb € E. 
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4.6 Theorem 


For an Nss K on (S, £), let |hx(b)| = 2 and T),,,0)(05) = 1, Ingo) (Os) = 0, Fax ()(0s) = 0,Vdb € LE. If 
Ko = {ue S$: Thy w(t) = Thy) (0s), Tax (u) = ies (05), Fricio(u) = Fc(o)(0s)} is a prime ideal on S, 
then K is an NSPI on (5, F). 


Proof. By hypothesis, J one u € S with s; = Th,(»)(u) < 1,52 = In,z(p(u) > 0,53 = Frz(wy(u) > 0. The 
facts stated below are taken. 


Case 1 : When u,v € Ko, then u — v € Ko, an ideal. So Vb € E, 





Trawy(u-v) = Thy (0) =1=1A1=Th,.~@(u) A Thew@(v) 
Tne(t)(U—v) = TIngw)(0) =0=070= haw (u) 7 Lnse(s)(v) 
Fi()(U—v) = Ingw (0) =0=070= Faye (u) 7 Fax(v) 
Case 2: If u € Ko but v ¢ Ko, then u—v ¢ Ko. Then Vb € E, 
Thew(u-v) = 8 =1A 81 = Trew (u) A Thy(v) 
Ti (oy (U == v) Se 8 0 V $2 > Lact )(u) V Ti (6) (v) 
Fixo(u-—v) = $83 =0V7 83 = Faz) (u) 9 Faxw(v) 


Case 3: If u,v ¢ Ko, then Vb € E, 


Thax(u—v) > $1 = Trew(u) A Thx (v) 
The (y(U-—v) S 82 = Tag (u) V Lane) 
Firwy(u-v) < 83 = Fi, (u) V7 Fier) 


Thus in any case Vu,u € Sand Vb € E, 
Dey a - v) > The (b)(U) A Thic(b)(v), Lietp y(u - v) < Dpeté y(u ) VY Dascls )(v) and 
Fh (b)(U = v) < Fr (b) (U) V Frey (v)- 

To verify the final item, we consider the following cases. 

Case 1 : When u € Ko then wv, vu € Ko, an ideal over S, forv € s. SoVb€ E, 
Thc (b) (Uv) = Thic(b) (Vu) == Thc (b(t), Thy (bt) (Uv) = Thy (b) (VU) =0= Thc (b) (4); 
Fric(o)(Uv) = Fjc(o) (vu) = 0 = Frac (o)(u). 

Case 2: If u ¢ Ko then, 


Thi(o)(uv) > 81 = The ()(U), The(o)(vu) > 81 = Theo (u) 
Tnx (bt) (uv) < 82 = Ingo) (u), Ing y(vu) < $2 = Ing oy (u) 
Fa(s)(uv) < 83 = Fie (t), Fag (vu) < 3 = Fay (u) 


This shows that Kv is NSI over (5, £). Let CoD C Kk but C Z kK, D & K for C, D being two NSIs on (5, £). 
So, Vu,u € Sand Vb € E, 

Tho) (U) > Thc (%)s Trew (&) < Ln (4), Frew (t) < Faxwy(u) and 

Thy) (¥) > Thc) (Y); Ino (¥) < Inc) (Y), Faow(¥) < Fay (v). 
Clearly, these u,v ¢ Ko otherwise T),,(6)(u) > Thy) (u) = Theo (Os) = 1 and Th)(u) > The (u) = 
Thc(b)(Os) = 1 which are impossible. Then rv, urv ¢ Ko, a prime ideal of S, for r € S. Thus, 
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Trgelth (urv) = $8, = Th x (b) (wu) = Thx (b)(V), Tng(vy(urv) = $9 > Ing (by () = Tnx (b) (0) and 


Fix (o)(Urv) = 83 = Fh (o)(U) = Fig (0)(0): 
Now, if Q = CoD then Vb € EandVw € S, 


Thaw(w) = max|Tia(b yy) A Thow(2)] = Theo (u) A Thaw (rv) = The (u) A Tho (v) 
> Trot) A Thaw (v) = $1 A 51 = Thaw (w) 


Hence CoD ¢ K. Then either C C K or D C K implies Kk is an NSPI on (5, F). 


4.7 Theorem 


For an NSPI Jv on (S,E), Ko = {u € RB: Thxoy(t) = Theo (0s) Inc) = Inc s), Frew (u) = 
Fn (v) (05) } is a crisp prime ideal of S. 


Proof. Here, Ko is a crisp ideal of S by Theorem [3.3]. To prove Ko being prime, let A, B be two crisp ideals 
of Ko with AB C Ko. Assume C,, D as two Nss on (S, £) as given below, Vb € EF, 


(Thic(b) (Os); Lnic(o)(Os); Fico) (Os)) if ue A 
oO { ON Hea, Ons 

(Thc () (95), Ln) (05), Fro) (Os)) ifue B 
mO={ Ot eee Oe 


Clearly C, D are two NSIs on (R, EF) by Theorem [3.2]. We are to prove CoD C K. Consider the following 
facts. 


Case 1: If Q = CoD andu € Ko, 
Tho(s)(u) = max([Ti,..(b) (v) A Thow(Z)] < Theo) (Os) A The) (Os) = Theo) (05) = Thais) (u) 
Tha(o)(U) = min[Frey(0 (v) 7 Lap) (2)] = Inno) (Os) V Ine) (Os) = Ihe) (05) = Ing (ey (u) 
Fro (u) = min[| Fae (v) V Fano (2)] 2 Fae (0s) V Fae) (Os) = Fric(o) (Os) = Frc (u) 


Case 2: If u € Ko then for v, z € R such that u = vz, v ¢ Ko and z € Ko. Now, 
Tha(o)(u) = max[The()(v) A Tro (2)] = 0S Trey (4) 
Thao) (4) = minTnew(%) V now (2)] = 1 2 Tne (u) 
Fro (u) = min[Fno((%) V Fap@(2)] = 1 2 Faw (u) 


Thus in either case CoD C K. Then either C C K or D C K, an NSPI over (S, £). Suppose C C K but 
A Z Ko. Then 4 qu € A such that w ¢ Koi 1.€., Tet y(u ) a Jet )(03), Lites (w) - Lh xe (b) (0s), Frc (b)(u u) = 
0s); 





cc (0s), Va € E. This implies Tye (b) (U u) < The (0s), ene u) > Tnx (by Pps. (b) (u u) = Fr (b) (05) 
by Proposition [3.1](i). Thus T,,,0)(u) = Thx (0s) > Thyiwy(u), Ine(v(w) Tnx (b)(05) < Ing (u), 
Fro) (u) = Frx(o)(Os) < Frx(y(u) which is against the assumption C C Kk. So, A C Ko. Identically, 
DCK =>BC Ko. Hence AB C Kp = either A C Ko or B C Ko implies Ko is a prime ideal. 
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4.8 Theorem 


(i) Q is anon empty crisp prime ideal of S' if and only if 3 an NSPI M on (S, F) where hy : E —> Nsg(S) is 
put as, Vb € E, 





(1, 0,0) when wu € Q 
(D1, P2, P3) when u g Q. 


hl) = 


with 0 = P1; P2, P3 S f, 


(ii) Particularly, Q is a non empty crisp prime ideal of S if and only if it’s characteristic function Ag is an NSPI 
on (5, £) when \g : EF —> Ng(S) is put as, Vb € E, 


(1,0,0) when ue Q 
1,1 


1 
AQ(b)(u) = { (0,1,1) when u ¢ Q. 


Proof. (i) If Q be a crisp prime ideal, then MM is an NSI on (5, EF’) by Theorem [3.2]. Consider two NSIs C, D 
on (S, £) with CoD C M but C Z M and D Z M. For u,v € Sandbe E£, 

Tro) (U) > Thaw), Linc) < Liu) (4)s Frew (t) < Far (u) and 

Tho) > Thuy Y), Taney) < Jae), Frou) < Fae r)- 
Obviously u,v ¢ Q otherwise Th,)(u) > 1,Lnewy(u) < 0, Fro (u) < 0 and Thp((v) > 1,Lnpey(v) < 
0, Frp(o)(v) < 0 which are impossible. Then z = uv € Qi.e., Thy, ( Oe Pi, Lnag(o)(Z) = Pay Pracioy(2) = Ds- 
Now since CoD C M, then 


Pr = Thy) (2) 2 Thoon(o (2) = MaXzawelTho) (4) A Thy (v)] > Thao) A Thy () = pi A Pi = 
So p, > p; makes a contradiction and thus C Z M and D Z M are false. Hence CoD C M implies either 
CCM orDC M ie., M is an NSPI on (5, E). 

The ‘only if’ part can be drawn from Theorem [4.7] by taking 7}, ,,(6)(05) = 1, Iny,(0)(Os) = 0, Fha,-(o)(05) = 0. 
(ii) Following the sense of Ist part, it can be easily proved. 


4.9 Theorem 

AnNss K on (S, E) with |hx(b)| = 2, Vb € E is an NSPI over (S, E) if and only if K = {ue S: Thic(p)(u) = 
1, Ingo) (u) = 0, Fry (oy(u) = 0, Vb € E} with 05 € K is acrisp prime ideal of S. 

Proof. Combining Theorem [4.7] and Theorem [4.8], it can be proved. 


4.10 Theorem 
An Nss K on (S, £) is an NSPI iff each nonempty cut set [h«(0)] (5,0) of hx (b), an Ng, is a crisp prime ideal 
of S when 6 € Im Th x (b)s ne Im Inge); O€ Im Fric(b); VbEE. 


Proof. Let Kk be an NSPI over (S, EF’). Then, by Theorem [3.5], [hx (b)]|(5n,0) is a crisp ideal of S. Consider 
another two crisp ideals A, B of S so as AB C [hx(b)]|(5,n,c). On (S, £), define two Nss C,, D as : 


Oe (5, 0, 0) ifue A i (5, 0, 0) ifue B 
PET COs) otherwise . ~ | (0,7,¢) otherwise . 


Then C, D are two NSIs over (R, F) and CoD C K. Since K is an NSPI over (R, £) then either C C K 
or D C K. Now if possible, suppose A Z [hx(b)|(sn,0). Then du € A such that u € [hx (b)|(5n,0) 1-€., 
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Thx (b) (u) < é, Ing (by (t) >; Fry (b) (u) > o. Now for u € A, 

The(o)(U) = 8 > Thic(o)(t4)s Trew (4) = 9S <The (U), Fhew(u) =0 5 o < Fix (o)(u). 
This shows C' Z Kk. Also D Z K similarly. These are against the situation. Therefore A C [hx(b)](57,0) means 
[hx (b)]|(5,0) iS a crisp prime ideal of S. 


Reversely, we need to clear that KC is an NSPI over (S, FE) if [hx ()]|(5n),0) is a crisp prime ideal of S. Take two 
NSIs C, D on (S, F) soas CoD C K. LetC Z K, DZ K. Then Vu,v € Sand Vb € E, 


Tho(o)(U) > The) (t), Ineo) (U) < Ingo (U), Fro) (t) < Fax(sy(u) and 
Ths) (©) > Thea), Tanti) 0) <The ©) Page eo) Fagay(e): 


Clearly Ti.()(u) A 1, Laxw(u) FO, Faxw(u) A 0 and Thy w(v) A 1, Lncw(v) F 0, Frew (v) # 0. 
Let Th,.()(U) = Thies s(v ¥) = Pi Tig@lu) = rene v) = @ Fant oe Feiss) =r. Then Tp,(u) > 
Ps Tne (U) < % Frew (u) < rand Thpwy(v) > P, Inn (v) < @ Fapmlv) <7 ie, u € [ho()J@ar) and 
v € [hp(b)|(pq,r). Now since CoD C K, 


Thi (o)(2) 2 max[Thew(u) A Tho (%)] > The (u) A Tho (v) > p 

Trg (2) S min Lng) (4) VY trp ()] < traci) V Lap w(v) <4 

Frc(o)(2) S min Fao(o)(¥) V Fao] < Frew (¥) V Faow(v) <r 
Thus z = uv € [hK(b)| (par) Les [he(Dl@anlho (war) © [hx ()l~@qr)> a crisp prime ideal of S. Then 
either [Ac()] (par) S (hx )@ar) oF [rv(O)]@ary S [A (b oar) Tf [he(b)l@ar) S [hx (b)]@qr)» then 


u € [ha(d))|qr) implies u € [hx (d)](p,q,r)- This means 7),,,(4)(u He 2 pS Pate u) > Dp, drew(u) <a > 


Tne (U) SG Frew (u) Sr => Fae (u) < rie. Theo (u) = The (u); Ine (u) < Lhe (ut), Fae (u) < 
Fro) (uw). It is against the assumption. Therefore, C' C K or D a a the proof is reached. 


5 Homomorphic image of NSI and NSPI 


The homomorphic image of NSI and NSPI are analysed here. We let R,, R2 as two crisp rings and z : Ry —> 
FR» being a ring homomorphism throughout this section. 


5.1 Definition 


If C, D be two Nss on (Rj, EL), (Ro, E) respectively, then 7(C),~1(D) are also Nss over (Ro, F), (Ri, E) 
respectively and these are described as : 


@  a(C)(v) = (They) (0) Lagcey (UY) Fraccy(s)(v)) 1b € E}, Vu € Ro where 


fees CE eye a re 


if a1 v) = @. 
i . = he, Soe 

They (o) (V) = { mint Tao (@) :uen “(v)}, 7 aan 
. z ar 

Fi ccy(o)(¥) — { pen ae) :wem (v)}, : ae ae 


(ii) 9a (D)(u) = {(Th,,-1¢5)(0) (%) Lh, 15) (0) (4) Fr, 1p) (0) (U)) 1 8 © EB}, Vu © Ri where 
Thay) (%) = Thow lt)» Tra pno@ =Lavwle(w)) and Fr.) = Frowlt(u)). 
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5.2 Proposition 


Let C and D be two NSLIs (NSRIs) on (R,, £) and (Re, F) respectively. Then, 
(i) 7(C) is an NSLIs (NSRIs) over (Ro, £) if 7 is epimorphism. 
(ii) 7~'(D) is an NSLIs (NSRIs) over (Rj, E). 


Proof. (i) Let v1, 2,8 € Ry. If t"(v1) = ¢ or m (v2) = 6, the proof is usual. So, let Ju;,u2,7 € Ry, so as 
T(u1) = U1, 7(ug) = Vo, 7(r) = s. Now, 





Tiney@) Or = V2) = = {Treo (0)} = Theis) (us — 2) = Theo (us) A Trey (ua); 


m(u)=v1—v2 


Thcy(b) (801) = ee {Theo (u)} > Tho (rur) = Tho (v1) 
T(u)=sv, 


As all the inequalities are carried Vu1, u2,r € R, obeying (ui) = v1, 7(u2) = v2, 7(r) = s hence, 


Tha(oy(o)(U1 — V2) = Se {Taco (ur) }) A ( max {Tio (U2) }) = Thich) (1) A Thi cey (2), 


)=01 7 (uzg)=v2 


They (b )(sv1) 2 ace {Tho( )(u1) = Thaccy(b)(¥ v,). Next, 


TU 


Li coy() (U1 —v2)= min  {Inoy(u)} < Ingy(ui — v2) < Ingo (ur) VY Ing (oy (ua), 


T(u)=v1—v2 
Toy (0) (801) = ae {Ino (o)(u) } < Ineo) (rus) < Theo) (U1). 
T(u)=svy 


As all the inequalities are carried Vu1, u2,r € R, obeying 7(u1) = y1,7(u2) = v2, 7(r) = s hence, 
Ingest) (0 = 02) $ (min {Tnoy(ta)}) 7 (min {Tic((ua)}) = Tray (01) F Lge (02) 
Ti (cy () (801) = ele, {Zno(b) (ui) } = Ln ccy(b) (v1). 


Similarly, we can show that 

Fhe ccy() (U1 — V2) S Facey) (U1) VF Fhacoy(t) (V2)> Facey (t) (81) < Frac (%1)- 
This brings the Ist result. 
(ii) For uw , uw2 € Ry, we have, 


Th, -1py() (U1 — U2) = Thy [t(ur — u2)| = Tao | (ur) — (ua) 
2 Tho lt(us)] A Tho w(t (u2)| = Th, 5) (Ua) A Th, 1.5, (U2), 
Thea wrt) = Thowlt(rer)] = Thowla(r)r(ur)] = Thowlsm(e)] 
> Throw (te)| = Th 1p) (0) \U y(u1), 
hy-1¢py0)(Ua — U2) = Tn wy [™(t — u2)] = Trpe@le(ur) — 1 (ua)] 
S Inpwlt(ua)] V Ino lt a)] = Tina (M1) V Irae) (U2), 
Dray oT) = Ino lr(rus)] = Inve la (r)t(ur)] = Lan lst (ur) 
S Ihow|r(ur)] = Ih, (). 


In a similar fashion, 
Fh, 1p) (0) (U1 — U2) S Fhe (ts) V Fry @(2)> Fryar (tur) S Fh, 15) (4): 
This brings the 2nd result. 
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5.3 Proposition 


Take two NSLIs (NSRIs) C, D over (21, E) and (Ro, FE), respectively. If 0,,02 are the additive identities of 
Ry, Ro respectively, then (i) t(C)(02) = C(01) ~— ii) m7 (D) (01) = D(02) 
Proof. (i) Here m(C’) (02) = {(Thicey(b) (02); Ligccy (6) (02); Fhacey (b) (02)) : b € E} and 
C(01) = {(The (01); Lr) (01), Fao(vy(01)) 26 € E}; Now, 

Thc (b) (02) = max {Th ~(u) sue 7 (02)} > Theiwy(01) [as (01) = 09] 
Since C is an NSLIs over (R;, £), soVu € Rand Vb € E, 

Treo) (¥) < Trew (01) = max {Ti,,@)(u) su € 771 (02)} < They (01) => Th..(cy(b) (02) < Tho v)(01) 
Thus Tha(cy(b) (02) = Tho(b) (01). Next, 

Thccy(b) (02) = min {Ini (u) su € m*(02)} < Ingsy(O1) [as (01) = 09] 
Since C is an NSLIs over (Ri, £), soVu € Rand Vb € E, 

Tho(o)(t) 2 Tne) (O1) = min {Ince (u) su € m*(O2)} 2 The) (01) > Tngcey(b) (02) 2 Lho(e (01). 
Thus Ih, ¢¢y(b )(02) = Ineo) (01). Similarly, Fh, 1cy(b) (02) = Fy,(v)(01) and this follows the 1st result. 
(ii) Here, we have 

Th 1p) (6) (91) = Throw l™(01)] = Tho (92); Ln, -1¢5)( (01) = Lav l™(01)] = Linn (02) and 

Fh, -1¢p) (91) = Fh5()[t(01)] = Fry) (02). This follows the 2nd result. 


5.4 Definition 


Consider two nonempty sets X, F and a lattice [0,1]. Then K = {(Th,.(0), Lng (b); Fag(o))|b € BE} : X — 
[0,1] x [0,1] x [0,1] attains the sup property when T},,.(6)(X) = {Thx (w(x " : a € X} (the image of T;, .4)) 
admits a maximal element and each of J, 6)(X) = {Ing (%) 2 © © X}, Fag (X) = {Fray (a): 2 © X} 
(the image of J), (6), Phx (b) respectively) admits a minimal element Vb € E. 


5.5 Proposition 


For two NSLIs (NSRIs) A, L on (Rj, £) and (Ro, E), respectively, followings hold. 

(i) t(Ko) C (a(K))o (Theorem [3.3] describes Ko). 

(ii) 7( Ko) = (7(X))o when K attains sup property. 

(iii) t~1(Lo) = (a1 (L))o. 

Proof. (i) If v € m(Ko) signifies v = m(u) for u € Ko C R, so as Th, y)(u) = Thx) (01), Lrg co) (u) = 
Tnx()(O1)» Fhic(o)() = Fn) (01). Now, 


Thacxy(o)(¥) = max {Tho (u) sue a *(v)} = max {Th (0) (01) } = Thic(o) (01) = Thaacacy (0) (02) 
min {Ln ye(b) (ts) DWE nm *(v)} = min {Lie(b) (0 1)} = diet, )(01) = Th cxy(b) (02) 
Similarly, Fr c)(0)(V) = Fricy(b) (02). It signifies v € (7(K°))o when v € w(K) ie., mo) C (7(K))o. 
(ii)Take u € R, so as v = 1(u) € (7(K))o C Ro. Then Vb € EF, 

Thc) (b) (02) = Tha) (¥) > Thye(b) (01) = max {Thx (y(t) te na +(v)} = Thic(b) (t) 
fort € R, soast € 7~1(v). Further, 

Th y(b) (02) = Lin cxy(b)(¥) > Tnx (b) (01) = min {Liic(by (t) it E na *(v)} = Tasetey t) 
fort € Ri soast € 771(v). 


= 
sa 
A 
S 
ace. 
Ss 
" 
I| 
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Identical picture is drawn for F' and thus t € Ko ie., a(t) € (Ko) => v = m(u) © m(Ko). Therefore 
(7(K))o © (Ko). Then 7( Ko) = (7(X))o using (i). 


(iii) uen (Lo) CR, 
= Th,wlt(u)] = Tho 02) = Thi@l™ (01), Sar lt(4)] = Lin) (02) = Jnl (01)] and 
Fi) [m(u)| = oe = Fi, ((01)); 
Thi) (%) = They) (01) Fra) = Ine) 01) Fray) = Fh.) (01); 


Therefore, a ~'(Lo) = (a7~1(L))o. 


5.6 Definition 


)): b © EF}, 


Take a classical function 7 : Rj; —+ Ry and an Nss K(u) = {(Thx(w)(u), Ing oy(u), Frey (u 
) = K(v) hold 


u € R,. Then K is said to be z- invariant if 7(u) = 7(v) > K(u) = K(v) foru,v € Ry. Ru 
if Th. (o)(U) = Th) (Y); Linx) (4) = Lng) (Y); Fao) (&) = Fae (v), WOE B 


5.7 Theorem 


Let a : R; —+ Rz be an epimorphism and K be a 7- invariant NSI on (A), E’). Then the followings hold. 
(i) If & attains sup property, then (7(/())g is a crisp prime ideal of R2 when Ko is a prime ideal of R,. 
(ii) If K(Rj) is finite and Ko is prime ideal of R,, then 7(KXg) is so of Ry and 7(Ko) = (a(K))o. 

(iii) If A is an NSPI over (1, F), then 7(/c) is also an NSPI over (Ro, F). 


Proof. (i) By Theorem [5.5], 7(/{9) = (a(°))o obviously. Let y, z € Ro such that yz € m(Ko) = (a(K))o. 
Then there exists u,v € R, soas m(u) = y, 7(v) = z and m(uv) = m(u)a(v) = yz € (t7(K))o. Then Vb € E, 


Lin destt yim(uv)] = Tia (0) (02) => max {Thic(b) (t) :tE m*(yz)} = Th (v) (1), 
Dn cxy(b) [7(uv)] = Pe )(02) => min {Lh ic(b)(t) ite am '(yz)} = Tnx (b) (01), 
Frc y[r(uv)] = Frc (v) (2) => min { Fric(oy (t) ite a (yz)} = Fh (b) (01). 


For w € m~'(yz) ie., for 7(w) = yz = 7(uv), sup property tells, 
Trico) (W) = The) (01), Treo (w iG ), Fhic@(w) = Fix (01). 
But as K is 7-invariant, so K(w) = K(uv). Then Vb € E, 
Theo) (Uv) = Thy) (01), Lrg) (Ur) = Lig) (01), Fhe (Ur) = Fax (01): 
Therefore, uv € Ko. As Ko is acrisp prime ideal of Ri, sou € Ko or v € Ko. It refers (uw) € a(Ko) or 
m(v) € 1(Ko). This furnishes the proof. 


(11) Combining the Ist part and Theorem [5.5], the proof is onward. 
(iii) By Proposition [5.2](@), 7(/) is an NSI over (Rg, F). Since K is an NSPI over (FR, F), then hx (b)| = 


2, [hx(b)](01) = (1,0, 0), Vb € E and using Theorems [4.4, 4.5, 4.7], Ko is a prime ideal. But [hx(x)(b)](02) = 
[hx (b)|(01) = (1,0,0), Vb € E and by Ist part, (7(A’))o is a prime ideal of Ro. As |hx(b)| = 2, Ju € Ri so 
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as [hic (b)](u) = (p1, P2, P3) for b € E. Then, 


Thx o(™(u)) = max{Th.(u) sue m'(m(u))} = pr 
Trea ((T(u)) = min{Ip,@)(u) su ew '(m(u))} = Po 
Frc o(™(u)) = min{ Fy ,@)(u) :u ew '(a(u))} = ps 


So, [hac (0)](t(u)) = (p1,P2,P3) = [hx(b)](w) for b € E. Then [hx (6)|(Ri) = [Racy (b 
epimorphism and wu is arbitrary. Now consider two NSIs L, MV over (R2, FE) such that LoM 
LZ a(K) and M ¢ 7(K). Then for all y, z € Ro, 

Thi) (Y) > Thar) (Ys Lar) (Y) < Thru) (Ys Farm (Y) < Frau (my) and 

Thar(o) (2) a Thais) (o)(2)s Inxy(v) (2) < Dh cacy (b) (z), oo 0) (2) < eos )(z). 
For y,z € Ro — (w(K ))o, consider Th. (¥) = Thar )(2) = Pre Tara O(Y) = Irruy(o(Z) = pe and 
Prec d)(Y) = Fhacac()(2) = ps. Then, 

Tni(o)(¥) > Pry Inzoy(y) < pas Faroy(y) < ps and Thy-(o)(Z) > D1, Dha(o)(2) < D2, Fare (2) < ps- 
Clearly, yz ¢ (7(K))o as y, z € (a(KX))o, a prime ideal of Ro. 
Then, Thc (0)(Y2) = Pts Lrg) Y%) = Par Fria) (¥%) = Ps: 
Now, pi = Thai) (b) (YZ) 2 Thromb) YZ) = Thi (b yy ) A Tarlo y(z ) >p Api =p 
The opposition p; > p; ensures L C 7(/‘), M C x(k) and this furnishes the Ist part. 


)|(R2) as m is 
C a(x) but 


5.8 Theorem 


Let Q be an NSI over (R2, F) and z is onto homomorphism. Then, 
(i) (t~1(Q))o is a crisp prime ideal on R, when Qo is so over Ry. 
(ii) t~1(Q) is NSPI on (R,, E) when Q is an NSPI over (Ro, FE). 
Proof. (i) We have by Theorem [5.5], 7~!(Qo) = (77~1(Q))o. Let u,v € R, so as uv € m~1(Qy). Then 
m(uv) = m(u)m(v) € Qo. Again m(u) € Qo or T(v) € Qo as Qo is a prime ideal. 
mu) € Qo > Trgwlt(u)] = Tho) (02) > Thr.) (4) = Thy ape) (01) & UE (7 ™*(Q))o. 
Identically, v € (1~*(Q))o when 7(v) € Qo. Therefore, wv € (~'(Q))o refers u € (~'(Q))o or v € 
(x~1(Q))o. Hence, the 1st part follows. 
(ii) By Theorem [5.2], 7~!(Q) is an NSI over (Rj, FE) and by Theorem [5.3], 7~'(Q)(01) = Q(02). Also since 
Q is an NSPI over (Ro, F), then |hg(b)| = 2, [hg(b)|(02) = (1,0,0) and Qo is a crisp prime ideal of Ry 
respectively by Theorem [4.4], Theorem [4.5] and Theorem [4.7]. Then, by Ist result, (7~1(Q))o is a crisp 
prime ideal of R, and [h,-1(g)(b)|(01) = (1,0, 0). Construct [hg(b)|(R2) = {(1, 0,0) U (a1, d2, 93) } for a fixed 
b € E with (1,0,0) ¥ (qr, go, qs). Let [ha(b)|(v) = (um, g2, 93) for v € Ro. Then du € R; for which r(u) = v 
and [h,-1(q)(b)|(u) = [he(b)|(v) = (qi, g2, 93). Therefore, [7~'(Q)|(R1) = Q( Re) as b € E is arbitrary and 
is epimorphism. 
For two NSIs A, B on (R,, £), let AoB C 7~!(Q) with A Z 771(Q) and B Z x~1(Q). Then Vu, v € Ri, 
Tray) > Tho ()()(4)s Ira) < Tn -1(e)()> Fraw(U) < Fr,-1(9)(0)(w) and 
Tha) (%) > Thr) @(); Ira) < Ln a »)(0)s Frio) = < Fh eee 
and Figg, ald) Cu) = Fr sig) (v) = qs. — 


Tha(o)(&) > G1, Ing(o) (4) < G2, Frawy(u) <q3 and Thzwy(v) > a1, Ing (v) < 2, Fhrewy(v) < gs. 
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It indicates uv ¢ (~'(Q))o as u,v € (7~1(Q))o, a prime ideal of Rj. 
Then, Th, 19) (0) (uv) — 71; Lh 1g) (uv) — q2, Pie Ae 
80, = Thos (9)(0) (Uv) 2 Thaco@ (Ur) = Thaw) A Thaw) >a Aa =n 

The opposition q, > q, ensures A C 7~'(Q), B C 1~1(Q) and this leads the 2nd part. 


(b) (uv) = q3 and 


6 Conclusion 


This effort is made to extend the notion of ideal and prime ideal of a classical ring in the parlance of Ng» 
theory and soft set theory. Their structural behaviours are innovated by developing a number of properties 
and theorems. Using neutrosophic cut set, it is shown how an Nss will be an NSI or NSPI. The nature of 
homomorphic image of NSI and NSPI are also studied in different aspect. This theoretical attempt will help to 
cultivate the Ng theory in several mode in future, we think. 
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topological space namely [NCPy] the concept of neutrosophic crisp limit point was defind using [NCPy],with 
some of its properties, the separation axioms [N-Jj-space,i= 0,1,2] were constructed in neutrosophic crisp 
topological space using [NCP] and examine’ the ‘relationship between them in details, 
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Introduction, 

Smarandache [1,2,3] introduced the notions of neutrosophic theory and introduced the neutrosophic. 
components (T F) which represent the membership , indeterminacy , and non membership values resp- 
ectively, where ]—0,1°[ is a non standard unit interval. In [4,5,6,7,8,9,10,11,12,13,14,15,16,17,18,19 
,20] many scientists presented the concepts of the neutrosophic set theory in their works. Salama et al. 
[21,22] provided natural foundations to put mathematical treatments for the neutrosophic pervasively 
phenomena in our real world and for building new branches of neutrosophic mathematics . 

Salama et al [23,24] put some basic concepts of the neutrosophic crisp set and their operations, 
and because of their wide applications and their grate flexibility to solve the problem, we used 
these concepts to define new types of neutrosophic points, that we called neutrosophic crisp 
points [NCP]. 

Fainally ,we used these points [NCP] to define the concept of neutrosophic crisp limit point, with 
some of its properties and constructe the separation axioms[N-J;-space,i=0,1,2] in neutrosophic crisp 
topological and examine the ‘relationship between them in details. 

Throughout this paper,.NCTS) means a neutrosophic crisp topological space. Also, simply we 
denote neighborhood by (nhd). 

1 Basic Concepts 
1.1 Definition [25] 
Let X be anon-empty fixed set . A neutrosophic crisp set [NCS for short ] B is an object having the 
form B =<B,, By, B3> where B;, B, and B; are subsets of X. 
1.2 Definition [25] 
The object having the form B=<B,, B,,B;> is called : 
1. A neutrosophic crisp set of Typel [ NCS/Type1] if satisfying 
B; OB, =G, B; \ B3 =@ and B.A B; =@. 
2. A neutrosophic crisp set of Type2 [ NCS/Type2] if satisfying 
B,; OB, =9, B; 0B; =@ and B, 7B; =@,B,UB, U B; =X. 
3. A neutrosophic crisp set of Type3 [ NCS/Type3] if satisfying 
B; NB, OB; =@,B,UB, U B3 =X 
1.3 Definition [25] 
Types of NCSs Oy & Xy in X as follows: 
1. Oy may be defined in many ways as a NCS as follows: 
1. Typel :@n=>9,9,X< 
2. Type2:@n=>9,X,X < 
3. Type}: y= >Q@9,X,p< 
4. Type4:@y =>9,9,9 < 
2. Xy may be defined in many ways as a NCS as follows: 


1. Typel: Xy=>X,Q9 .9 < 
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2. Type2: Xy=>X,X,Q9 < 
3. Type3: Xy=>X,9,X< 
4. Typed: Xy=>xX,xX,X< 
1.4 Definition [25] 
Let X be anon-empty set andthe NCSs C & D inthe form C = <C,,C;,C3> , D = <D,,D2,D3> 
then we may consider two possible definitions for subsets C € D, may be defined in two ways : 


1. CEODoC,€ D, ,C, © Dy and D3 € C3 
2. CODSCc,€ D,, D,€ Cand D; € C3 
1.5 Definition [25] 
Let X be anon-empty set andthe NCSs C & D inthe form C = <C,,C,,C3> , D = <D,,D2,D3> 
then: 


1. CMD may be defined in two ways as a NCS as follows: 
e CND=[C,ND, ],[C,U D2] ,[C; U D3] 
e CND=[C,ND,],[C,N D2] ,[C; UD3] 
2. CUD may be defined in two ways as a NCS as follows: 
e CUD =[C,UD,],[C,U D2],[C3 Ds ] 
e CUD =[C,UD,],[G,N D2],[C3N Ds ] 
1.6 Definition [25] 
A neutrosophic crisp topology (NCT) on a non-empty set x7 isafamily 7 ofneutrosophic crisp 
subsets in X satisfying the following axioms : 
1. Oy ,Xne T 
2. CNDET,forany C,DE TF 
3. The union of any number of sets inJ belongs tot 
The pair (X,J) is said to be a neutrosophic crisp topological space (NCTS) in X. Moreover The 
elements in J are said to be neutrosophiccrisp open sets (NCOS), a neutrosophic crisp set F is 
closed (NCCS ) iff its complement F° is an open neutrosophic crisp set. 
1.7 Definition [25] 
Let X be anon-empty set andthe NCS D inthe form D=<D,,D2,D3>.Then D© may be 
defined in three ways as a NCS as follows: 
D°=<Df{, DS, D§> , DS =< D3,D2,D:> or D© =< D3,D$,Di> 
1.8 Definition [25] 
Let ( X,J) be neutrosophic crisp topological space (NCTS ). A be neutrosophic crisp set then: 
The intersection of any neutrosophic crisp closed sets contained, A is called neutrosophic crisp closure 
of A ( NC-Cl(A_) for short ). 


2 Neutrosophic crisp limit point : 
In this section, we will introduce the neutrosophic crisp limit points with some of its properties. 
This work contains an adjustment for the above-mentioned definitions 1.4 & 1.5, this was necessary to 


homogeneous suitable results for the upgrade of this research. 
2.1 Definition 


Let X be anon-empty set and the NCSs C &D inthe form C = <C,,C,,C3> , D = <D,,D,,D3> 
then the additional new ways for the intersection , union and inclusion between C & D are 


CMD =[C,N Di ],[C.N D2] ,[C;N Ds] 
CUD =[C,UD, ],[C,U D,] ,[C, UDs] 
CODSCGE D,,GQ¢ Dz and C3 € D3 


Ahmed B. AL-Nafee, .Riad K. Al-Hamido & Florentin Smarandache "Separation Axioms In Neutrosophic 
Crisp Topological Spaces” 


o7 Neutrosophic Sets and Systems, Vol. 25, 2019 





2.2 Definition 
For all x,y, z belonging to a non-empty set X. Then the neutrosophic crisp points related to x, y, z 
are defined as follows : 
° Xn, = <{X},0,0 >, is called a neutrosophic crisp point (NCPy,) in X. 
e Yn,= <9,{y},@ >, is called a neutrosophic crisp point (NCPy,) in X. 
° Zn,= <@,0,{z}>, is called a neutrosophic crisp point (NCPy,) in X. 
The set of all neutrosophic crisp points (NCPy,, NCPy,, NCPy,) is denoted by NCPy. 
2.3 Definition 
Let X be toa non-empty set and x,y,z €X. Then the neutrosophic crisp point: 
° Xn, 1S belonging to the neutrosophiccrisp set B=<B,,B7,B3>, denoted by xy, € B, if x€ 
B,,wherein xy, does not belong to the neutrosophic crisp set B denoted by xy, € B, if x € Bj. 
e yn, 1s belonging to the neutrosophic crisp set B=<B,B7,B3>, denoted by yy, € B, if y € Bo. In 
contrast yy, does not belong to the neutrosophic crisp set B, denoted by yy, € B, if y € Bp. 
° Zn, 18 belonging to the neutrosophic crisp set B=<B,B2,B3>, denoted by zy, € B, if z € B3. In 
contrast Zy,, does not belong to the neutrosophic crisp set B ,denoted by zy, € B, if z € Bs. 
2.4 Remark 
If B=<B,,B2,B3> isa NCS in anon-empty set X then: 
B\xy, =< B,\{x}, Bz, Bz; >. B\xy, means that the component B doesn't contain xy,. 
B\yn, =< B,,B2\{y}, Bz >. B\yn, means that the component B doesn't contain yy,. 
B\zy, =< By, Bz, B3\{z} >. B\zn, means that the component B doesn't contain Zy,,. 
2.5 Example 
If B= <{a, b},{c, b},{c, a}> isanNCSin X ={a, b, c}, then: 
B\ay, =<{ b}, {c, b}, {c, a}> 
B\by, =< fa, b}, {c}, {c, a}> 
B\cy, =<f{a, b}, {c, b}, { b}> 
2.6 Remark 
If B=<B,,B2,B3> isa NCS in anon-empty set X then: 
B=(U{ Xn, Xn, © B}) UCU yn,:¥n, © Bf) U (MY 2n,: Zn, € BS) 
=(U{< {x}, 9,O>:xEXUU<@, ty}, O>ty EXJU(NK<D, O, fz} >:z2EX}) 
or B=(U{xy,:Xn, € B })U (Ul yn,:¥n, € B }) U (U { 2n,: Zn, € B }) 
=(U{< {x}, 0,@>:x EX} U(UL<@, fy}, O>:y EX PU(U{<@G, O,{z} >:2 € X}). 
2.7 Definition 
Let (X,T) be NCTS,P € NCPy in X , a neutrosophic crisp set B = <B,,B2,B3> € JT is called 
neutrosophic crisp open nhd of Pin(X,7) if PEB. 
2.8 Definition 
Let (X,T) be NCTS,P € NCPy in X , a neutrosophic crisp set B= < B,,B,,B3> €T is called 
neutrosophic crisp nhd of P in(X,Z), if there is neutrosophic crisp open set A =< Aj, Ao, A3 > 
containing P such that A © B. 
2.9 Note 
Every neutrosophic crisp open nhd of any point P € NCPy in X is neutrosophic crisp nhd of P, but 
in general the inverse is not true , the following example illustrates this fact. 
2.10 Example 
If X = {x y,z},T ={Xy, On, A, B, C}, 
A=<{x},0,0>,B=<{y},0,0>,G=<{x, y},0,0> 
If we take U=<{x, y},{z},@>. 
Then G =<{x,y},@,@ > is an open set containing P = xy,=< {x },0,@ >and GCU. That is 
U is a neutrosophic crisp nhd of P in ( X ,J) , while it is not a neutrosophic crisp open nhd of P . 
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2.11 Definition 
Let (X,T) be NCTS and B=<.B,, B,, B3 > be NCS of X. A neutrosophic crisp point P € 


NCPy in X is called a neutrosophic crisp limit point of B = < B, ,B, ,B3 > iff every neutrosophic crisp 
open set containing P must contains at least one neutrosophic crisp point of B different from P . It is 
easy to say that the point P is not neutrosophic crisp limit point of B if there is a neutrosophic crisp 
open set G of Pand BN (G\ P) = Oy. 

2.12 Definition 
The set of all neutrosophic crisp limit points of a neutrosophic crisp set B is called neutrosophic crisp 
derived set of B, denoted by NCD(B ). 
2.13 Example 
If X = {x y,z},T ={Xy, On, A, B, C}, A=< {x},0,0>,B=<{y},9,0>,G=<{x, 
y},0,@> . If we take D =<{x,y },0,0>, Then P= Zy,=<{Z},0,0> is the only neutrosophic crisp 
limit point of D. i.e. NCD(D) ={Zy, } 
2.14 Remarks 
e Let B be any neutrosophic crisp set of X , If P=<{x },0,0>€T in any NCT space (X, J), then 
P € NCD(B). 
e Let B be any neutrosophic crisp set of X , the following facts is true: 
NCD(B) ¢ B, B ¢ NCD(B) , and sometimes NCD(B) N B = @y or NCD(B) NB # @y. 
e Inany NCT space (X,J), we have NCD(@) = @y . 
2.15 Theorem 
Let (X,J) be NCTS and B = < B,,B, ,B3 > be a neutrosophic crisp set of X,then B is 
neutrosophic crisp closed set (NCCS for short) iff NCD(B ) © B 
Proof 
Let B be NCCS, then (X\B) is neutrosophic crisp open set (NCOS for short ) this implies that for 
each neutrosophic crisp point P € NCPy in (X\B), P ¢B, there is a neutrosophic crisp open set G 
of Pand GE (X\ B). 
Since BN (X\B) = Oy , then P is not neutrosophic crisp limit point of B, thus GN B = Oy ,which 
implies that P € NCD(B).Hence NCD(B) © B 
Conversely , assume that P ¢ NCD(B), implis that P is not neutrosophic crisp limit point of B, hence, 
there is a neutrosophic crisp open set G of P and GMB= @, which means that G © (X\B) and 
since (X\B) is a neutrosophic crisp open set . Hence Bis neutrosophic crisp closed set. . 
2.16 Theorem 
Let (X,J) be NCTS , B, G be a neutrosophic crisp sets of X , then the following properties hold: 
(1) NCD(@y ) = Oy 
(2) IfB & G, then NCD(B) © NCD(G) 
(3) NCD(BN G) © NCD(B) N NCD(G) 
(4) NCD(B U G) = NCD(B) U NCD(G) 
Proof (1) the proof is, directly. 
Proof (2) 
Assume that NCD(B) be a neutrosophic crisp set containing a neutrosophic crisp point P € NCPy, 
then by definition 2.11, for each neutrosophic crisp open set V of P , we have BN V\P # @y,but B & 
G, hence GN V\P # @y, this means that P € NCD(G). Hence , NCD(B) © NCD(G) 


Proof (3) 

Since BNG CB, then by (2) NCD(BN G) € NCD(B) (1) 
BNG&G, implies NCD(BN G) © NCD(G) (2) 
From (1) & (2) NCD(B nN G) © NCD(B) N NCD(G) 

Proof (4) 


Let P € NCPy such that P € NCD(B) UNCD(G) , then either P ¢ NCD(B) and P ¢ NCD(G),then 
there is a neutrosophic crisp open set K of P and BN K\P = @y and GN K\P = @y, this implies that 
(BU G) NK\P = Oy , i.e P € NCD(B U G) , hence NCD(B U G) & NCD(B) U NCD(G) (3) 
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Conversely, since B& BUG,G © BUG ,then by property (2) NCD(B) © NCD(B U G) and NCD(G) © 


NCD(BUG) , thus NCD(B U G) 2 NCD(B) U NCD(G) (4) 
from (3) and (4) we have NCD(B U G) = NCD(B) U NCD(G). 
2.17 Remark 


In general, the inverse of property 2 & 3 in Th.(2.16) is not true. The following examples act as an 
evidence to this claim. 
2.18 Example 

IfX = {x,y,z} ,T = {Xy , On, B }, B =<O,{x},O> . If we take A=<G,{ x },0>,G=<@,{ y },0> 
Notes that; NCD( A )=<@,{ y,z },@ >,NCD(G) =< @,{ y, z},@ > and NCD(A) © NCD(G), but 
AG€G. 
2.19 Example 

IfX = {x y,z},T = {Xy , On, B }, B =<@,{x},O> . If we take A =<@, {x},O>, G =<@, {y},@> . 
Notes that; NCD(B N G)  NCD(B) N NCD(G). 
2.20 Theorem 

For any neutrosophic crisp set B over the universe X, then NC-Cl(B) = B U NCD(B) 
Proof 

Let us first prove that B U NCD(B) is a neutrosophic crisp closed set that is 
Xy\( BU NCD( B)) = (Xy\B) N (Xy\NCD( B)) isa neutrosophic crisp open set . 
Now for a neutrosophic crisp point P € (Xn\C B)) nN (Xy\NCD( B)) , then P € (Xy\ (B)) andP € 
Xy \NCD( B), thus P ¢ B and P ¢ NCD( B). So by definition 2.12, there is a neutrosophic crisp set R 
of P S.t RNB = @y, hence R © Xy\B. 
Now for each P, ER, then P, ¢ NCD(B), then RNNCD(B) = @y, this implies that R © Xy\ 
NCD(B) [ie RS ( Xy\ B)N( Xy\ NCD( B))] .Thus ( Xy\ B) A ( Xy\NCD(B)) is a neutrosophic 
crisp nhd of all its elements and hence (Xy\B)N (Xy\N CD(B)) is a neutrosophic crisp open set and 
thus BU NCD(B) is a neutrosophic crisp closed set containing B, therefore NC-Cl(B) © B U NCD(B). 
S ince NC-Cl(B) is a neutrosophic crisp closed set (see definition 2.12) and NC-Cl(B) contains all its 
neutrosophic crisp limits points .Thus NCD(B) © NC-Cl(B) and B © NC-Cl(B), hence NC-Cl(B) 
=BUNCD(B). 


3 Separation Axioms In a neutrosophic Crisp Topological Space 
3.1 Definition 

A neutrosophic crisp topological space ( X,J) is called: 
e =6°N,-J.-space if V Xn,% Yn, EX Ja neutrosophic crisp open set Gin X containing one of them but 
not the other. 
e N2-Fo-space if V Xy,# Yn,€X J a neutrosophic crisp open set G in X containing one of them but 
not the other . 
e N3-S-space if V Xy,# Yn,€X J a neutrosophic crisp open set G in X containing one of them but 
not the other . 
e N,-Ji-space if V Xy, #Yn,¢X Ja neutrosophic crisp open sets G1 ,Gz in X such that xy, ¢ Gi 
/Yn, Gi and xy, ¢ G2, yn, € G2 
e N2-S1-space if V xy, # yn, €X Ja neutrosophic crisp open sets Gi, Gz in X such that xy, ¢ G 
/Yn, Gi and xy, ¢ G2, Yn, € Ge 
e N3-J1-space if V xy, #Yn,¢€X Ja neutrosophic crisp open sets G1, Gz in X such that xy,¢ G 
/Yn, €Giand xy, ¢ Gz,yn, € G2 
e N,->-space if V Xn, #Yn,€X J a neutrosophic crisp open sets Gi , G2 in X such that xy,¢ G 
»¥n, Gi and Xn, ¢ G2, Yn, € G with G;NG= @. 











e N2-F-space if V xy, #Yn,€X J a neutrosophic crisp open sets Gi, Gz in X such that xy, ¢ G 
»Yn, Gi and Xn, € G2, Yn, € Go with G|NG»= @. 
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e N3-J-space if V Xy, #Yn,¢X J aneutrosophic crisp open sets G1 ,Gz in X such that xy,¢ Gi 
,Yn, ¢ G, and xy, ¢ G2,yn, € Gy with Gi|NG,= @. 
3.2 Definition 
A neutrosophic crisp topological space ( X,TJ) is called: 
e N-J,-space if (X,F ) is N,-J.-space , N2-J.-space and N3-J,-space 
e N-J\-space if(X,7) is N,-J'\-space , Nj-J'-space and N3-J'|-space 
e N-J-space if (X,J) is Ny-J'2-space , N2-J’2-space and N3-J"2-space 
3.3 Remark 
For a neutrosophic. crisp topological space (X,J) 
e Every N-J,-space is N,-J-space 
e Every N-Jo- space is N-Jo-space 
e Every N-Jo- space is N3-Jo-space 
Proof the proof is directly from definition 3.2 . 
The inverse of remark 3.3 is not true, the following example explain this state. 


3.4 Example 
If X = {Ky}. F, = {(Xy, On, A} Jo = (Hy, On, BY,Tz = (Ny, On, G},A =<{x},0,0>,B =<O, {y},0>, 
G =<@,@,{x}>, Then (X,J;) is N,-J,-space but it is not N-J’,-space, (X,J2) is N2-J',-space but it is not 
N-J,-space, (X,J;) is N3-J'.-space but it is not N-J’,-space. 
3.5 Remark 
For a neutrosophic crisp topological space (X,7) 
e Every N-J\-space is N,-J'|-space 
e Every N-J\- space is Nz-J\-space 
e Every N-J)- space is N3-J\-space 
Proof the proof is directly from definition 3.2 . 
The inverse of remark (3.5) is not true as it is shown in the following example, 


3.6 Example 

IfX = {xy} Si = (Xn, On, A, B},I2 = {Xn On, G,F}, A=<{x}.{y},0>, B=<f{y},{x},O>, 
G =<@,@, {x}>, F =<@,0,{y}>, Then (X,J,) is Ny-J)-space but it is not N-J'\-space. (X,J;) is N2-T1- 
space but it is not N-J'|-space. (X,J,) is N3-J ,-space but it is not N-J'\-space 


3.7 Remark 
For a neutrosophic. crisp topological space (X, J) 
e Every N-J>-space is N,-J',-space 
e Every N-J’y-space is N-J>-space 
e Every N-J’,-space is N3-7>-space 
Proof the proof is directly from definition 3.2 . 
The inverse of remark (3.7) is not true as it is shown in the example (3.6). 


3.8 Remark 
For a neutrosophic. crisp topological space (X, J) 
e Every N-J'\-space is N-Jp-space 
e Every N-J’,-space is N-J'\-space 
Proof the proof is directly. 
The inverse of remark (3.8) is not true as it isshown in the following example : 


3.9 Example 

If ={x,y},F7 ={Xy, On, A, B, G} 
A=<{x},0,0>,B= <@,{y},0>,G=<@,0,{x}>, 
Then ( XJ) is N-J’,-space but not N-J'\-space 
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Conclusion 


7 We defined a new neutrosophic crisp points in neutrosophic crisp topological space 

7 We introduced the concept of neutrosophic crisp limit point, with some of its properties 

7 We constructed the separation axioms [N-J;-space , i= 0,1,2] in neutrosophic crisp topological 
and examine’ the ‘relationship between them in details, 
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Abstract: Interval valued generalized single valued neutrosophic trapezoidal number (IVGSVTrN-number), which 
permits the membership degrees of an element to a set expressed with intervals rather than exact numbers, is con- 
sidered to be very useful to describe uncertain information for analyzing multiple criteria decision making (MCDM) 
problems. In this paper, we firstly introduced the concept of ['VGSVTrN-number with some operations based on neu- 
trosophic number. Then, we presented some aggregation and geometric operators. Finally, we developed a approaches 
for multiple criteria group decision making problems based on the proposed operators and we applied the method to 
a numerical example to illustrate proposed approach. 


Keywords: Neutrosophic set, interval eutrosophic set, neutrosophic numbers, IVGSVTrN-numbers, aggregation and 
geometric operators, multiple criteria group decision making. 


1 Introduction 


Since the nature of real world and limited knowledge and perception capability of human beings, their real life 
contain different styles of vagueness, inexact and imprecise information. To handle and analyze various kinds 
of vagueness, inexact and imprecise information a number of methods and theories have been developed. For 
example; in 1965, fuzzy set theory [53] has gradually become the mainstream in the field of representing and 
handling vagueness, inexact and imprecise information in decision-making, pattern recognition, game theory 
and so on. After fuzzy set theory, various classes of extensions have been defined and extended successively 
such as; intuitionistic fuzzy sets introduced Atanassov[3], neutrosophic sets by proposed by Smarandache[43], 
interval neutrosophic sets by developed by Wang et al. [44]. Recently, some studies on the sets have been 
researched by many authors (e.g. [7, 8, 9, 10, 16, 21, 22, 36, 41, 42, 50, 54)). 

In recent years, many researchers have realized the need for a set that has the ability to accurately model and 
represent intuitionistic information in [48]. As a theory to model different styles of uncertainty, intuitionistic 
fuzzy set is usually employed to analyze uncertain MCDM problems through intuitionistic fuzzy number. As 
an important representation of fuzzy numbers, intuitionistic trapezoidal fuzzy numbers in [33]. Some of the 
recent research done on the MCDM of intuitionistic fuzzy number were presented in [28, 37]. 

In some real problems, a information can be modelling with intervals rather than exact numbers. Therefore, 
Wan [46] presented interval-valued intuitionistic trapezoidal fuzzy numbers which is its membership function 
and non-membership function are intervals rather than exact numbers. After Wan [46] some authors studied 
on the interval-valued intuitionistic trapezoidal fuzzy numbers in [4, 12, 27, 34, 38, 39]. Then, Wei [47] 
introduced some aggregating oprators and gave an illustrative example. 
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To modelling an ill-known quantity some decision making problems Deli and Subas [23, 24] defined sin- 
gle valued neutrosophic numbers. Some of the recent researchs done on the MCDM of neutrosophic num- 
bers such as; on triangular neutrosophic numbers [1, 5, 18, 35] and on trapezoidal neutrosophic numbers 
[6, 13, 15, 17, 19, 26, 30, 31, 32, 40, 49, 51, 52]. Although single valued neutrosophic numbers can characterize 
possible membership degrees of x into the set A in a exact number way, it may lose some original information. 
For this, interval valued single valued neutrosophic trapezoidal numbers studied in [2, 11, 14, 25, 29]. This pa- 
per is organized as follows; in section 2, we presented a literature review that presents papers about fuzzy sets, 
intuitionistic fuzzy sets, neutrosophic sets, single valued neutrosophic sets and single valued neutrosophic num- 
bers. In section 3, we gave the concept of interval valued generalized single valued neutrosophic trapezoidal 
number([VGSVTrN-number) which is a generalization of fuzzy number, intuitionistic fuzzy number, neutro- 
sophic number, and so on. In section 4, we presented some aggregation is called [VGSVTIN ordered weighted 
aggregation operator, [VGSVTIN ordered hybrid weighted aggregation operator. In section 5 proposed some 
geometric operators is called [VGSVTrN ordered weighted geometric operator, [VGSVTrN ordered hybrid 
weighted geometric operator. In section 6, we developed a approaches for multiple criteria decision making 
problems based on the operator and we applied the method to a numerical example to illustrate the practicality 
and effectiveness of the proposed approach. In section 7, we concluded the research and determines the future 
directions of the work. 


2 Preliminary 


In this section, we recall some of the necessary notions related to fuzzy sets, neutrosophic sets, single valued 
neutrosophic sets and single valued neutrosophic numbers. 

From now on we use J,, = {1,2,...,n} and J, = {1,2,...,m} as an index set forn € N and m € N, 
respectively. 


Definition 2.1. [53] Let & be a universe. Then a fuzzy set X over F is defined by 
X = {(ux(2)/x): 2 € B} 


where {1x is called membership function of X and defined by wx : E — [0.1]. For each x € EF, the value 
tx (x) represents the degree of x belonging to the fuzzy set X. 


Definition 2.2. [54] t-norm a function such that t : [0,1] x [0,1] — [0,1] 
1. ¢(0,0) = 0 and t(x,(z),1) = t(1, wx, (x)) = wx, (2), EF 


2. If wx, («) < jux,(@) and jrx, (2) < wx,(2), then 
t(ux; (2), Wx_()) < tlpxa(@), 1x4(2)) 


3. t(pex, (2), x2 (a) = tox, (#); Mx (@)) 
4. (ux, (x), tix, (x), LX: (x))) -_ t(t(ux, (x), Lxy)(2), LXs (x)) 
Definition 2.3. [54] s-norm a function such that s : [0,1] x [0,1] — [0, 1] with the following conditions: 


1. s(1,1) = 1 and s(ux,(xz),0) = s(0, ux, (x)) = wx, (2), cE EB 
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2. if x,(x) < px, (2) and px, (x) < px, (a), then 
s(Hx, (x), ux,(z)) = 8(Hx, (x), Ux,(x)) 


3 s(x, (x), MUX (x)) = S(LLx, (x), MX, (x)) 
4. s(x, (©), 8(Ux2(#), Mxs(@))) = 8(8(Hx, (©); xe )(®), Mxs(@)) 
t-norm and t-conorm are related in a sense of lojical duality as; 


t(ux, (x), Ux,(z)) ea s(1 = Ux, (2), les Ux, (2)) 


Some t-norm and t-conorm are given as; 
1. Drastic product: 


teo(iex, (2), boxa(t)) = { mins (a)Has(a)}, masts (@)Haal@)} =} 


2. Drastic sum: 


Sw(Hx, (2), Hx» (2)) = { on (2), Uxa(%)}, min{ux, (e)Hxa(2)} =0 


3. Bounded product: 
ty (44x, (2), Mx, (x)) i max{0, [Lx,(2) 2% Ux, (2) = 1} 


4. Bounded sum: 
Si (Ux, eae UX. (x)) 7 min{l, Ux, (x) ci UX» (x)} 


5. Einstein product: 


_ Ux, (2).ux,(2) 
2 — [wx, (x) + x, (x) — wx, (z).4x,(2)] 





ti5({x, (2), x2 (r)) 


6. Einstein sum: 


nal (a) pale)) = Bet tale 





7. Algebraic product: 
to(Hx, (&), Hx2(X)) = wx, (2).x,(x) 


8. Algebraic sum: 
S9(Ux, (2), Mx.(©)) = wx, (2) + bx.(2) — wx, (2)-ux, (2) 


9. Hamacher product: 


= [x (2) .Mx2 (2) 
Lx, (©) + fx,(X) — Ux, (2).Hx2(z) 





tos(Uxy (x), UX (x)) 
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10. Hamacher sum: 


_ Mx, (@) + x2 (©) — 2.x, (©). Mxe(2) 
1 — px, (©).ux2(2) 





$2.5(Hx, (x), UX, (x)) 


11. Minumum: 
ts(ux, (2), Mx. (2)) = min{px, (x), Wx, (x)} 


12. Maximum: 
53(Hx, (x), Ux,(x)) = mar{ px, (x), Ux, (x)} 


Definition 2.4. [45] Let & be a universe. An single valued neutrosophic set (SVN-set) over & defined by 
T,: E> (0,1), I4: E = (0, 1], F4: FE - [0,1] 


such that 0 < Ty(x) + I4(x) + Fa(x) < 3. 
Definition 2.5. [44] Let U be a universe. Then, an interval value neutrosophic set (IVN-sets) A in U is given 
as; 

A= {(Ta(u), fa(u), Fa(u))/u:u € UF 


In here, (T'4(u), La(u), Fa(u)) = (in fT 4(u), supT4(u)], [inf la(u), supla(u)]], [inf Fa(u), supF4(u)]) 
is called interval value neutrosophic number for all wu € U and all interval value neutrosophic numbers over U 
will be denoted by JV N(U). 


%begindefinition[24] 


3 Interval valued generalized SVTrN -numbers 


In this section, we give definitions of interval valued generalized SVTrN-numbers with operations. Some of it 
is quoted from application in [2, 11, 23, 24, 25]. 


Definition 3.1. [2, 11, 25, 29] A interval valued generalized single valued trapezoidal neutrosophic number 
(IVGSVTrN-number) 

a= (a1, bi, c1, di); [Tz Tz], a tz]; [Fa Fe) 
is a special neutrosophic set on the set of real numbers IR, whose truth-membership, indeterminacy-membership 
and falsity-membership functions are respectively defined by 























(x — a,)Tz, /(b) — a1) (a, <a < dy) 

T= (x) _ (i (by < x < C1) 

a (qj —2)T, /(di—a) (a<2<d) 
0 otherwise, 

(x — a,)Tz /(b) — a1) (a, <a < dy) 

THe) = Tj () <z<q) 

ay fa Sg esa (oe eae a.) 
0 otherwise, 
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(b} —2 +1; (a — a,))/(bi — a1) (ay <a < by) 
ee iz (b} <u <q) 
CS i ee ee 
1 otherwise 
(b, — 2 +17 (x — ay))/(b1 — a1) (a, <x < dy) 
Ite) = If (6) <x<c) 
ei a ae ee 
1 otherwise 
(b} —2 + Fy (x — ay))/(bi — a1) (a, <4 < dy) 
F>(z) = rr (by < x < C1) 
e (c—-c.+ Fo (d,—2))/(di-—c1) (a <4 <d,) 
1 otherwise 
and 
(b, —2+ FS (x@—a,))/(b, —a) (a, < x < dy) 
F+(x) _ FY (Or So < ty) 
aw’ ) (w@-at+ Fi (di—2))/(di-—a) (a <2 <d)) 
1 otherwise 





If a, > 0 and at least d; > 0, then @ = ((a1,b1,¢1, d,); [T; , Tj], U5, 17), (Fy, Fz), is called a positive 


IVGSVTIN, denoted by a > 0. Likewise, if d, < 0 and atleast a, < 0, then a = ((a1, 61, ¢, d,); [T; ,T3], U5, 17], 
[F; , F;*]), is called a negative IVGSVTIN, denoted by a@ < 0. 


Note that the set of all ['VGSVTrN-number on R will be denoted by 2. 














[2, 11, 25, 29] give some operations based algebraic sum-product norms on interval valued generalized 
SVTrN -numbers . We now give alternative operations based maximum-minimum norms on interval valued 
generalized SVTrN -numbers as; 


Definition 3.2. Let a = ((a1, by, C1, d1); (egeiegh fege eae Lee yi |) b => ((dg, b, C2, dz); Tt; 7], eT]; 
[F, F*]) € Q and Q ¥ 0 be any real number. Then, 


1. sum of a and b, denoted by a + b, defined as; 





a 

+ 
on 
I 


((ay + ag, by bo, Cy Co, dy dy); 
[min{T; ,T;},min{Ty,T3*}], lmar{lz V Ip },martl7z, I}, (3.1) 
[mar{F;, Fr}, max{ FF, F5})) 


@—b= ((a, — do, bi — C2, c1 — ba, di — a); 
[min{T; ,T. },min{ Tz ,T5}), max{lz V I },maatlz, I }), (3.2) 
imax {Fy Fr}, max{ FP, Fy) 
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ap 
((a1d2, bbe, C12, dida); min{T; ,T, },min{T;,T,"} ; max{Iz V Tr },max{Iz A; } > 
max{ ly, Fe },max{ Fz, F"}])(di > 0,d2 > 0) 
ab _ ((a1d2, b1C2, C1b2, diaz); min{T; ,T, },min{T;,T,"} 5 max{ ts V I, },max{Iz A; } ; 
il max{ Fz , F- },max{ FZ, F"}|)(di < 0,d2 > 0) 
((dido, c1C2, bibs, a1a2); [min{T; ,T; },min{ Tz, Ty }], mart; Vip },martlz, I}, 
max{ ly, Fe },max{ Fz, F"}])(di < 0,d2 < 0) 
(3.3) 
4. 
((a1/d2, bi / C2, e1/b2,di/a2); [min{T; ,T, },min{T;,T;"}], (mart, V Ip}, macy, i} 
maz{F;,F-},mar{ Fy, Fe} )(di > 0, dz > 0) 
a/b = ((di/de, c1/c2, b1/be, a1/a2); min{T; ,T, },min{T;,T,"} ,|max{Iz V I, },mar{lz , I} 
maz{F;,F-},mar{ Fy, Fe} )(d, < 0, dz > 0) 
((di/a2, 1/b2, bi/c2,a1/d2); [min{T; ,T, },min{T,T,"}], [mary V Ip}, macy, i} 
mar{F;,F-},mar{ Fy, Fe} )(di < 0, dz < 0) 
(3.4) 
; | 
a= { (yar, ¥O1, ¥e1, Yi); (Te Te), Ua ta), Fa, Fa) (7 > 9) (3.5) 
((yd1, ¥e1, YO1; a1); [75 TH], fe Ja), Fa, Fil) (y¥ <9) 
6. | 
q’ = ((af, bY, ef, dz); [Tj Ty), Va sta), Fo , 3) (y > 0) (3.6) 
((@},¢7, 01,1); Ta. Ta], Ua ta). Fa Fal) (y < 0) 
aes 
a7 = (A/di, I/e1, 1/b1, 1/a1); [T; »T; ], Ti Ti |, [Fa FF }) (a # 0). (3.7) 





Definition 3.3. Let @ = ((a, b,c, d); [T; ,T?], U; , 17), (Fy, Ff]) € ©. Then, we defined a method to normal- 
ize Gas; 





oh); [T; TH], Ug Aa), [FG , FF) 


’ 


Qo 
QO 


a 
(Cs, 
such that d # 0). 





Definition 3.4. Let @ = ((a, b,c, d); [T; , T3"], U5, IF), (Fs, F37]) © Q, then 








S(@) = slat b+e+d] x [4+ (Tp — ty — Fy) + (TP - It - FY (3.8) 
and 
A(a) = slat b+etd]x (+ Ty — Ie + Fe) + (Tf - HE + FS (39) 


is called the score and accuracy degrees of a, respectively. 
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Example 3.5. Let a = ((0.3, 0.4, 0.8, 0.9); [0.5, 0.7], [0.4, 0.6], [0.3,0.7]) be a IVGSVTrN-number then, based 
on Equation 3.8 and 3.9, Sa) and A(a@) is computed as; 




















1 

S(@) = 7Z[0.3 + 0.4 + 0.8 + 0.9] x [4+ (0.5 — 0.4 — 0.3) + (0.7 — 0.6 — 0.7)] = 0.533 
1 

A(a) (0.3 + 0.4+0.8 + 0.9] x [4+ (0.5 — 0.4 + 0.3) + (0.7 — 0.6 + 0.7)] = 0.866 





~ 16 
Definition 3.6. Let G@), @2 € (2. Then, 


(a) If A(a1) < A(d2) => a1 < ad 
(b) If A(a1) > A(d2) => a1 > do 
(c) If A(a1) = A(d2) => a, = a 


4 Aggregation operators on IVGSVTrN-numbers 


In this section, three [VGSVTIN weighted aggregation operator of [VGSVTrN-numbers is given. Some of it 
is quoted from application in [2, 11, 23, 24, 25]. 





Definition 4.1. Let a; = ((a;,;,c;, d;); Tz, Ti], Ua, 1z), [F5,. Fi) € Q(j € I,). Then IVGSVTrN 
weighted aggregation operator, denoted by /,,, is defined as; 


n 
Kao: 9% +0,  Kao( G1, G2, -)4n) = wid (4.1) 
i=1 
where, w = (w1,W2,...,Wn)? is a weight vector associated with the K,, operator, for every 7 € J,, such that, 


w; € [0,1] and S70 w,; = 1. 


Theorem 4.2. Let a; = ((a;,b;, cj, d;); [T;,. Tz], Ua, 4z], [F5,. Fx) ENG ET), w= (wr, Wa, ...,Wn) be a 
weight vector of a;, for every j € I, such that w; € [0,1] and Ds w,; = 1. Then, their aggregated value by 
using Kg, operator is also aIVGSVTrN-number and 


Kao(@1, Ga, «+ Gn) = ( ( Wj Day W5d3, D5 4 WC, Do jad “st [mini<j<n{T;, }, mini<j<n {Tz }], 
[maxi<j<n{Jz,}, maxi<j<n {JZ }], [maxi<j<n{F;, }, maxi<j<n{ FZ} 
(4.2) 


Proof: The proof can be made by using mathematical induction on n as; Assume that, 


Gian buenas (ha Te |, ed | eee |) 


ay? ay aj?~ ay 
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and 





ae = ((de, be, C2, da); [T; T iP I; i ly [F; F3 ol) 


a2’? ~ a2 a2? a2? 


be two IVGSVTrN-numbers then, for n = 2, we have 


WG, + Wag = ( 6a 13015, Yo g—y W5djs Dogar WjCjs Dogma eds) ; [mini<j<2{T;, }, mini<j<2{T; }], 


[maxi<j<a{Iz,}, maxi<j<o{I7 }], [maxi<ja{ Fy}, masicalF)]) 


(4.3) 
If holds for n = k, that is 





WG, + Wolg +--+ + wpe = De eae Ys Oi a GD ai; 
[mini<j<e{T;, },mini<j<n {Tj }], (maxicj<e{Ig, },maxicj<r{Iz,}], (4.4) 


[maxi<j<e{ Fj, + maxi<j<k{ F3 }] 


then, when n = k + 1, by the operational laws in Definition 3.2, I have 





Wid, + Weg +--+ + Wry1dk+1 = i WG}, 74 O70), Wis wid 
[mini<j<e{T;,}, mimi<j<e{Tj }], [maxi<j<a{lz, }, maxi<j<e{lz, }], 


[maxi<j<n{ Fy, },maxi<j<a{F3 }] )+ 





( (« +1 Ok+1; Whi Oe+1, Wk41Ck+1; envadesn 





Eaters eb caren cere Oe 1) 


Qp41?~ @k41 Qn41? ~ @k41 Qr41?~ Gk41 


k+1 k+1 
= eae Wj, Doe Sib Soe EC cre are est) 


[min <j<e4i{Ty, },mini<jcnpi {Ty }], (maxi<j<nsi Tz,,maxicj<n+i {lg }), 





[maxi<j<n+i{ Fj, \, maxi<jcr+i{ F 5 }] 


(4.5) 
Finally, based on Equation 4.3, 4.4 and 4.5, the proof is valid. 


Example 4.3. Let 
a, = ((0.125, 0.439, 0.754, 0.847); [0.5, 0.6], [0.4, 0.7], [0.6, 0.9]), 


dz = ((0.326, 0.427, 0.648, 0.726); [0.8, 0.9], [0.2, 0.5], [0.4, 0.8]), 
az = ((0.427, 0.524, 0.578, 0.683); [0.4, 0.6], [0.3, 0, 8], [0, 5, 0.7]) 
be three IVGSVTrN-numbers, and w = (0.4, 0.3, 0.3)” be the weight vector of @;(j7 = 1, 2,3). Then, based on 
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Equation 4.2, 
Kool Gt; 03,00; 0,) = ((0.276, 0.461, 0.669, 0.762); [0.4, 0.6], [0.4, 0.8], [0.6, 0.9}) 


and, based on Equation 3.8, their score is 0.312. 


Definition 4.4. Let a; = ((a;,b;,c;, dj); Tz, Ta], Ua, 4z], [F5,. Fz) € O(j € I,).Then IVGSVTIN or- 
dered weighted aggregation operator(,,,) is defined as; 


Keao: +2, Koaol Gr, fiz, Gin) = S/ wide (4.6) 
k=l 
where b; = ((ag, Dis Ch» Ux); [T;,. T.], Ug, 17], LFS, Fz.]) is the k-th largest of the n IVGSVTrN-numbers 


a; (j € In) based on Equation 3.6. 
Their aggregated value by using Ka. operator is also a [VGSVTrN-number and computed as; 


Koao( Gis a2, seey Gin) _ ( ( a4 WrAk, ya Wd, a WkCk Ss Wrdk ; 
[miny<;<n i 5 MIN <j<y Tz], [maxi<j<n ie MaX1<j<n Iz], (4.7) 


= + 
[maxi<j<n Fy,,maxi<j<n Fy] 


Definition 4.5. Let a; = ((a;,b;,c;,d;); Tz, Ti], Ua, 14,], [F5,. Fx) EQ (j € I,). Then, IVGSVTrN 
ordered hybrid weighted averaging operator denoted by Kj. is defined as;denoted K pac 


Knao: 2" +2, Kypao(Gr, G2, --- Gn) = S~ waby (4.8) 
k=1 


where w = (Ww, W2, ...,Wn)" is a weight vector associated with the mapping Kya. such that w;, € [0,1] and 
yr we = 1, a; € O weighted with na;(j € In) is denoted by Aj, ie., Aj = nw,a;, here n is regarded as 
a balance factor; 7 = (@1, W2,...,@n)? is a weight vector of the a; € (j € I,,)n such that w; € [0, 1] and 
ja = by is the k-th largest of the n IVGSVTrN-number A; € 2(j € I,) based on Equation 3.6. 


Their aggregated value by using K;,,. operator is also a [VGSVTrN-number and computed as 
Kpao( G1; G2, ++) Gn) = ( ( Deka WhO, par WkOky Doha WkCks Dogar WEA J; 
[mini<j<n digs Minnie sp Tz, [maxi<;<n Jes MaxX1<j<n Ti], (4.9) 
[max1<j<n Fy;,maxi<j<n Fy] 
Example 4.6. Let 
G1 = ((0.123, 0.278, 0.347, 0.426); [0.7, 0.8], (0.4, 0.7], [0.1, 0.6)), 


Gz = ((0.133, 0.268, 0.357, 0.416); [0.1, 0.6], [0.7, 0.8], [0.4, 0.7]) 
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and 
a3 = ((0.143, 0.258, 0.367, 0.406); [0.4, 0.7], (0.1, 0.6], [0.7, 0.8]) 


be three IVGSVTrN-numbers. Assume that @ = (0.2,0.3, 0.5)? be a weight vector and w = (0.5, 0.3, 0.2)" 
be a position weight vector.Then evaluation of the three numbers by using the Equation 4.9 is given as; 


Solving 
A, = 3 x 0.2 x @ = ((0.074, 0.167, 0.208, 0.256); [0.7, 0.8], [0.4, 0.7], [0.1, 0.6]) 
Likewise, we obtain: 
Ay = 3 x 0.3 x Gy = ((0.160, 0.322, 0.428, 0.499); [0.1, 0.6], [0.7, 0.8], [0.4, 0.7]) 


As a3 %05 <ts= ((0.286, 0.516, 0.734, 0.812); [0.4, 0.7], [0.1, 0.6), [0.7, 0.8]) 
we obtain the scores of the [VGS VTrN-numbers A; (j=1,2,3), based on Equation 3.8, as follows: 


























: 1 

S(A1) = 74[0.074 + 0.167 + 0.208 + 0.256] x (4 + (0.7 — 0.4 — 0.1) + (0.8 — 0.7 — 0.6)) = 0.163 
5 1 

S(A2) = +,[0.160 + 0.322 + 0.428 + 0.499] x (4 + (0.1 — 0.7 — 0.4) + (0.6 — 0.8 — 0.7)) = 0.185 
: 1 

S(As) = 740.286 + 0.516 + 0.734 + 0.812] x (4+ (0.4 — 0.1 — 0.7) + (0.7 — 0.6 — 0.8)) = 0.426 


respectively. Obviously, S(A3) > S(Az) > S(Aj). Thereby, according to the Equation 3.6, we have 
b, = As = ((0.143, 0.258, 0.367, 0.406); [0.4, 0.7], [0.1, 0.6], [0.7, 0.8]) 


by = Ay = ((0.133, 0.268, 0.357, 0.416); [0.1, 0.6], [0.7, 0.8], [0.4, 0.7]) 
bs = A, = ((0.123, 0.278, 0.347, 0.426); [0.7, 0.8], (0.4, 0.7], [0.1, 0.6]) 
It follows from Equation 4.9 that 


Knao(@1, @2, 43) = (0.143 x 0.5 + 0.133 x 0.3 + 0.123 x 0.2, 
0.258 x 0.5 + 0.268 x 0.3 + 0.278 x 0.2, 
0.367 x 0.5 + 0.357 x 0.3 + 0.347 x 0.2, 
0.406 x 0.5 + 0.416 x 0.3 + 0.326 x 0.2); [0.1, 0.6], [0.7, 0.8], [0.7, 0.8)) 
= ((0.1360, 0.2650, 0.3600, 0.4130); {0.1, 0.6], [0.7, 0.8], [0.7, 0.8]) 








5 Geometric operators of the [VGSVTrN-number 


In this section, we give three [VGSVTrN weighted geometric operator of [VGSVTrN-numbers. Some of it is 
quoted from application in [2, 11, 24, 33]. 





Definition 5.1. Let 4; = ((aj,b;,¢;,d;); (Tz, T3), Uz, Ie), (Fi, Ft) € Q € In). Then IVGSVTrN 


J 
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weighted geometric operator, denoted by Lo, is defined as; 
n 
Lgo OP 40, — Lgo(1, 2, yn) = | | ay (5.1) 
1=1 
where, w = (W,W2,...,Wn)’ is a weight vector associated with the L,, operator, for every j € I, such that, 


w; € [0,1] and S7_ wy; = 1. 


Their aggregated value by using L,, operator is also a [VGSVTrN-number and computed as; 


Ligo( G1, G2, 5 Gn) = ( (10, a;’, jal by’, Tj oe ae i) ; 
mini <jen{T;, },mini<jen {Ty }], Imaxicjen{ lz}, maricjen(lz}], 6.2) 


[maxi<j<n{ FG, 5 maxi<j<n{F; }] 


Example 5.2. Let 
G = ((0.125, 0.439, 0.754, 0.847); [0.5, 0.6], (0.4, 0.7], [0.6, 0.9)), 
Giz = ((0.326, 0.427, 0.648, 0.726); [0.8, 0.9], [0.2, 0.5], [0.4, 0.8)), 


Gz = ((0.427, 0.524, 0.578, 0.683); [0.4, 0.6], [0.3, 0, 8], [0, 5, 0.7]) 


be four IVGSVTrN-numbers, and w = (0.4, 0.3, 0.3)" be the weight vector of @;(j = 1, 2,3). Then, based on 
Equation 5.2, 


Lige Gis G2 j0.5 Gn) = ((0.241, 0.459, 0.665, 0.758); [0.4, 0.6], 0.4, 0.8], [0.6, 0.9]) 
and, based on Equation 3.8, their score is 0.305. 
Definition 5.3. Let a; = ((a;,0;,¢;,4;); [T;,, Ta], Ua, Za), [Fa Fail) € QU € In). Then IVGSVTrN 
ordered weighted geometric operator denoted by Logo, is defined as; 


Logo : 2" 42, Logo(d1, Ga, «.-; Gn) = | | be (5.3) 
k=1 


where wz € [0,1], S07, We = 1; be = (ae, be, Ces de); [Te , 72], UE, 2], [Fe., Fe) is the k-th largest of 


ap? ~ ap ap? ~ at ap?” ar 


the n neutrosophic sets a; (j € J;,) based on Equation 3.6. 
Their aggregated value by using L,,, operator is also a [VGSVTrN-number and computed as; 
Liege 3S? > D,  Legel taste) = 
( [Tear 6 [Tia Oe") Tear ce* Tea a) ) 
[min <j<n{Ty, }, mini<j<n {Tj }], maxi<j<n{lq, },maxi<j<n {lg}, 


(5.4) 


[maxi<j<n{F3,},maxi<j<n {Fy }] 
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Definition 5.4. Let a; = ((a;,;,c¢;,d;); TE. T; iD Ta, IZ a [Fs Fx) € Q(j € I,). Then IVGSVTrN 
ordered hybrid weighted geometric operator denoted by ae is defined as; 


Linge tO =O, Lpgs(Giztd, 4,0.) II be (5.5) 


where w = (W,Wo,...,Wn)’. wj € [0,1] and = Wj = 1 is a weight vector associated with the mapping 
Lingo, 4; € Qa weight with nw(j € I,,) is denoted by A; 1245 A; = = nw4;, here n is regarded as a balance factor 
@ = (W1, Wa,-.., @n)* is a weight vector of the a; € Q(j € In); b, is the k-th largest of the n IVGSVTrN- 
numbers A; € (2) (j € I;,) based on Equation 3.6. 


Their aggregated value by using L;,,, operator is also a 1VGSVTrN-number and computed as 


Linge OQ" > Q2, Engo( ai, Qa, sae 5) = 


(Th va TT? be, TT, ¢ of Tihs 


, - _ + 
[mini<j<n Tj,,mini<j<n Ty'], [maxi<j<n Tj,,maxicj<n Ij], 


(5.6) 


+ 
[maxi<j<n L, » MAX} <j<n Fy 


6 IVGSVTrN-multi-criteria decision-making method 


In this section, we define a multi-criteria decision making method as follows. Some of it is quoted from 
application in [2, 11, 23, 24, 25]. 


Definition 6.1. Let X = (x, U9, eat) be a set of alternatives, U = (uy, Ua, ..-, Un) be the set of attributes. If 
ij = (des De, Cie as Js Tae, a ‘1, Ue ie |; ae ye a) € Q, then 





Giz? ~ aig]? 
Ul U2 o-"° Un 
vy au G12 Bees Gin 
eee eS oe Ge 6.1) 
Lm | Am2 ae Gmn 


is called an IVGSVTrN-multi-criteria decision-making matrix of the decision maker. 


Now, we can give an algorithm of the [VGSVTrN-multi-criteria decision-making method as follows; 
Algorithm: 


Step 1. Construct the decision-making matrix (Gaal acer for decision based on Equation 6.1; 


Step 2. Compute the IVGSVTrN-numbers Ay = nw; ai; (t € Im; j € I) and write the decision-making matrix 
Ag lmnsnt 


Step 3. Obtain the scores of the [VGSVTrN-numbers Ai (i € Im; 7 € In) based on Equation 3.8; 
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Step 4. Rank all IVGSVTrN-numbers Ay (7 € Im; J € In) by using the ranking method of IVGSVTrN-numbers 
and determine the IVGSVTrN-numbers [bj|ixn = bin (i € In; k € I,) where big i is k-th largest of Ai for 
j € I, based on Equation 3.6 ; 


Step 5. Give the decision matrix [bj]1x» for i = 1, 2,3,4; 
Step 6. Compute kK. nob Oe; bis ae bin) for i € I, based on Equation 4.9; 
Step 7. Compute Tied (Unis Bo ee bin) for 2 € I, based on Equation 5.6; 


Step 8. Rank all alternatives x7; by using the Equation 3.6 and determine the best alternative. 


Example 6.2. Let us consider the decision-making problem adapted from [24, 52]. There is an investment 
company, which wants to invest a sum of money in the best option. There is a panel with the set of the 
four alternatives is denoted by X = {x)= car company, x72=food company, x3=computer company, x4=arms 
company } to invest the money. The investment company must take a decision according to the set of the four 
attributes is denoted by U = {uy = risk, ug = growth, u3 = environmental impact, us = per formance}. 
Then, the weight vector of the attributes is @ = (0.2, 0.3,0.2,0.3)" and the position weight vector is w = 
(0.3, 0.2,0.3, 0.2)” by using the weight determination based on the normal distribution. For the evaluation 
of an alternative x; (i = 1,2,3,4) with respect to a criterion u; (7 = 1,2,3,4), it is obtained from the 
questionnaire of a domain expert. Then, the four possible alternatives are to be evaluated under the above three 
criteria by corresponding to linguistic values of IVGSVTrN-numbers for linguistic terms (adapted from [24]), 
as shown in Table 1. 





Linguistic terms Linguistic values of [VGSVTrN-numbers 





Absolutely low —((0.1, 0.2, 0.3, 0.4); [0.1, 0.2], [0.8, 0.9], [0.8, 0.9] ) 
Low (0.1, 0.3, 0.4, 0.7); [0.2, 0.4], [0.7, 0.8], [0.6, 0.8 
Fairly low (0.1, 0.4, 0.5, 0.7); [0.3, 0.5], [0.6, 0.7], [0.5, 0.7 
Medium (0.2, 0.4, 0.5, 0.8); [0.5, 0.6], [0.5, 0.6], [0.4, 0.5 
Fairly high (0.4, 0.5, 0.6, 0.8); [0.6, 0.7], [0.4, 0.5], [0.3, 0.5 
High (0.5, 0.6, 0.7, 0.9); [0.7, 0.8], [0.3, 0.4], [0.2, 0.3 
Absolutely high _((0.6, 0.7, 0.8, 0.9); [0.8, 0.9], [0.1, 0.2], [0.1, 0.2]) 























Table 1: [VGSVTrN-numbers for linguistic terms 


Step 1. The decision maker construct the decision matrix [@;;|4,4 based on Equation 6.1 as follows: 





(0.2, 0.4, 0.5, 0.8); [0.5, 0.6], (0.5, 0.6], (0.4,0.5]) (0.1, 0.4, 0.5, 0.7); {0.3, 0.5], [0.6, 0.7], [0.5, 0.7]) 
(0.1, 0.3, 0.4, 0.7); (0.2, 0.4], [0.7, 0.8], [0.6,0.8]) ((0.1, 0.2, 0.3, 0.4); [0.1, 0.2], [0.8, 0.9], [0.8, 0.9]) 
(0.6, 0.7, 0.8, 0.9); [0.8, 0.9], [0.1, 0.2], (0.1,0.2]) ((0.4, 0.5, 0.6, 0.8); [0.6, 0.7], [0.4, 0.5], (0.3, 0.5]) 
(0.5, 0.6, 0.7, 0.9); [0.7, 0.8], [0.3, 0.4], (0.2,0.3]) (0.2, 0.4, 0.5, 0.8); (0.5, 0.6], [0.5, 0.6], (0.4, 0.5]) 
(0.1, 0.4, 0.5, 0.7); [0.3, 0.5], (0.6, 0.7], (0.5,0.7]) ((0.1, 0.3, 0.4, 0.7); [0.2, 0.4], [0.7, 0.8], [0.6, 0.8]) 
102104, 05,0:8) 10806), D506), 104,05) (0.6, 0.7, 0.8, 0.9); [0.8, 0.9], (0.1, 0.2], (0.1, 0.2]) 
(0.6, 0.7, 0.8, 0.9); [0.8, 0.9], [0.1, 0.2], (0.1,0.2]) ((0.1, 0.2, 0.3, 0.4); (0.1, 0.2], [0.8, 0.9], [0.8, 0.9]) 
(0.1, 0.2, 0.3, 0.4); [0.1, 0.2], [0.8, 0.9], (0.8, 0.9]) ((0.5, 0.6, 0.7, 0.9); [0.7, 0.8], [0.3, 0.4], [0.2, 0.3]) 
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Step 2. Compute Ay = nw; ai; (i = 1,2,3,4; j = 1, 2,3, 4) as follows: 


Ay = 4x 0.2 x ((0.2,0.4,0.5, 0.8); [0.5, 0.6], [0.5, 0.6], [0.4, 0.5]) 
( (0.16, 0.32, 0.40, 0. 64): [0.5, 0.6], [0.5, 0.6], [0.4, 0.5]) 


Likewise, we can obtain other [VGSVTrN-numbers Ai = nods; (¢ = 1,2,3,4; 7 = 1,2,3,4) which 
are given by the IVGSVTrN-decision matrix [Aj;|44 as follows: 


((0.16, 0.32, 0.40, 0.64); [0.5, 0.6], [0.5, 0.6], (0.4,0.5]) (0.12, 0.48, 0.60, 0.84); (0.3, 0.5], [0.6, 0.7], [0.5, 0.7]) 
(0.08, 0.24, 0.32, 0.56); [0.2, 0.4], [0.7, 0.8], [0.6,0.8]) (0.12, 0.24, 0.36, 0.48); [0.1, 0.2], [0.8, 0.9], [0.8, 0.9]) 
(0.48, 0.56, 0.64, 0.72); [0.8, 0.9], (0.1, 0.2], [0.1,0.2]) ((0.48, 0.60, 0.72, 0.96); [0.6, 0.7], (0.4, 0.5], [0.3, 0.5]) 
(0.40, 0.48, 0.56, 0.72); (0.7, 0.8], [0.3, 0.4], [0.2,0.3]) (0.24, 0.48, 0.60, 0.96); [0.5, 0.6], (0.5, 0.6], [0.4, 0.5]) 

(0.08, 0.32, 0.40, 0.56); [0.3, 0.5], 0.6, 0.7], [0.5,0.7]) (0.12, 0.36, 0.48, 0.84); [0.2, 0.4], [0.7, 0.8], [0.6, 0.8]) 

(0.16, 0.32, 0.40, 0.64); (0.5, 0.6], [0.5, 0.6], [0.4,0.5]) (0.72, 0.84, 0.96, 1.08); [0.8, 0.9], (0.1, 0.2], [0.1, 0.2]) 

(0.08, 0.16, 0.24, 0.32); [0.1, 0-2], [0.8, 0.9], [0.8,0.9]) (0.12, 0.24, 0.36, 0.48); [0.1, 0.2], (0.8, 0.9], [0.8, 0.9]) 

((0.48, 0.56, 0.64, 0.72); [0.8, 0.9], {0.1, 0.2], [0.1,0.2]) (0.60, 0.72, 0.84, 1.08); (0.7, 0.8], [0.3, 0.4], [0.2, 0.3]) 




















Step 3. We can obtain the scores of the IVGS VTrN-numbers Ai of the alternatives x; (j = 1, 2,3, 4) on the four 
attributes u; (7 = 1,2, 3,4) based on Equation 3.8 as follows: 


S(Ay1) = 0.295 S(Aj2) = 0.293 S(Aj3) =0.196 S(Ay4) = 0.191 
S(Ag1) = 0.128 S(Ay2) = 0.068 S$(Ay3) = 0.295 S(Ag4) = 1.148 
S(A31) = 0.765 S(A32) = 0.621 S(A33) = 0.045 S'(A34) = 0.068 
S(Ag1) = 0.581 S(Ag2) = 0.442 S(Ag3) = 0.765 S(Ag4) = 0.871 


respectively. 


Step 4. The ranking order of all IVGS VTrN-numbers Ay (i = 1,2,3,4; 7 = 1, 2,3, 4) based on Equation 3.6 as 
follows; 


Ay, > Ai > Ais > Ars 
Ags > Ao3 > An > Avo 
Az1 > A32 > Aza > A33 
Aggy > Agg > Ay > Aag 


Thus, we have: 


bu = An, bi = Ap, bys = Aus, big z Aus 
boy = Aga, boo = Ags, bos = Ao, bog = Ago 
bs —~ Asi, bao = A3p, bs _ Aaa, bsa — A33 
bay = Aus, bay = Aas, bas = An, bas = Ag 


Step 5. The decision matrix [b;]1x for i = 1,2, 3,4 are given by; 
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((0.16, 0.32, 0.40, 0.64); [0.5, 0.6], [0.5, 0.6], [0.4, 0.5]), ((0.12, 0.48, 0.60, 0.84); [0.3, 0-5], [0.6, 0.7], (0.5, 0.7]), 
08, 0.32, 0.40, 0.56); [0.3, 0.5], (0.6, 0.7], [0.5, 0.7]), ((0.12, 0.36, 0.48, 0.84); [0.2, 0.4], [0.7, 0.8], [0.6, 0. 


(0. 8}) 
((0.72, 0.84, 0.96, 1.08); [0.8, 0.9], [0.1, 0.2], [0.1, 0.2]), ((0.16, 0.32, 0.40, 0.64); [0.5, 0.6], [0.5, 0.6], [0.4, 0.5] 
(0.08, 0.24, 0.32, 0.56); (0.2, 0.4], [0.7, 0.8], [0.6, 0.8]), ((0.12, 0.24, 0.36, 0.48); [0.1, 0.2], [0.8, 0.9], [0.8, 0.9]) 

5] 
(0. 


= (K ((0.48, 0.56, 0.64, 0.72); [0.8, 0.9], [0.1, 0.2], [0.1, 0.2]), ((0.48, 0.60, 0.72, 0.96); [0.6, 0.7], [0.4, 0.5], [0.3, 0. 
((0.12, 0.24, 0.36, 0.48); [0.1, 0.2], [0.8, 0.9], [0.8, 0.9]), (0.08, 0.16, 0.24, 0.32); (0.1, 0.2], (0.8, 0.9], [0.8, 0.9]) 
= (K( ((0.60, 0.72, 0.84, 1.08); [0.7, 0.8], [0.3, 0.4], [0.2, 0.3]), ((0.48, 0.56, 0.64, 0.72); (0.8, 0.9], [0.1, 0.2], [0.1, 0.2]), 
((0.40, 0.48, 0.56, 0.72); [0.7, 0.8], [0.3, 0.4], [0.2, 0.3]), ((0.24, 0.48, 0.60, 0.96); [0.5, 0.6], [0.5, 0.6], (0.4, 0.5]) !)) 


Step 6. We can calculate the IVGSVTrN-numbers based on Equation 4.9 Kpgo(bi) = K; hook Ons bios bis. ba) for 


i = 1, 2,3,4 as follows: 


Kpao(b1) = Khaolbus Dio, bis, by4) 
= ((0.16 x 0.3 + 0.72 x 0.2 + 0.48 x 0.3 + 0.60 x 0.2, 
0.32 x 0.3 + 0.84 x 0.2 + 0.56 x 0.3 + 0.72 x 0.2, 
0.40 x 0.3 + 0.96 x 0.2 + 0.64 x 0.3 + 0.84 x 0.2, 
0.64 x 0.3 + 1.08 x 0.2 + 0.72 x 0.3 + 1.08 x 0.2); [0.5, 0.6], (0.5, 0.6], [0.4, 0.5]) 
( (0.456, 0.576, 0.672, 0.840) ; (0.5, 0.6}, [0.5, 0.6], 0.4, 0.5]) 











Kpao(b2) = Khao(ba1; boo, bos, boa) 
= ((0.12 x 0.3 + 0.16 x 0.2 + 0.48 x 0.3 + 0.48 x 0.2, 
0.48 x 0.3 + 0.32 x 0.2 + 0.60 x 0.3 + 0.56 x 0.2, 
0.60 x 0.3 + 0.40 x 0.2 + 0.72 x 0.3 + 0.64 x 0.2, 
0.84 x 0.3 + 0.64 x 0.2 + 0.96 x 0.3 + 0.72 x 0.2); [0.3, 0.5], [0.6, 0.7], [0.7, 0.8]) 
= ((0.308, 0.500, 0.604, 0.812); [0.3, 0.5), [0.6, 0.7], [0.7, 0.8) ) 


Khao(6s) = Kpao(bs1, bao, bss, bsa) 
= ((0.08 x 0.3 + 0.08 x 0.2 + 0.12 x 0.3 + 0.40 x 0.2, 
0.32 x 0.34 0.24 x 0.24 0.24 x 0.34 0.48 x 0.2, 
0.40 x 0.3 + 0.32 x 0.24 0.36 x 0.34 0.56 x 0.2, 
0.56 x 0.3 +. 0.56 x 0.2 + 0.48 x 0.3 +0.72 x 0.2); (0.1, 0.2], (0.8, 0.9], [0.8, 0.9]) 
= ((0.156, 0.312, 0.404, 0.568); [0.1, 0.2], [0.8, 0.9}, [0.8, 0.9] ) 
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and 


Khao(ba) 


Khao(ba1, baz, baz, bas) 

((0.12 x 0.3 + 0.12 x 0.2 + 0.08 x 0.3 + 0.24 x 0.2, 
0.36 x 0.3 4+ 0.24 x 0.2 + 0.16 x 0.38 + 0.48 x 0.2, 
0.48 x 0.3 + 0.36 x 0.2 + 0.24 x 0.38 + 0.60 x 0.2, 


0.84 x 0.3 + 0.48 x 0.2 + 0.32 x 0.3 + 0.96 x 0.2); [0.1, 0.2], [0.8, 0.9], {0.8, 0.9]) 


( (0.132, 0.300, 0.408, 0.636) ; (0.1, 0.2], [0.8, 0.9], [0.8, 0.9]) 


Step 7. We can calculate the [VGSVTrN-numbers L;,4,(b;) = Lngo(bir, bs; big; bia) for i = 1,2,3,4 based on 
Equation 5.6 as follows: 


Lhao(b1) = 


Lhao(b2) = 


Lhao(b3) = 


and 


Lhao(ba) = 


Lnao(bi1, b12, b13, b14) 
( (0.1693 + 0.729? + 0.4893 + 0.60°, 

(32° 40.84" +. 0.56" 40.72". 

0.4093 + 0.969? + 0.6493 + 0.849? 

0.6493 + 1.08°? + 0.7293 + 1.087); [0.5, 0.6], [0.5, 0.6], [0.4, 0.5}) 
( (0.391, 0.540, 0.636, 0.817); [0.5, 0.6], [0.5, 0.6], [0.4, 0.5}) 


Lnao(ba1, boa, bo3, boa) 
( (0.1293 + 0.16%? + 0.4893 + 0.48°, 

gas? pao?" s:0,60"" + q.56", 

0.60°3 + 0.40" 4 072? + 0.64. 

0.8493 + 0.64°? + 0.9693 + 0.72°7); [0.3, 0.5], [0.6, 0.7], [0.7, 0.8]) 
( (0.254, 0.488, 0.592, 0.803) ; [0.3, 0.5], [0.6, 0.7], [0.7, 0.8]) 


Lnao(b31, 632, 33, b34) 
((0.08° + 0.08°? + 0.129% + 0.40°?, 

0.3293 + 0.249? + 0.2493 + 0.48°?, 

0.40°3 + 0.329? + 0.3693 + 0.56°?, 

0.569 + 0.56°? + 0.489 + 0.72%); [0.1, 0.2], [0.8, 0.9], [0.8, 0.9}) 
( (0.125, 0.301, 0.396, 0.562); (0.1, 0.2], [0.8, 0.9], [0.8, 0.9}) 

















Lhao(ba1, baa, baz, baa) 
( (0.12 + 0.129? + 0.0893 + 0.24°, 

0.3603 + 0.249? + 0.1693 + 0.48°?, 

0.4893 + 0.369? + 0.24°3 + 0.60°?, 

0.8493 + 0.48°? + 0.32°3 + 0.96%); [0.1, 0.2], [0.8, 0.9], [0.8, 0.9}) 
( (0.122, 0.276, 0.385, 0.577); (0.1, 0.2], [0.8, 0.9], [0.8, 0.9}) 


Step &. The scores of kK nao(0:) for i = 1, 2,3, 4 can be obtained based on Equation 3.8 as follows: 


S(Knao(b1)) = 0.493 
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S(Khao(b2)) = 0.320 


S'\(Knao(b3)) = 0.081 


S(Khao(ba)) = 0.083 


respectively. It is obvious based on Equation 3.6 that 
Khao(b1) > Knao(b2) > Knao(bs) > Knao(bs) 
Therefore, the ranking order of the alternatives x; (j = 1,2, 3,4) is generated as follows: 
Cy Py La S23 


The best supplier for the enterprise is 7}. 


Similarly, the scores of L;,9.(b;) for i = 1, 2,3, 4 can be obtained based on Equation 3.8 as follows: 


S(Ligo(b1)) = 0.462 


S(Lngo(b2)) = 0.307 


S(Lngo(bs)) = 0.078 


S(Lngo(ba)) = 0.077 
respectively. It is obvious that 
Engo( bs) > Lngo(b2) > Lngo( bs) > Lngo(ba) 


Therefore, the ranking order of the alternatives x; (j = 1, 2,3,4) is generated based on Equation 3.6 as 
follows: 
U>-Xg>X3> XL, 


The best supplier for the enterprise is x}. 


Conclusion 


The paper gave the concept of interval valued generalized single valued neutrosophic trapezoidal number 
(IVGSVTrN-number) which is a generalization of fuzzy number, intuitionistic fuzzy number, neutrosophic 


number, and so on. An IVGSVTrN-number is a special interval neutrosophic set on the set of real numbers R. 














To aggregating the information with IVGSVTrN-numbers, we give some operations on I[VGSVTrN-numbers. 





Irfan Deli, Some operators with IVGSVTrN-numbers and their applications to multiple criteria group 


decision making. 


Neutrosophic Sets and Systems, Vol. 25, 2019 50 





Also, we presented some aggregation and geometric operators is called [IVGSVTrN weighted aggregation 
operator, [VGSVTXrN ordered weighted aggregation operator, [VGSVTrN ordered hybrid weighted aggrega- 
tion operator, IVGSVTrN weighted geometric operator, [VGSVTrN ordered weighted geometric operator, 
IVGSVTrN ordered hybrid weighted geometric operator. Furtermore, for these operators, we examined some 
desirable properties and special cases. Finally, we developed a approach for multiple criteria decision making 
problems based on the operator and we applied the method to a numerical example to demonstrate its practi- 
cality and effectiveness. In the future, we shall focus on the multiple criteria group decision making problems 
problems with IVGSVTrNs in which the information of attributes weights is partially unknown in advance. 
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Abstract. This paper introduces a single valued (2n as well as 2n+1) sided polygonal neutrosophic numbers in 
continuation with other defined single valued neutrosophic numbers. The paper provides basic algebra like addi- 
tion, subtraction and multiplication of a single valued (2n as well as 2n+1) sided polygonal neutrosophic numbers 
with examples. In addition, the paper introduces matrix for single valued (2n as well as 2n+1) sided polygonal 
neutrosophic matrix and its properties. 


Keywords: Fuzzy numbers, Intuitionistic fuzzy numbers, Single valued trapezoidal neutrosophic numbers, Single 
valued triangular neutrosophic numbers, Neutrosophic matrix. 


1 Introduction 


In the real world problems, uncertainty occurs in many situations which cannot be handled precisely via crisp set 
theory. To approximate those uncertainties exists in the given linguistics words the fuzzy set theory is introduced 
by Zadeh [10]. After that, Dubois and Prade [2] defined the fuzzy number as a generalization of real number. In 
continuation, many authors [5-8, 11-23] introduced various types of fuzzy numbers such as triangular, trapezoi- 
dal, pentagonal, hexagonal fuzzy numbers etc. with their membership functions. Atanassov [1] introduced the 
concept of intuitionistic fuzzy sets that provides precise solutions to the problems in uncertain situations than 
fuzzy sets with membership and non-membership functions. After developing intuitionistic fuzzy sets, authors in 
[4, 6, 10, 19] defined various types of intuitionistic fuzzy numbers and different types of operations on intuition- 
istic fuzzy sets are also established by suitable examples. Smarandache [9] introduced the generalization of both 
fuzzy and intuitionistic fuzzy sets and named it as neutrosophic set. The Single valued neutrosophic number and 
its applications are described in [3]. The results of the problems using neutrosophic sets are more accurate than 
the results given by fuzzy and intuitionistic fuzzy sets [11-20]. Due to which it is applied in various fields for 
multi-decision tasks [20-32]. The applications of n-valued neutrosophic set [24-26] in data analytics research 
fields given a thrust to study the neutrosophic numbers. This paper focuses on introducing mathematical opera- 
tion of 2n and 2n+1 sided polygonal neutrosophic numbers and its matrices with examples. 


The rest of the paper is organized as follows: The section 2 contains preliminaries. Section 3 explains single 
valued 2n+1 polygonal neutrosophic numbers whereas the Section 4 demonstrates Single valued 2n side polygo- 
nal neutrosophic numbers. Section 5 provides conclusions followed by acknowledgements and references. 
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2. Preliminaries 


Definition 1 (Fuzzy Number)[4]: A fuzzy number is nothing but an extension of a regular number in the sense 
that it does not refer to one single value but rather to a connected set of possible values, where each 
of the possible value has its own weight between 0 and 1. This weight is called the membership function. The 


complex fuzzy set for a given fuzzy number A can be defined as 4q(%) is non-decreasing for x < Xq and non- 
increasing for => Xq . Similarly other properties can be defined. 


Definition 2 (Triangular fuzzy number [4]): A fuzzy number A= {a, b, c } is said to be a triangular fuzzy 
number if its membership function is given by, wherea<b<c 





Ss forasx<b 
Ha(x)= = for b<x<c 
0 otherwise 


Definition 3 (Trapezoidal fuzzy number [4]) 
A Trapezoidal fuzzy number (TrFN) denoted by Ap is defined as (a, b, c, d), where the membership function 


0 forxs<a 
2 foras<x<b 
(b-a) 
Hap(x)=) 1 for bsx<c 
os forcs<x<d 
(d-c) 
0 forx2d 


(Qa) 4 (d-x) 
(b-a)° ” (d-c) 








Or, 1, (x)= max ( min ( ) 0) 

Definition 4 (Generalized Trapezoidal Fuzzy Number) (GTrFNs) 

A Generalized Fuzzy Number (a, b, c, d, w), is called a Generalized Trapezoidal Fuzzy Number “x” if its mem- 
bership function is given by 











0 forx<a 
Gow forasx<b 
(b-a) 
(x)=, Ww for b<x<c 
ow forcsx<d 
(d-c) 
0 forx=d 
: (x-a) (d-x) 
Or, 14, (x)= max ( min (w aan Ow (=e) 30) 


Definition 5 (Pentagonal fuzzy number [4]) 
A pentagonal fuzzy number (PFN) of a fuzzy set Ap= {a, b, c, d, e} and its membership function is given by, 














0 forx<a 
Sa forasx<b 
(b-a) 
oS for b<x<c 
(c—b) 
Ha,(x)=) 1 x=C 
ee forcsx<d 
(d-c) 
es ford<x<e 
(e-d) 


0 forx>d 
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Definition 6 (Hexagonal fuzzy number [4]) 
A Hexagonal fuzzy number (HFN) of a fuzzy set Ap= {a, b, c, d, e, f} and its membership function is given by, 
0 forx<a 
1 .x-a 
3 Ceo fi orasx<b 


baer coat forb<x<c 


2° 2%c-b 
Hap (x)= 1 cxx<d 
1 ,.x-d 
Lp forcsx<d 
a) ford<x<e 
0 forx>d 


Definition 7 (Octagonal fuzzy number [4]) 
A Octagonal fuzzy number (OFN) of a fuzzy set Ap= {, ,A,,A,,A,,A5,A,,A,,a,} and its membership 


function is given by, 


, a SxSa, 
a, — a, 
a, Sx<a, 
x-a, 
k+(1—-k) 5 OSS ay 
ayaa, 
Hy = 1 @,; S450; 
aad <x< 
k+(1—-k) ¢ (A SSG; 
a6 5 





a, — a, 
0, Otherwise 


Where A= max{ @, ,@,,4,,4,,A;,A;,,A7,,A} 


Definition 8 (A triangular intuitionistic fuzzy number)[4] 


A triangular intuitionistic fuzzy number @ . a= ((a,b,c),(a’,b’,c’)), 


"<asb<b'<c<c' 
is denoted as 


a 
where 


with the following membership function H; (x) and non-membership function Va (x) 














x-a 
, a <b 
b-a 
c-x 
Hz (x) = 9 Oo Se 
c—b 
0, otherwise 
b-x 
5 2 =P 
b-a 
x—b 
Vz(x) = ——4§ DSC 
c'-b 
1, otherwise 
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Definition 9 (Trapezoidal Intuitionistic fuzzy number) 


0 x<0 1 x<0 
Gea) extuala) fo acx cb 





fora<x<b 


(b-a) (b—a) 
Ug()=\ w forb<x<c »Vg(x)= Ug forb<x<c 
d- Hepatas 
ess) forc<x<d eee) forc<x<d 
(d-c) (d-c) 
0 otherwise 1 otherwise 


Definition 10 (Single valued triangular neutrosophic number [3]): 

A triangular neutrosophic number @=< (a, b,c) ;wg, Ug,Ya> 1s a special neutrosophic set on the real number set 
R, whose truth-membership, indeterminacy— membership and falsity-membership functions are defined as fol- 
lows: 


(xa) 


wa fora<x<b (bax4 ua Gea) 





fora<x<b 


(b—a) (b-a) 
Wy for x=b Ug for x=b 
He (x)= ene ? Va (x)= (x—b+ Eo 
—w, forb<x<c ——_*—_ forb<x<c 
(c—b) (c—b) 
0 otherwise 1 otherwise 
one fora<x<b 
da(= Va for x=b 
a 


(x—b+ yq(c—-x)) 

(c—b) 

1 otherwise 

A triangular neutrosophic number a =< (a, b,c) ;wg, Ug,Ya> may express an ill-known quantity about b which 
is approximately equal to b. 
Definition 11 (Single valued trapezoidal neutrosophic number [3]): 
A triangular neutrosophic number G@=< (a, b,c, d) ;wg, Ug,Vq> 1s a special neutrosophic set on the real number 
set R, whose truth-membership, indeterminacy— membership and falsity-membership function are defined as fol- 
lows: 


forb<x<c 


(x-a) (b—x+ ug (x—a)) 


fora<x<b 





wx; fora<x<b 





(b—a) (b—a) 
. <x< - <x< 
pa(x)= ae forb<x<c va(X)= Bre tas forb<x<c 
w; forc<x<d ——_+—— forc<sx<d 
(d-c) (dc) 
0 otherwise 1 otherwise 


(b-x+ yg (x—a)) 
(b—a) 
Va forb<x<c 
Greve) tore<x cd 
(d—c) 
1 otherwise ae 
The single valued trapezoidal neutrosophic numbers are a generalization of the intuitionistic trapezoidal fuzzy 
numbers, Thus, the neutrosophic number may express more uncertainty than the intuitionstic fuzzy number. 


fora<x<b 


Ag(x)= 


3. Single valued 2n+1 polygonal neutrosophic numbers 


Definition 12 (Single valued 2n+1 polygonal neutrosophic number): 

A single valued 2n+1 sided polygonal neutrosophic number @=< (1,2 ,....,n5---,don,Aons1) Wa, UasVa> IS a 
special neutrosophic set on the real number set R, whose truth-membership, indeterminacy— membership and 
falsity-membership functions are defined as follows: 
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T(x) = 


F(x) = 


X—-a 
1 
Wz, 4, Sa, 
a, a, 
xXx—-a 
2 
Wr, 4, <a; 
a, — a, 
X—-a 
n 
W7> a, s Daal 
Gis = a, 
Wa X= 4,41 I, (x) = 
a aoa, 6 
n+2 
W3 > Qiat = Qn42 
an42 ~ Gaal 
a =X 
n+3 
Was ney S Any; 
ana = n+ 
a —X 
2n+1 
Wy Gon S Fons 
Fonsi — Ayn 


0, Otherwise 


a, ~X+ Ya(x- 4) 

















» a Sa, 
aa, 
a,-X+V~-(x-a 
3 Va ( 2) a, mee 
a, a, 
a —X+V-(xX-a 
n+l Val n) a, <a 
Gna 4, 
Ya X= Ai 
X— a4) + Vz (4,49 —x) 
] Gis 
Gnaa ~ Ans 
X—Qn.9 + Vz (Quis — x) 
Gna ~ Fny2 


xX — a>, om Va (Gone se x) 
9 





Agnat — Foy 
1, Otherwise 


a, —xX+u;z(x-a,) 

















’ 1 < a, 
a, —a, 
a, —X+UAX a, ) Z 
’ De a, 
a; — a, 
Ay —X+Ug(x—a,) 
’ ne Gast 
Gis = a, 
Uz» X= 441 
xX — Qiat + uz (4,49 = x) < 
2 Qiat = Gis? 
Gin42 -_ Qnat 
X— Anyo +Uz (4,43 —x) < 
2 Qiao = Gna 
Gna ‘> an42 
X= Gy, +Uz(Ayn41 —X) We 2A 
p) 2n — “2n+l 





2 Qn42 = Gna 


Ay, Sgn) 


Ans = a, 


1, Otherwise 
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Example:1 If wg =0.2 jug =0.4 yg =0.3 and n= 4, then we have an nanogonal neutrosophic number @ and it 
is taken as @ =< (3,6,8,10,11,21,43,44,56) >. Figure | demonstrates the Example 1. 


’ T T T T T 
Meriberatyp functor 
lnckenerin inate fyrction 
Nonw-Membershin tuncton! 7 





Figure: 1 
Example: 2 
If wg =0.2 jug = 0.4 yg =0.3 and n= 4, then we have an nanogonal neutrosophic number G and it is taken as 
a =< (3,6,8,10,1,2,4,7,5) >. Figure 2 demonstrates the Example 2 and its neutrosophic membership. 








Figure: 2 


Note 
The single valued triangular neutrosophic number can be generalized to a single valued 2n+1 polygonal neutro- 
sophic number, where n=1,2,3,...,n 


A=< (Qy,Az ,.-05Ans---sA2n,2n+1) Wa, Ug. Va>, Whered may express an ill —known quantity about a,, which is 
gradually equal to ay. 
We mean that a,approximatesa,,, azapproximatesa,, a littel better thandg,.................4. Ay,_,approximatesa,, a 


litte better than all previous a1, az,...an, 
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Remark 
If OS Wg, Ug. Va Sl, OS Wat Ugtyg <1, ya=0 and the single valued 2n+1 sided polygonal neutrosophic num- 
ber reduced to the case single valued 2n+1 sided polygonal fuzzy number. 


3.1. Operations of single valued 2n+1 sided polygonal neutrosophic numbers 

Following are the three operations that can be performed on single valued 2n+1 polygonal neutrosophic numbers 
suppose Apyn=< (1,a2 geeeegngss +927 A2n+1)5 Wa» UaYa> and Bpyn=< (b;,b2 aes Dns . D2n»b2n+1) 3W5> 
Uz,Y% >are two single valued 2n+1 polygonal neutrosophic numbers then 


(i) Addition: 
Apny + Bpyn= < (Q4+by, A2t+be, «245 AntDys ++) AzntBons Q2n41t+D2n41)3 WatW5-Wa Wa » UR’ 
Up,Va' Var 


(ii) Subtraction: 

Apwn - Bpyn = < (4-by, A2-b2, «2.5 An-Dyy +++) Azn-D2ns A2n+1-Don+1)3. =WatWp-Wa' Wa» Up’ 
Up Va Vb > 
Multiplication: 
Apnn* Benn = < (04° Dy ,2 * Dz 5.445An * Dy y-+-sA2n * Dan ,Q2n+1* Danii) 3Wa' We Ua + Up- Ug UZ,Va + 
Ya — Ya' Var 


Remark 

Ifwzg=1 ,uqg=0y_g=0 then single valued 2n+1 sided polygonal neutrosophic number Apyy=< (Q1,Q2 
geeeegAnye++3A2n5A2n+41) 3Was UgsVa> reduced to the case of single valued 2n+1 sided polygonal fuzzy num- 
berApry=< (a1,Q2 geeeegAnye+-3A zn Arns1)>s n=1,2,3,. ll. 


Remark 
If OS Wg, Ug. Va Sl , OS Wat Ugtyg <3, and n=l, the single valued 2n+1 -sided polygonal neutrosophic num- 
ber reduced to the case of the single valued triangular neutrosophic numberA pyy=< (Q1,42,03)3;Wq, Ug.Va>([3]- 








Example 3: Let wg = 1, ug = 0, yg = 0 and n= 1 





If wg = 1, ug = 0, yg = 0 and n= 2, then we have an Pentagonal fuzzy number [5]: 





Let A=(1, 2,3, 4,5) and B=(2, 3,4,5,6) be two Pentagonal fuzzy numbers, then 
1. A+B=(3,5, 7, 9,11) 
il. A-B=(-l,-1, -1,-1,-1) 
ill. 2A = (2, 4, 6, 8, 10) 


iv. A.B =(2, 6, 12, 20, 30) 
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Figure: 3 
Figure 3 demonstrates operation given in Example 3. The single valued 2n+1 polygonal neutrosophic number 
are generalization of the Pentagonal fuzzy number numbers [5] , and single valued triangular neutrosophic num- 
ber [3] 


4. Single valued 2n-sided polygonal neutrosophic numbers 


Definition 13: The single valued trapezoidal neutrosophic number can be extended to a single valued 2n sided 


polygonal neutrosophic number G=< (@,,@2 ,....;€n;Qn41,  -+-,A2n-1;A2n); Was Ug, Ya> Where n=1,2,3,...,n, 
whose truth-membership, indeterminacy— membership and falsity-membership functions are defined as follows: 
X—-a 
k —WwWe, a SxSa 
a, —Q 
a, 
k+(1-k) Wy, Wy SSG, 
a, — a, 
x an 
k + (1—mk) W,, 4,4 2254, 
n “n-l 
L(x) = Wa» a, SXS4,,, 
Gns2 x 
k +(1—mk) Wes G4) SX 2G, 
An+2 = Gast 
a xX 
2n-1 
k+(-k) Wes Gog SRE Gy 4 
A, 4 a>, 2 
a xX 
2n 
k————_ We, Oy,.4 SEU, 
a, a 5,4 


0, Otherwise 
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a, —a, 


k+(1-(m-Dk) 3 —-u,, a, < x <a, 
a,— a, 


T(x) = 





xX — Qyn-2 
a 
Agn-1 — Fn_2 
k + (1—mk)———u,, a, , <x <a,, 


1, Otherwise 


k + (1—(m—1)k) ———*~u,,, a, 5 SX Sa), , 
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a,-Xx 
k + (1—mk) ~~ y,, a, <x<a, 
a, —a, 








k+(—-(m-l)k) 2 y,, a, <x <a, 
a; — a, 


F(x) = 


n+3 “n+2 


Xx Bon-2 
k +(1—(m -1)k) ———*— yz, @, 9 SX SQ), | 
Ayn) — @yn_2 


k +(l-mk) 22" y,_, Gy. (SHAG. 
ay, = Ay, 
1, Otherwise 
where a may represent an ill-known quantity of range, which is gradually approximately equal to the interval 
[an, An+1]. 
We mean that (a2, d2,_, ) approximates [a,, Ay+1], 
(A, Azn-2 ) approximates [a,, Ay+1] a little better than (Az, Agn_1), .seceeeeeeeeee enone (ay, An41 ) approximates 
[ay, Any] a little better than all previous intervals. 
Remark 
If OS Wa, Ua.Va Sl, OS Wat UgtVa <1, Yq =O and the single valued 2n -sided polygonal neutrosophic number 
reduced to the case of single valued 2n-sided polygonal fuzzy number. 


4.1 Single valued 2n-sided polygonal neutrosophic number 


Following are the three operations that can be performed on single valued 2n-sided polygonal neutrosophic 


numbers suppose Apyy=< (@1,42 5----5AnsQngi, ++A2n-1,02n)3Was UgsVa> and Bpyny=<(b,,b2 ,....,Dn,Dn41, 
..-Don-1,02n)3Wp, Up, Yprare two2n-sided polygonal neutrosophic number. 
(i) Addition: Apyyt+Bpyy=(Q1 + b1,a2 + bo,....Ay + Dy Ana. + Dysi,---don—1 + Don_1,2n + 
bon)3WatWp-Wa ' We » Up UpsVa* Vor 
(ii) Subtraction: A pyy-B pyy=<(Q1 — bon,A2 — Don—1,--+5An — Dy, Ans1 — Dy—15---,Aon—-1 — D2,d2n — 
b,);WatW5-Wa We» Up UpVa* Ver 
(iii) Multiplication: Apyy*Bpyy =<(@, *b1,Q2 ° Do,....,€n * Dy, Qna1* Dna, -+Aen—1* Den—1,A2n * 
bon)3Wa Wp Ug + Up- Ug UpsVa + Ve — Va" Vem 
Remark 
Ifwg= 1 ,ug=O0yv_g= 0 then single valued 2nsidedpolygonal neutrosophic number Apyy=<(Q, ,a2 
gree AnsAng1, ++A2n-1542n)3Was UasYa> reduced to the case of single valued 2n- sided polygonal fuzzy 
numberA pry=<(@1,Q2 5----5An, Angi, ++sA2n—1,42n) for n=1,2,3,...,n. 
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Remark 
If OS Wa, Ug, Va S1 , OS Wat Ugtyg <3, and n=2, the single valued 2n-sided polygonal neutrosophic number 
reduced to the case of single valued trapezoidal neutrosophic number A pyy=< (@4,02,03 , A4);Wq, Ug-Va>[Xl- 


Example 4: if wg =1 jug =0 yg =0 and n=3 then we have an Hexagonal fuzzy number [7-8]: 
Let A=(1, 2,3 ,5 ,6) and B=(2, 4,6,8,10,12) be two Hexagonal fuzzy numbers then 
A+ B= (3, 6,9, 13,16,19) 


Figure: 4 
Figure 4 demonstrates operation given in Example 4. 
The single valued 2n-sided polygonal neutrosophic number are generalization of the hexagonal fuzzy numbers 
[8] ,intuitionistic trapezoidal fuzzy numbers[x] and single valued trapezoidal neutrosophic number [3] with its 
application [12-23] for multi-decision process [24-26]. 


5. Conclusion: 

This paper introduces single valued (2n and 2n+1) sided polygonal neutrosophic numbers its addition, subtrac- 
tion, multiplication as well as polygonal neutrosophic matrix with an illustrative example. In near future our fo- 
cus will be on applications of single-valued 2n sided polygonal neutrosophic numbers and its other mathematical 
algebra. 
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Abstract. 

Recently, vague sets and neutrosophic sets have received great attention among the scholars and have been applied in many 
applications. But, the actual theoretical impacts of the combination of these two sets in dealing uncertainties are still not fully 
explored until now. In this paper, a new generalized mathematical model called interval neutrosophic vague sets is proposed, 
which is a combination of vague sets and interval neutrosophic sets and a generalization of interval neutrosophic vague sets. 
Some definitions of interval neutrosophic vague set such as union, complement and intersection are presented. Furthermore, 
the basic operations, the derivation of its properties and related example are included. 

Keywords: neutrosophic set, vague set, interval neutrsophic vague set. 


1 Introduction 


Many attempts that used classical mathematics to model uncertain data may not be successful. This is due to 
the concept of uncertainty which is too complicated and not clearly defined. Therefore, many different theories 
were developed to solve uncertainty and vagueness including the fuzzy set theory [1], intuitionistic fuzzy set [2], 
rough sets theory [3], soft set [4], vague sets [5], soft expert set [6] and some other mathematical tools. There are 
many real applications were solved using these theories related to the uncertainty of these applications [7], [8], 
[9], [10] . However, these theories cannot deals with indeterminacy and consistent information. Furthermore, all 
these theories have their inherent difficulties and weakness. Therefore, neutrosophic set is developed by 
Smarandache in 1998 which is generalization of probability set, fuzzy set and intuitionistic fuzzy set [11]. The 
neutrosophic set contains three independent membership functions. Unlike fuzzy and intuitionistic fuzzy sets, the 
memberships in neutrosophic sets are truth, indeterminacy and falsity. The neutrosophic set has recetved more 
and more attention since its appearance. Hybrid neutrosophic set were introduced by many researchers [12], [13], 
[14], [15], [16]. In line with these developments, these extensions have been used in multi criteria decision 
making problem such as ANP, VIKOR, TOPSIS and DEMATEL with different application [17]-[20]. 


Vague sets have been introduced by Gau and Buehrar in 1993 as an extension of fuzzy set theory [5]. Vague 
sets is considered as an effective tool to deal with uncertainty since it provides more information as compared to 
fuzzy sets [21]. Several studies have revealed that, many researchers have combined vague sets with others 
theories. Xu et al. proposed vague soft sets and examined its properties [22]. Later, Hassan [23] have combined 
vague set with soft expert set and its operations were introduced. In addition, others hybrid theories such as 
complex vague soft set [24], interval valued vague soft set [25], generalized interval valued vague set [26] and 
possibility vague soft set [27] were presented to solve uncertainty problem in decision making. Recently, 
Al- Quran and Hassan [28] proposed new hybrid of neutrosophic vague such as [29], [30], [31] and [32]. 


Until now, there has been no study on interval neutrosophic vague set (INVS) and its combination 
particularly with vague sets. Therefore, the objective of this paper is to develop a mathematical tool to solve 
uncertainty problem, namely INVS which is a combination of vague sets and interval neutrosophic set and as a 
generalization of interval neutrosophic vague set. This set theory provides an interval-based membership 
structure to handle the neutrosophic vague data. This feature allows users to record their hesitancy in assigning 
membership values which in turn better capture the vagueness and uncertainties of these data. 


This paper is structured in the following manner. Section 2 presents some basic mathematical concepts to 
enhance the understanding of INVS. Section 3 describes definitions IVNS and its properties together with 
example. Finally, conclusion of INVS is stated in section 4. 
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2 Preliminaries 


Some basic concepts associated to neutrosophic sets and interval neutrosophic set are presented in this section. 


2.1 Vague Set 

Definition 2.1 [5] 

Let e be a vague value, e= [7..1- 7, where 7, [0,1], 7, <[0,lJand0<z, <1-/f, <1. If 7, =1 and f, =0 then 
e is named a unit vague value so ase= [1.1] . Meanwhile if ¢, =Oand f, =1, hence e is named a zero vague 
value such that e=[0,0]. 

Definition 2.1.1 [5] 

Let eand f be two vague values, where e=[7,.1—f,|and f =[7,1-F;]. If ¢, =¢, and = Fr then vague 
values eand f are named equal (ie.1-7]= F-1-7,). 


Definition 2.1.2 [5] 
Let p be a vague set of the universe E.If Ve, eF, t, (e, ) =land f, (ce, )= 0, then pis named a unit vague set 


where 1<n<m. If t,(e,)=0 and t,(e,)=1 hence p named a zero vague set wherel<n<m. 


2.2 Neutrosophic Set 


Definition 2.2 [11] 
A neutrosophic set ein E is described by three functions: truth membership function V,,, (e) , indeterminacy- 


membership function W, (e) and falsity-membership function X, (e) as p= \k e:V,,(e),W, (e), X,(2),2eek } 


where V,W,X:E— | 0,1*[ and ~0<supV,, (e)+supW, (e)+sup X,, (e)<3* 


2.3 Interval Neutrosophic Set 


Definition 2.3 [12] 
Let E be a universe. An interval neutrosophic set denoted as (INS) can be defined as follows: 


p= { Vi (e), ad (c)| Wwe (e), Wy (ch X ; (e), X (c))> le ck | where for each pointe € FE, we have V,, (e)e [0,1], 


W,(e) [0,1], X,(e)<[0,1] and ~0<sup/, (e)+sup W, (e)+ sup X,, (e)< 3°. 


2.4 Neutrosophic Vague Set 


Definition 2.4 [28] 
A neutrosophic vague set pin E denoted (NVS) as an object of the form 


Puy = Ke ; Vs (c),W, NV (c),X, NV (e)>Ie = Ej and 


Voy (e)= Vv Wy nv (c)= ww | Xp yy (6) = [xx | 
where 


Vt =1-X ,X* =1-V and “0<V~-+W> +X <2*. 

Definition 2.4.1 [28] 

Let a beaNVSin E. Then @ is called a unit NVS where 1<n<m 
Vonyy (©) = [LI], Moxy (2) =[0.0], Xo.) (2) = [0.0] 


Definition 2.4.2 [28] 
Let @ bea NVS in£. Then £ is called a zero NVS where 1<n<m. 


Ver (€)=[0.0], Woy, (2) =[LI], X py, (©) = [LI] 
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For two NVS 
Pw =KerV, wy >» wv bX» w OPle E} and 


anv ={e: 1, W, xy eh Xq yy @Orlee E} 


The relations of NVS is presented as follows: 


G@) Pay =9np ifand only if V. ate (e) = Vacs (e), We (e) = W 597 (e) and X Ere (e)=X ee (e). 
(ii) Pyy CQyp if and only if one y (2) < Kos (e), We (e)= ies (e) and Bos y (2 Mies i (e). 


(iii) The union of pand gq is ioe by Ray =Pyv - Wny 1s defined by; 
Veyy (e)= ax Vr Vonve } max Vere Vate ) 
: = = : + + 
Weny (e) = min Wy Wonve i min( We Winve ) ? 


: 7 - : + + 
X Rwy (ec) = inl x PNVe °~ aNve } min{ pNve >*anve ) 


(iv) The intersection of p and q is denoted by Syy = pyy Aqyy 18 defined by; 
Vsyy (e)= min Hr Vanve } min{ Vee Vinve ) 
- - + + 
Wsyy (e)= max Wy Wanve } mar{ Wy Wanye ) ? 


Xsyy (c)= max py Xanye } mar{ Xa »Xonve ) 
(v) The complement ofa NVS py; is denoted by p< and is defined by 


Vyy (= [-V1-V | 


Wivy ()=[-W*1-W | 


X6,,(e)=|I-X*1- x" | 


3 Interval Neutrosophic Vague Sets 
The formal definition of an INVS and its basic operations of complement, union and intersection are introduced. 
Related properties and suitable examples are presented in this section. 


Definition 3.1 
An interval valued neutrosophic vague set A), also known as INVS in the universe of discourse E . An INVS 


is characterized by truth membership, indeterminacy membership and fasilty-membership functions is defined 
as: 


Aw = @VEO7Y (LW (ec). (X54 (c), XY (c)|>1e € E} 


where 


Pe a1? OX a1) RO Ia Se ah 
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“OSVE 4V"9 4Wh 4Wh 4X" 4X7 <4t 
“OVE AY LW EW See ee eae 
An INVS A,,y when £ is continuous is presented as follows: 


| HHO MTOM EAL) 


e 





E 
and when £ is discrete an INVS A,,, can be presented as follows: 


dy = LEO A MAMA RHE) 


ce 





i=l 
0 <sup V, (e)+sup W, (e)+sup X ,(e)< 3 
Example 3.1 

Let E= {e,,€),e3}. Then 


({[0.2,0.5} [0.2,0.3}}, {fo. ipelleaoeh {[0.5,0.8]} [0.7,0.8])’ 








4iny = Woaos}lono7pYoses|iox0s}qosoe|ioa0 ah 








({[0.6,0.9], [0.2,0.5]}, ERAN {[0.1,0.4] [0.5,0.8]}) 
is an INVS subset of EF. 


Consider Example 3.1 .Then we check the INVS for e, by Definition 3.1 as follows: 


ye" a1-x¥ 20540521, X" =1-V" =084+02=1 


VE Sink Os e0 Tate Sir" 08 402—1 





Using condition ~0<V% +V¥ +w* +Ww¥ 4x4 4XY <4t, 


therefore we have 0.2+0.2+0.1+0.3+05+0.7=2 and 





+ + + + + + 
[ORV 4" ne Ee a RY < 47, therefore we have 


0.5+ 0.3 + 0.6 + 0.6 + 0.8 + 0.8 =3.6 
The calculations for INVS in Example 3.2, Example 3.3 are calculated similarly. 





Definition 3.2 
Consider ©, be an INVS of the universe E whereVe, €£, 


Vey (e)= [LA], Poryy (€)= LL], 
We yy (€)= [0.0], Wospyy(e)= [0.0], 


XS vy (€)=[0.0], Xo ;yy (€)=[0.0] 


Therefore, ® ,,,, is defined a unit INVS where 1<n<m 
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Consider 5;,, be a INVS of the universe E where Ve, € E 
V sin (c)=[0.0], Vseuy (c)=[0,0], 
Wy (e)=[ul] Wey (e)=Lul, 


XSivr (€)= DH, Xo (= LY] 

Therefore, 5,,, is defined a zero INVS where 1<n<m 
Definition 3.3 

Let Ajyy is defined as complemnet of INVS 


FA} @=[i-va-v" |, FEF e)=[1-v" 1-7 | 
(iS ()=[1-w iw |, (7 Fe)=[1-w" aw |, 


(zi F(@=-[1-x* ax], (74 F()=[1-x7" 1x] 


Example 3.2 
Considering Example 3.1, by using Definition 3.3, we have 





({{0.5,0.8} [0.7,0.8]}, ERCIGETSA {[0.2,0.5], [0.2,0.3}}) ’ 


} 
} 








({{0.1,0.4} [0.3,0.8}} {[0.3,0.7 Toaosh. {[0.6,0.9| [0.2,0.7}}) 


Definition 3.5 
Let A;yy and B,,y, be two INVS of the universe. IfVe, €E, 


Vi (Cn)=Ve Cn) Va (en)=Ve (Cn) Wa (Cn)= Wi Cn)» Wa (Cn)=We Cen)» X4(€,)= Xp (en) and 
Xi (en) = Xp (en) 
Then the INVS A,jyy and Byyy are equal, where 1<n<m 


Definition 3.6 
Let Ajyy and By, be two INVS of the universe. IfVe, €E, 


Vi(e,)<Ve(e,) and Vi (¢,)<Vp (en), 

Wile, )2We(e,)and W, (e,)2We (e,)- 

Xii(e,)2 Xo(e,) and X7 (e,)> Xp (e,) 

Then the INVS A, are included by Bj, denoted by A, C By, wherel<n<m. 


Definition 3.7 
The union of two INVS A, and By isaINVS Cy, written as Cry = Aryy U Bry 1s defined as follows: 


Vi (e)= [max ri v5"} nax(VE".V5") and ge (e)= [max( 7978") max(V4"8") ; 
WH(e)=| min( wet arg Janin( Wf) aid WY (e)=| min( 72 wg ).min[ wg”), 


aS a — ~ = — U 
¥4fe)=| min{ x5 xe Jin( 48°) aie ¥4(e)=|min{ x4 xy estes ‘| 
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Definition 3.8 
The intersection of two INVS Ajj, and By is aINVS Cray, written as Day = Apyy OB, is defined as 


below: 
PH e)=| min( vd )amin( v4" f") and P72 (e)=| min( 77g }min( 7278"), 


WH e)=| marl wt WA anax{ Wh" 7s") aa WY (e)=| max{ wey Wg” marl ww”) 


= = oe = — U: 
X4fe)=| max{ 2 xe Jnana af) ana ¥4(e)=| ma 4 xe Jpmax{ x9" xf ‘| 


Example 3.3 
Consider that there are two INVS 4,,, and B,yy consist of E = {e,,e,,e;}defined as follows: 


ey 


({[0.2,0.5} [0.2,0.3]}, {[0.1,0.6] [0.3,0.6}}, {[0.5,0.8] [0.7,0.8]}) 








Air = Woaos}lono7ptosesliox0s}qosoe|ioa0oh 


&3 


({[0.6,0.9] [0.2,0.5]}. {[0.3,0.7} [0.4,0.6}}, {[0.1,0.4] [0.5,0.8]}) 











({{0.2,0.6} [0.4,0.9]} GEC {[0.4,0.8} [0.1,0.6}}) ” 
Bin = ({{0.2,0.6} [0.2,0.3]} CENGINena {[0.4,0.0.8} [0.7,0.8]}}) 
({{0.4,0.9] [0.2,0.5]} (fo. FORDE {[0.1,0.6] [0.5,0.8]}) 








By using Definition 3.7, then we obtain INV union, Cry = Any U Byyy presented as follows: 


({{0.2,0.6} [0.4,0.9]} Tonos tion {[0.4,0.8] [0.1,0.6}})’ 





({{0.6,0.9} [0.2,0.5}}, Tpapalnaoer {{0.1,0.4} [0.5,0.8}) 


Moreover, by using Definition 3.8, we obtained INV intersection, Dy = Ajyy A Byyy as follows: 








({[0.2,0.5] [0.2,0.3]} OGIO {[0.5,0.8], [0.7,0.8}}) ° 
({[0.2,0.5} [0.10.3], Taspeloaosh {{0.5,0.8} [0.7,0.9}} 
({[0.4,0.9] [0.2,0.5]} CROONER {{0.1,0.6} [0.5,0.8}}) 





Diny = 
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Proposition 3.1 Let Ajyy and Byyy be two INVS in X . Then 
(i) Anyy V Any = Ain 

Gi) Avy O Avy = Ainv 

(iti) Amy UBiyy = Biny V Av 

(iv) Anyy OBiyy = Binv O4inv 


Proof (i): 
If x is any arbitrary element in Ap U Apyy = Avy by definition of union, we have x € Ap or x € Ay. 


Hence x € Ap . Therefore App U Ary C Amp - Conversely, If x is any arbitrary element 


in Any U Amy = Any : then xe Amy andxe Any ° Therefore, 


Amy VAmy © Av -: Ainv VU Any = Ainv 


Proof (ii): similar to the proof of (i). 


Proof (iii): 
Let x is any arbitrary element in Any UBny =Bmyy VApy » then by definition of union, 


x€ Amp andx € Bry. But, if xisin A,jzyand By, then itis in By or Ap, and by definition of union, 
this means x € By U Ayyy . Therefore, Ap U Bry CBmy VU Amy - 

The other inclusion is identical: if x is any element By, UA, . Therefore, then we know 
xE Binv Oorxe Amy 7 But, xE Biny or xe Amy implies that x is in Any or Binv 7 hence, xE Any UB inp 5 


Therefore, Bry U Any C Any UBwy- Hence Any U Bry = Biyy VU App - 


Proof (iv): same to the proof (iii) 


Proposition 3.2 Let Ajj, Byyy and Cy, be three INVS over the common universe X . Then, 
(i) Any VU (Biyy UCiny ) 7 (Any U Biny ) U Ciny 

(ii) Aiyy O(Bisy OC inv ) =(Awy OBiny ) 0 Ciny 

(iii) Aiyy U(Biny OCiny ) =(Awr V Biny ) A(Aiyy V Cr) 


(iv) Any O (B inv UY Ciny ) = (Aiyy 0 Biny ) UV (Any OCiny ) 


Proof (i): 
First, let x be any element in A,yy U(Biyy U Cin i This means that x € App or x €(Byy U Cry) . Tf 


x€ Amy then xe(Bryy UCjyy); hence, xe Apy U(Byyy U Cyyy )- On the other side, if x € Ajyy, then 

x €(Biyy UC py)- This means x € Byyy or xE Ciyy - If, xe Byyy then 

LeAnn UB => xSAnyu Big JU Cigye lf xe Cay, Then, x ](Any UV BO Cry Hence, 

Ary O(Biyy UC )S (Any Y Bin YY Cyr - 

For the reverse inclusion, let x be any element of (Ajyy U Byyy )UC pp -Then, x € (Ay U By) or x € Cyyp- 
If xe(Any OB) = we kiiow xe Any “OF XEB yy. If ceAgy, then x ean O(Bay UC wy) 
If xe Bry sthen xe (Bry UC). Hence xe Any U(Bay UCwy)- On the other side, if xeCpy , 
hence x €(Bryy UCyyy), and 80, Any U(Bry UCpy)- 

Therefore, Apyy U(B yyy UC pwr )S (Amy U Bir OC wr - 

Thus, Aryy U(Byyy Cir )= (Avy V Biv \U Cnr - 


Proof (ii): associativity of intersections is similar to the proof (i) 
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Proof (iii): Distributive Laws are satisfied for INVS 
Let x€ Any U(Bryy OCpy). lf xe Amp U(Bry OC my) then xis either in Ap, or in(Bay ACpy)- 


This means that x € Aj, or x € (Bay Cue): 
If xE Amy or {xe By and xe Cy} . 
Ther, (2eAn, or xe Bay) and we Ay orxeC yy |. 


So we have, 
xEApy Or Bry and x € Apy or Cry 


xE (Awy U Biny ) and x € (Any U Biny ) 

x€(Apyy UByyy )O(Awy VBinv ) 

Hence, Ayyy U(Byyy OC yyy) > (Ayr V Bir (Ay Y Civ ) 

Therefore, 

Any VU (Biny 0 Ciny ) < (Any UBiyy ) Om (Ay VU Cv) 

Let xe (Any UB )O(Arww UCwy) _Ifxe (Any UBiny )O(Aww UC) then x is in (Any or Biv) 
atid (A pe Ore xy): 

So we have, 

x€(Ajyy oF Byyy )and x €(Ajyy oF Cyyy) 

(ve Aggy OX eBay band We Ang, or eC, 7} 


x € Ay OF {x € By and xé€ Crp} 


€ (Bip and Cyyy }} 


€ (Bigs OT Ciny )} 
xE Any VU (Biyy Y Ci) 


xE€ Any VU {x 
x€ Any VU {x 
xe (Anne: Bp A b Any U Cor) => x E€Any VU (Bip O Cre) 
Therefore, 

(Any OB wlilAng Cine Amy VU (Bay O Cre) 

° Aiyy O(Bixy Civ ) = (Any V Bin )O (Ary V Cnvr) 

Proof (iv): similar to the prove of (11) 

Proposition 3.3: 

()(Anw Y Br = Ai O Bin 

(iD) (Aiyy OBrw Y= Ain V Bine 

Git) (457 Bir Chur = (Avy Bia OC 


(iv) (48,5 0 Biyy OCinv )= (Any U Biny VU Ciny i 


Proof (i): 

Let x €(Apy UB)? 
=x € Ay UBiny 
>x¢Apy and x € Bry 
=> xe Any and x € Bry 


Since for all x €(Ajyy U By) such that x © AQ A Bey 


Therefore, (Amy UBiyy ) © Any OBS 


Proof (ii): similar to the prove of (i) 
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Proof (ii): 

Let x € (Af U Boy UCSyr } 

=> x € Any Ux € Biny UX © Ciyy 

>x€Any UXE Bry UX EC py 

=>x¢ (Any AB wy )OC ny 

>x¢E Ce OB inp AC wy) 

SES any 0 Biny 0 Cinv i 

Since for all x € bie U Biny Jer, such that x € (4, A Biny AC cok 


Therefore, (467 U Biny VU Ciny Jc (Aiyy OBiyy OCiny f° 


Proof (iv): similar to the prove of (iv) 


4 Conclusion 


In this paper, the concept of interval neutrosophic vague was successfully established. The idea of this concept 
was taken from the theory of vague sets and interval neutrosophic. Neutrosophic set theory is mainly concerned 
with indeterminate and inconsistent information. However, interval nutrosophic vague sets were developed to 
improvise results in decision making problem. Meanwhile, vague set capturing vagueness of data. It is clear that, 
interval neutrosophic vague sets, can be utilize in solving decision making problems that inherited uncertainties. 
The basic operations involving union, complement, intersection for interval neutrosophic vague set was well 
defined. Subsequently, the basic properties of these operations related to interval neutrosophic vague set were 
given and mathematically proven. Finally, some examples are presented. In future, this new extension will 
broaden the knowledge of existing set theories and subsequently, can be used in practical decision making 
problem. 
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Abstract. Many real time problems are based on uncertainity and chaotic environment. To demonstrate this ambiguous suitua- 
tion more precisely we intend to amalgamate the ideas of chaos theory and neutrosophy. Neutrosophy is a flourishing arena 
which conceptualizes the notions of true, falsity and indeterminacy attributes of an event. Chaos theory is another branch 
which brings out the concepts of periodic point, orbit and sensitive of a set. Hence in this paper we focus on the introducing the 
idea of chaotic periodic points, orbit sets, sensitive functions under neutrosophic settings. We start with defining a neutrosoph- 
ic chaotic space and enlist its properties, As a futher extension we coin neutrosophic chaotic continuous functions and discuss 
its charaterizations and their interrelationships. We have also illustrated the above said concepts with suitable examples. 


Keywords: Neutrosophic periodic points, neutrosophic orbit sets, neutrosophic chaotic sets, neutrosophic sensitive functions, 
neutrosophic orbit extremally disconnected spaces. 


1 Introduction 


The introduction of the idea of fuzzy set was introduced in the year 1965 by Zadeh[16]. He proposed that each 
element in a fuzzy set has a degree of membership. Following this concept K.Atanassov[1,2,3] in 1983 
introduced the idea of intuitionistic fuzzy set on a universe X as a generalization of fuzzy set. Here besides the 
degree of membership a degree of non-membership for each element is also defined. Smarandache[11,12] 
originally gave the definition of a neutrosophic set and neutrosophic logic. The neutrosophic logic is a formal 
frame trying to measure the truth, indeterminacy and falsehood. The significance of neutrosophy is that it finds 
and indispensible place in decision making. Several authors[7, 8, 9, 10] have done remarkable achievements in 
this area. One of the prime discoveries of the 20" century which has been widely investigated with significant 
progress and achievements is the theory of Chaos and fractals.It has become an exciting emerging 
interdisciplinary area in which a broad spectrum of technologies and methodologies have emerged to deal with 
large-scale, complex and dynamical systems and problems. In 1989, R.L. Deveney[4] defined chaotic function in 
general metric space. A breakthrough in the conventional general topology was intiated by T. Thrivikraman and 
P.B. Vinod Kumar[15] by defining Chaos and fractals in general topological spaces. M. Kousalyaparasakthi, E 
Roja, M.K. Uma[6] introduced the above said idea to intuitionistic chaotic continuous functions. Tethering 
around this concept we introduce neutrosophic periodic points, neutrosophic orbit sets, neutrosophic sensitive 
functions, neutrosophic clopen chaotic sets and neutrossophic chaos spaces. The concepts of neutrosophic 
chaotic continuous functions, neutrosophic chaotic’ continuous functions, neutrosophic chaotic” continuous 
functions, neutrosophic chaotic” continuous functions are introduced and studied. Some interrelation are 
discussed with suitable examples. Also the concept of neutrosophic orbit extremally disconnected spaces, 
neutrosophic chaotic extremally disconnected spaces, neutrosophic orbit irresolute function are discussed. 


2 Preliminaries 
2.1 Definition [12] 


Let X be a non empty set. A neutrosophic set (NS for short) V is an object having the form V = <x, V', V’, 
v*> where V', V’, V° represent the degree of membership, the degree of indeterminacy and the degree of non- 
membership respectively of each element x € X to the set V. 


2.2 Definition [12] 


Let X be a non empty set, U = <x, U!, U’, U*> and V = <x, V', Vv’, V*> be neutrosophic sets on X, and let {Vj: 1 
€ J} be an arbitrary family of neutrosophic sets in X, where V' = <x, V', V’, V’> 
@MUSVe UEV',W2V andU2V° 
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(ii) U=V & USVand VEU. 

(iii) V = <x, V’, V’, V'> 

(iv) UNV=<x, U'NV!, UUV’, U’UV > 

(v) UUV=<x, U'UV!, UNV’, U’NV> 
(vi) UV; = <x, UVi!, AVZ, NVe> 

(vii) NV; = <x, NV;', UVZ, UVe> 

(viii) U-V=UNY. 

(ix) Qn = <x, Q, X, X>; Xn — <X, X, 9, © aa 


2.3 Definition [14] 


A neutrosophic topology (NT for short) on a nonempty set X is a family t of neutrosophic set in X satisfying the 
following axioms: 

(i) x, Xn ET. 

(1) T; T, € t for any T,, T> € T. 

(iii) UT; € t for any arbitrary family {T; : i€J} St. 

In this case the pair (X, Tt) is called a neutrosophic topological space (NTS for short) and any neutrosophic set in 
t is called a neutrosophic open set (NOS for short) in X. The complement V of a neutrosophic open set V is 
called a neutrosophic closed set (NCS for short) in X. 


2.4 Definition [14] 


Let (X, t) be a neutrosophic topological space and V = <X, Vj, V2, V3> be a set in X. Then the closure and inte- 
rior of V are defined by 

Ncl(V) = N{M: M is a neutrosophic closed set in X and V € M}, 

Nint(V) = U{N : N is a neutrosophic open set in X and N € V}. 

It can be also shown that Ncl(V) is a neutrosophic closed set and Nint(V) is a neutrosophic open set in X, and V 
is a neutrosophic closed set in X iff Ncl(V) = V; and V is a neutrosophic open set in X iff Nint(V) = V. 

Where Nel - neutrosophic closure and Nint — neutrosophic interior 


2.5 Definition [5] 

(a) If V =<y,V',V’,V°> is a neutrosophic set in Y , then the preimage of V under f, denoted by f '(V), is the neu- 
trosophic set in X defined by f '(V) = <x,f '(V'),f '(V’),f '(V°)>. 

(b) If U = <x,U',U’,U*> is a neutrosophic set in X, then the image of U under f, denoted by f(U), is the neutro- 
sophic set in Y defined by f(U) = <y,f(U'),f(U), Y-f(X-U*)> where 


1 


ge] ats” if f (y)4¢ 
0 otherwise 

fhe sup 0 ff ed 
0 otherwise 





po it ee OP OES 
Y-f(X-U*)= Pe 


1 otherwise 


2.6 Definition [13] 

Let (X, t) and (Y,o) be any two neutrosophic topological spaces and let f: X — Y be a function. Then f is said to 
be continuous if and only if the preimage of each neutrosophic set in o is a neutrosophic set in t. 

2.7 Definition [13] 

Let (X, t) and (Y,o) be two neutrosophic topological spaces and let f : (X, t) — (Y,o0) be a function. Then f is 
said to be open iff the image of each neutrosophic set in t is a neutrosophic set in o. 

2.8 Definition [4] 

Orbit of a point x in X under the mapping f is O,(x)={x, f(x), f 7(x),...} 

2.9 Definition [4] 

x in X is called a periodic point of f if f(x) =x, for some n € Z”. Smallest of these n is called period of x. 

2.10 Definition [4] 
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f is sensitive if foreach 56 >0 5 (a) ¢ > O (b) yYEX and (c) n€ Z, > d(x,y)< 6 and d(f"(x),f"(y))>« . 
2.11 Definition [4] 
f is chaotic on (X,d) if (i) Periodic points of f are dense in X (ii) Orbit of x is dense in X for some x in X and 
(i11) f is sensitive. 
2.12 Definition [15] 
Let (X, t) be a topological space and f : (X, t) — (X, T) be continuous map. Then f is sensitive at x € X if given 
any open set U containing x 3 (i) y € U (ii) n € Z and (iii) an open set V > f(x) € V, f*(y)¢ cl(V ). We say 
that f is sensitive on a F if f]F is sensitive at every point of F. 
2.13 Definition [15] 
Let (X, Tt) be a topological space and F € K(X). Let f: F > F be a continuous. Then f is chaotic on F if 
(i) cl(O,¢x)) =F for some x € F. 
(1i) periodic points of f are dense in F. 
(iii) f € S(F). 





2.14 Definition [15] 

(i) C(F) = {f: F > F | fis chaotic on F} and (ii) CH(X) = {F € NK(X) | C(F) + 9}. 

2.15 Definition [15] 

A topological space (X, tT) is called a chaos space if CH(X) = o. The members of CH(X) are called chaotic sets. 


3 Characterizations of neutrosophic chaotic continuous functions 


3.1 Definition 

Let (X, t) be a neutrosophic topological space and V =<X,V',V’,V*> be a neutrosophic set of X. 

(1) Ncl(V) denotes neutrosophic closure of V. 

(11) Nint(V) denotes neutrosophic interior of V. 

(1ii) NK(X) denotes the collection of all non empty neutrosophic compact sets of X. 

(iv) clopen denotes closed and open 

3.2 Definition 

Let (X, t) be a neutrosophic topological space. An orbit of a point x in X under the function f : (X, t) — (X, 7) is 
denoted and defined as O(x) = {x,f!(x),f°(x),...f"(x)} for x € X andn€ Z’. 

3.3 Example 

Let X = {p,q,r}. Let f : X — X be a function defined by f(p) = q, f(q) =1, and f(r) = p. Ifn = 1, then the orbit 
points Op) = {p,q}, Oq) = {q,r} and O,r) = {p,r}. Ifn = 2, then the orbit points Op) = X, Oq) = X and Or) 
3.4 Definition 

Let (X, Tt) be a neutrosophic topological space. A neutrosophic orbit set in X under the function f : (X, t) > (X, 
Tt) is denoted and defined as NOx) = <x,O¢r(X),On(X),Ope(x)> for x € X. 

3.5 Example 

Let X = {p,q,r,s}. Let f: X — X be a function defined by f(p) = <q,s,q>, f(q) = <s,p.r>, f(r) = <p,q,s> and f(s) = 
<rrp>. If n = 1, then the neutrosophic orbit sets NOdp) = <x,{p,q},{p.s},{p.q}>, NOdq) = 
<x, {q,s},{q,p},{q.r}>, NOdr) = <x, {p,r}, {q,r}, {1,8}> and NO,s) = <x, {r,s}, {r,s}, {p,s}>. If n = 2, then the neu- 
trosophic orbit sets NOdp) = <x,{p,q,s},{p.1,s},{p.q.r}>, NOdq) = <x, {q,r,s},{p,q,s},{q.r,s}>, NOdr) = 
<x,{p,q.r},{p.q.r},{p.r,s}> and NOs) =<x, {p,r,s}, {q,1,s},{p,q,s}>. If n = 3, then the neutrosophic orbit sets 
NO a) = <x,X,X,X>, NOdb) =<x,X,X,X>, NO c) = <x,X,X,X>and NOd) =<x,X,X,X>. 

3.6 Definition 

Let (X, tT) be a neutrosophic topological space and f : (X, t) — (X, 1) be a neutrosophic continuous function. 
Then f is said to be neutrosophic sensitive at x € X if given any neutrosophic open set U = <x,U',U’,U*> con- 
taining x 3 a neutrosophic open set V = <x,V',V’,V*> > f(x) € V, f(y) ¢ Ncl(V ) and y € U,n € Z’. We say 
that f is neutrosophic sensitive on a neutrosophic compact set F = <x,F',F’.F’> if fF is neutrosophic sensitive at 
every point of F. 

3.7 Example 

Let X = {p,q,r,s}. Then the neutrosophic sets P, Q, R and S are defined by P = <x, {p,r,s},{p,q,r},{p.r,s}>, Q = 
<x, {r,s}, {p.r},{p.s}>, R = <x, {r,s}, {p,.q,r},{p.rs}> and S = <x,{p,rs},{p,r},{p,s}>. Then the family t = 
{Xn,@n,P,Q,R,S} is neutrosophic topology on X. Clearly, (X, t) is an neutrosophic topological space. Let f : (X, 
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t) — (X, 1) be a function defined by f(p) = <r,q,s> f(q) = <s,s,r>, f(r) =< q,p,p> and f(s) = <p,r,q>. Let x = p and 
y =r. If n = 1,3,5, then the neutrosophic open set P = <x, {p,r,s}, {p,q,r}, {p,r,s}> containing x there exists an 
neutrosophic open set R = <x, {r,s},{p,q,r}, {p,r,s}> such that f"(x) € R,f'(y) ¢ Ncl(R) and y € P. Hence the 
function fis called neutrosophic sensitive. 
3.8 Notation 
Let (X, t) be a neutrosophic topological space. Let F = <x,F',F’,F’> © Xy then S(F) = <x,S(F)',S(F)’,S(F)*> 
where S(F)' = {f | f is neutrosophic sensitive on F}, S(F)’ = {f | f is indeterminacy neutrosophic sensitive on F} 
and S(F)° = {f | fis not neutrosophic sensitive on F}. 
3.9 Definition 
Let (X, t) be a two neutrosophic topological space. Let f : (X, t) — (X, Tt) be a function. A neutrosophic periodic 
set is denoted and defined as NP«(x) = <x, {x € X | f"7(x) = x}, {x € X | f"\(x) = x}, {x € X | f' x(x) = x} > 
3.10 Example 
Let X = {p,q,r}. Let f: X — X be a function defined by f(p) = <p,q,r>, f(q) = <t,p,q> and f(r) = <q,r,p>. Ifn = 1, 
then the neutrosophic periodic set NP«p) = <x,{p},{q},{r}>, NPdq) = <x,{r},{p},{q}>and NPdq) = 
<x,{q},{r},{p}>. If n = 2, then the neutrosophic periodic sets NP(p) = <x,{p},{p},{p}>, NPdq) = 
<x,{q},tq}.tay> and NP\r) = <x, {r}, {r},{r}>. 
3.11 Definition 
Let (X, 1) be a neutrosophic topological space. A neutrosophic set V = <X,V',V’,V’> of X is said to be a 
neutrosophic dense in X, if Nel(V) = X. 
3.12 Definition 
Let (X, t) be a neutrosophic topological space and F = <x,F',F’,F*> € NK(X). Let f : F > F be a neutrosophic 
continuous function. Then f is said to be neutrosophic chaotic on F if 

(i) Nel(NO<x)) = F for some x € F. 

(ii) neutrosophic periodic points of f are neutrosophic dense in F. That is, Ncl(NPx)) = F. 

(iii) f € S(F). 


3.13 Notation 

Let (X, t) be a neutrosophic topological space then C(F) = <x,C(F)',C(F)’,C(F)*> where C(F)' = {f : F > F | fis 
neutrosophic chaotic on F}, C(F)’ = {f : F > F | f is indeterminacy neutrosophic chaotic on F},and C(F)’ = {f : F 
— F | fis not neutrosophic chaotic on F}. 

3.14 Notation 

Let (X, t) be a neutrosophic topological space then CH(X) = {F = <x,F'F’,F*> € NK(X) | C(F) = 9}. 

3.15 Definition 

A neutrosophic topological space (X, Tt) is called a neutrosophic chaos space if CH(X) = @. The members of 
CH(X) are called neutrosophic chaotic sets. 

3.16 Definition 

Let (X, t) be a neutrosophic topological space. A neutrosophic set V = <x,V',V’,V°> is neutrosophic clopen if it 
is both neutrosophic open and neutrosophic closed. 

3.17 Definition 

Let (X, t) be a neutrosophic topological space. 


(1) A neutrosophic open orbit set is a neutrosophic set which is both neutrosophic open and neutro- 
sophic orbit. 

(ii) A neutrosophic closed orbit set is a neutrosophic set which is both neutrosophic closed and neutro- 
sophic orbit. 

(iii) A neutrosophic clopen orbit set is a neutrosophic set which is both neutrosophic clopen and neutro- 
sophic orbit. 


3.18 Definition 
Let (X, t) be a neutrosophic topological space. 


(i) A neutrosophic open chaotic set is a neutrosophic set which is both neutrosophic open and neutro- 
sophic chaotic. 

(ii) A neutrosophic closed chaotic set is a neutrosophic set which is both neutrosophic closed and neu- 
trosophic chaotic. 

(iii) A neutrosophic clopen chaotic set is a neutrosophic set which is both neutrosophic clopen and neu- 


trosophic chaotic. 


3.19 Definition 
Let (X, t) and (X,o) be any two neutrosophic chaos spaces. A function f : (X, t) — (X,o) is said to be neutro- 
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sophic chaotic continuous if for each periodic point x € X and each neutrosophic clopen chaotic set F = 
<x,F!,F’,F°> of f(x) 3 a neutrosophic open orbit set NO,(x) of the periodic point x » f(NO(x)) & F. 





3.20 Example 
Let X={p,q,r,s}. Then the neutrosophic sets M,N,O,P,Q and R are defined by M=<x,{q,r},{r},{p,r}>, 
N=<x, {Pp}. {p,q}, {p,S}>, O=<x, {P.q,0}.0, {p}>, P=<x,@, {p.q.r}, {p.r,S}>, Q=<x, {p.q.r}, {tT}, {p}>, 


R=<x, {p},{r},{p.q,r}>. Let t={Xy,Qn,M,N,O,P} and o = {Xn,@n,Q,R} be a neutrosophic topologies on X. 
Clearly (X, t) and (X,o) be any two neutrosophic chaos spaces. The function f : (X, t) — (X, o) is defined by 
f(p) = <p,q,s> f(q) = <r,s,r>, f(r) =< q,r,p> and f(s) = <s,p,q>. Now the function f is called neutrosophic chaotic 
continuous. 

3.21 Theorem 

Let (X, t) and (X,o) be any two neutrosophic chaos spaces. Let f : (X, t) — (X,o) be a function. Then the 
following statements are equivalent: 


(1) f is neutrosophic chaotic continuous. 
(ii) Inverse image of every neutrosophic clopen chaotic set of (X,o) is a neutrosophic open orbit set of 
(X, T). 
(ii1) Inverse image of every neutrosophic clopen chaotic set of (X,o) is a neutrosophic clopen orbit set of 
(X, T). 
Proof 


(i)=> (ii) Let F = <x,F',F’,F’> be a neutrosophic clopen chaotic set of (X, o) and the periodic point x € f '(F). 
Then f(x) € F. Since f is neutrosophic chaotic continuous, 4 a neutrosophic open orbit set NO,(x) of (X, Tt) 2 x 
€ NOx), f((NO<x)) & F. That is, x € NO«x) € f '(F). Now, f '(F) = U{NO(x) : x € f '(F)}. Since f '(F) is 
union of neutrosophic open orbit sets. Therefore, f '(F) is an neutrosophic open orbit set. 

(1i) > (iii) Let F be a neutrosophic clopen chaotic set of (X, o). Then X — F is also a neutrosophic clopen chaotic 
set, By (ii) f '(X — F) is neutrosophic open orbit in (X, t). So X — f '(F) is a neutrosophic open orbit set in (X, 7). 
Hence, f '(F) is neutrosophic closed orbit in (X, t). By (ii), f '(F) is a neutrosophic open orbit set of (X, 1). 
Therefore, f '(F) is both neutrosophic open orbit and neutrosophic closed orbit in (X, t). Hence, f '(F) is a 
neutrosophic clopen orbit set of (X, T). 

(iii) > (i) Let x be a periodic point, x € X and F be a neutrosophic clopen chaotic set containing f(x) then f '(F) 
is a neutrosophic open orbit set of (X, 1) containing x and f(f'(F)) © F. Hence, f is neutrosophic chaotic 
continuous. 

3.22 Definition 

Let (X, t) and (X, 6) be any two neutrosophic chaos spaces. A function f : (X, t) > (X, ©) is said to be 
neutrosophic chaotic* continuous if for each periodic point x € X and each neutrosophic closed chaotic set F 
containing f(x), 4 neutrosophic open orbit set NOx) containing x » f(Ncl(NOx))) & F. 

3.23 Theorem 

A neutrosophic chaotic continuous function is a neutrosophic chaotic* continuous function. 

Proof Since f is a neutrosophic chaotic continuous function, F is a neutrosophic clopen chaotic set containing 
f(x), 4 a neutrosophic open orbit set NO{x) containing x » f(NO,x)) & F. Then f '(F) is a neutrosophic clopen 
chaotic set of (X, 6). By (iii) of Theorem 3.21., f '(F) is a neutrosophic clopen orbit set in (X, 1). Therefore, F is 
a neutrosophic closed chaotic set containing f(x) and f'(F) is a neutrosophic open orbit set » f(f'(F)) & F. 
Since f '(F) is neutrosophic closed orbit set, Ncl(f \(F)) = f '(F). This implies that, f(Nel(f '(F))) & F. Hence, f is 
a neutrosophic chaotic* continuous function. 

3.24 Remark 

The converse of Theorem 3.23. need not be true as shown in Example 3.25. 

3.25 Example 

Let X={p,q,r,s}. Then the neutrosophic sets M,N,O,P,Q,R,S and T are defined by M=<x,{p,r},{q,r},{r}>, 
N=<x,{t} {Qi tpar>, O=<x, tr}. tat}. {par>,  P=<x,{pr}.tqr te, — QR<x, {p.4.8},14.8}.{Pt}>, 
R=<x, {4,8}, {Pq}, tg0}>, S=<x, {4,8}, {P.4,8},{p.qrj> and T=<x, {p,q.s},{q},tr}>. Let t={Xy,Qn,M,N,O,P} and 
o = {Xn,Qn,Q,R,S,T} be a neutrosophic topologies on X. Clearly (X, t) and (X,o) be any two neutrosophic chaos 
spaces. The function f : (X, t) > (X, 0) is defined by f(p) = <q,p,s> f(q) = <s,r,p>, f(r) =< p,q,r> and f(s) = 
<r,s,q>. Now the function f is neutrosophic chaotic* continuous but not neutrosophic chaotic continuous. Hence, 
neutrosophic chaotic* continuous function need not be neutrosophic chaotic continuous function. 

3.26 Definition 

Let (X, t) and (X, 6) be any two neutrosophic chaos spaces. A function f : (X, t) > (X, ©) is said to be 
neutrosophic chaotic** continuous if for each periodic point x € X and each neutrosophic closed chaotic set F of 
f(x), 4 aneutrosophic open orbit set NOx) of the periodic point x > f(NOx)) & Nint(F). 
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3.27 Theorem 

A neutrosophic chaotic continuous function is a neutrosophic chaotic** continuous function. 

Proof Since f is a neutrosophic chaotic continuous function, F is a neutrosophic clopen chaotic set containing 
f(x), J a neutrosophic open orbit set NOx) containing x » f(NO,x)) & F. Since F is a neutrosophic open orbit 
set in (X, 6), F = Nint(F). This implies that, f(NO¢x)) & Nint(F). Hence, f is an neutrosophic chaotic** 
continuous function. 

3.28 Remark 

The converse of Theorem 3.27 need not be true as shown in the Example 3.29. 

3.29 Example 

Let X={p,q,r,s}. Then the neutrosophic sets M,N,O,P,Q,R,S and T are defined by M=<x, {q,r},{r},{p,r}>, 
N=<x, {p,8},{P.4} {P24} >,O=<X,0, {P.s0}{P.d.0}>,P=<x,X,0, {Pf >,QHSx, {Pq} {1}{P,8} > R=<x, (gp. ta}, tpt 
}>, S=<x,{p.q.r},{r},{p}> and T=<x, {q},{r}, {p.r,s}>. Let t={Xy,on,M,N,O,P} and o = {Xn,@n,Q,R,S,T} be a 
neutrosophic topologies on X. Clearly (X, t) and (X,o) be any two neutrosophic chaos spaces. The function 
f : (X, t) > (X, o) is defined by f(p) = <p,q,s> f(q) = <1,s,1>, f(r) =< q,r,p> and f(s) = <s,p,q>. Now the function 
f is neutrosophic chaotic** continuous but not neutrosophic chaotic continuous. Hence, neutrosophic chaotic** 
continuous function need not be neutrosophic chaotic continuous function. 

3.30 Definition 

Let (X, t) and (X, 6) be any two neutrosophic chaos spaces. A function f : (X, t) — (X, 0) is said to be a 
neutrosophic chaotic*** continuous if for each periodic point x € X and each neutrosophic closed chaotic set F 
of f(x) 4 aneutrosophic clopen orbit set NO,{x) of the periodic point x 3 f(Nint(NO,(x))) & F. 

3.31 Theorem 

A neutrosophic chaotic continuous function is a neutrosophic chaotic*** continuous function. 

Proof Since f is a neutrosophic chaotic continuous function, F is a neutrosophic clopen chaotic set containing 
f(x), 4 a neutrosophic open orbit set NO«x) containing x » f(NO,x)) & F. This implies that, NO«x) & f '(F). 
Then, f '(F) is a neutrosophic clopen chaotic set of (X, 6). By (iii) of Theorem 3.21, f '(F) is a neutrosophic 
clopen orbit set in (X, t). Therefore, F is a neutrosophic closed chaotic set containing f(x) and f '(F) is a 
neutrosophic open orbit set » f(f'(F)) & F. Since f '(F) is neutrosophic open orbit set, Nint(f '(F)) = f '\(F). This 
implies that, f(Nint(f '(F))) & F. Hence, f is a neutrosophic chaotic*** continuous function. 

3.32 Remark 

The converse of Theorem 3.31 need not be true as shown in the Example 3.33. 

3.33 Example 

Let X={p,q,r,s}. Then the neutrosophic sets M,N,O,P,Q,R,S and T are defined by M=<x,{q,r}, {r}, {p,r}>, 
N=<x, {p.r} > {r} > {q.r}>, O=<x, {p.q.r} > {r} > {r}>, P=<x, {r} > {r} > {p.q.r}>, Q=<x, {p.q.r} > {q.r} ’ {p.s}>, 
R=<x, {qr}, {p,q}, {1,s}>, S=<x,  {p,q,r}, {r}, {p}> and T=<x, {q}, {r}, {p,r,s}>. Let t={Xy,@n,M,N,O,P} and o = 
{Xn,Qn,Q,R,S,T} be a neutrosophic topologies on X. Clearly (X, t) and (X,o) be any two neutrosophic chaos 
spaces. The function f : (X, t) — (X, 6) is defined by f(p) = <p,q,s> f(q) = <t,s,r>, f(r) =< q,r,p> and f(s) = 
<s,p,q>. Now the function f is neutrosophic chaotic*** continuous but not neutrosophic chaotic continuous. 
Hence, neutrosophic chaotic*** continuous function need not be neutrosophic chaotic continuous function. 

3.34 Remark 

The interrelation among the functions introduced are given clearly in the following diagram. 








Figure 1: 


Neutrosophic chaotic*** continuous 


Neutrosophic chaotic* continuous Neutrosophic chaotic Neutrosophic chaotic** continuous 


continuous 





4 Properties of neutrosophic chaotic continuous functions 
4.1 Definition 
A neutrosophic chaos space (X, 1) is said to be a neutrosophic orbit extremally disconnected space if the 
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neutrosophic closure of every neutrosophic open orbit set is neutrosophic open orbit. 

4.2 Theorem 

Let (X, tT) and (X, o) be any two neutrosophic chaos spaces. If f : (X, tT) — (X, ©) is a neutrosophic chaotic 
continuous function and (X, t) is a neutrosophic orbit extremally disconnected space then f is a neutrosophic 
chaotic* continuous function. 

Proof Let x be a periodic point and x € X. Since f is neutrosophic chaotic continuous, F = <x,F',F’,F> is a 
neutrosophic clopen chaotic set of (X, 6), 4 a neutrosophic open orbit set NOx) of (X, tT) containing x > 
f(NOx)) & F. Therefore, NO,x) is a neutrosophic open orbit set NOx) of (X, tT). Since (X, T) is neutrosophic 
orbit extremally disconnected, Ncl(NO,x)) is a neutrosophic open orbit set. Therefore, F is a neutrosophic closed 
chaotic set containing f(x) 4 a neutrosophic open orbit set Ncl(NO¢x)) > f(Ncl(NOdx))) & F. Hence, f is 
neutrosophic chaotic* continuous. 

4.3 Definition 

A neutrosophic chaos space (X, T) is said to be neutrosophic chaotic 0- dimensional if it has a neutrosophic base 
consisting of neutrosophic clopen chaotic sets. 

4.4 Theorem 

Let (X, t) and (X, o) be any two neutrosophic chaos spaces. Let f : (X, tT) > (X, o) be a neutrosophic chaotic*** 
continuous function. If (X, 6) is neutrosophic chaotic 0-dimensional then f is a neutrosophic chaotic continuous 
function. 

Proof Let the periodic point x € X. Since (X, 6) is neutrosophic chaotic 0-dimensional, 4 a neutrosophic clopen 
chaotic set F = <x,F'F’F’> in (X, 6). Since f is a neutrosophic chaotic*** continuous function, 3 a 
neutrosophic clopen orbit set NOx) a f(Nint(NO,<x))) © F. Since NOx) is a neutrosophic open orbit set, 
Nint(NO,x) = NOx). This implies that, f(NOx)) S F. Therefore, f is neutrosophic chaotic continuous. 

4.5 Definition 

A neutrosophic chaos space (X, T) is said to be a neutrosophic orbit connected space if Xy cannot be expressed 
as the union of two neutrosophic open orbit sets NOx) and NO{y), x,y € X of (X, t) with NO¢{x) NNOy) =on. 
4.6 Definition 

A neutrosophic chaos space (X, T) 1s said to be a neutrosophic chaotic connected space if Xy cannot be expressed 
as the union of two neutrosophic open chaotic sets U = <x,U!U7,U*> and V = VV VS of (X, t) with UNV 
= On. 

4.7 Theorem 

A neutrosophic chaotic continuous image of a neutrosophic orbit connected space is a neutrosophic chaotic 
connected space. 


Proof Let (X, o) be neutrosophic chaotic disconnected. Let F, = <x, F; . F, ; eo >and F, = <x, F, ; F, , F, > be 


a neutrosophic chaotic disconnected sets of (X, 6). Then F; =@n and F.= @n are neutrosophic clopen chaotic 
sets in (X, o) and Yy= F,|UF where FM F> = gn . Now, Xn =f (Yn) =f (F; U F.) =f '(F)) U f '(F)).Since f is 
neutrosophic chaotic continuous, f'(F;) and f'(F2) are neutrosophic open orbit sets in (X, 1). Also 
f '(F,)Nf '(F>) = on. Therefore, (X, t) is not neutrosophic orbit connected. Which is a contradiction. Hence, (X, 
6) is neutrosophic chaotic connected. 

4.8 Theorem 

Let (X, t) and (X, o) be any two neutrosophic chaos spaces. If f : (X, tT) — (X, 6) is a neutrosophic chaotic 
continuous function and NOx) is neutrosophic open orbit set then the restriction f[NO<x) : NO«x) — (X, ©) is 
neutrosophic chaotic continuous. 

Proof Let F = <x,F',F’,F*> be a neutrosophic clopen chaotic set in (X, 0). Then, (f[NO,<x)) '(F) = f (F) 
NOx). Since f is neutrosophic chaotic continuous, f '(F) is neutrosophic open orbit in (X, t) and NO(x) is a 
neutrosophic open orbit set. This implies that, f'(F) 1 NOx) is a neutrosophic open orbit set. Therefore, 
(fNO,(x)) ‘(F) is neutrosophic open orbit in (X, t). Hence, f|NO(x) is neutrosophic chaotic continuous. 

4.9 Definition 

Let (X, t) be a neutrosophic chaos space. If a family {NO,(x;) : 1 € J} of neutrosophic open orbit set in (X, Tt) 
satisfies the condition UNO,(x;) = Xn, then it is called a neutrosophic open orbit cover of (X, 7). 

4.10 Theorem 

Let {NOx), : y € I} be any neutrosophic open orbit cover of a neutrosophic chaos space (X, t). A function f: 
(X, t) — (X, 6) is a neutrosophic chaotic continuous function if and only if the restriction f[NO(x), : NO¢x), > 
(X, 6) is neutrosophic chaotic continuous for each y € T. 

Proof Let y be an arbitrarily fixed index and NO,{(x), be a neutrosophic open orbit set of (X, t). Let the periodic 
point x € NOx), and F = <x,F ' F’,F’> is neutrosophic clopen chaotic set containing (fINO(x)y)(x) = f(x). Since 
f is neutrosophic chaotic continuous there exists a neutrosophic open orbit set NOx) containing x such that 














T. Madhumathi, F. Nirmala Irudayam and Florentin Smarandache , A Note on Neutrosophic Chaotic Continuous 
Function. 


83 Neutrosophic Sets and Systems, Vol. 25, 2019 





f(NO{x)) GS F. Since (NO;x),) is neutrosophic open orbit cover in (X, 1), x € NO¢x)ONOdx), and 
(fINOdx)y)(NOAX) N (NOAX)y) = f(NOKX) N (NOAX),)) © f(NOAx) C F. Hence f[NO(x), is a neutrosophic cha- 
otic continuous function. Conversely, let the periodic point x € X and F be a neutrosophic chaotic set containing 
f(x). There exists an y € I such that x € NO,x),. Since (f/NO,x),) : NOx), — (X, 6) is neutrosophic chaotic 
continuous, there exists a NO{x) € NOx), containing x such that (f[NO«x),)(NO,<x)) © F. Since NOx) is neu- 
trosophic open orbit in (X, t), f(NOx)) & F. Hence, f is neutrosophic chaotic continuous. 

4.11 Theorem 

If a function f : (X, tT) > TI (X, 6), is neutrosophic chaotic continuous then P,° f : (X, tT) > (X, 6), is neutro- 
sophic chaotic continuous for each 4 € A, where P, is the projection of IT (X, 6), onto (X, 0). 


Proof Let F,, = <x,F,,F, ,F, > be any neutrosophic clopen chaotic set of (X, 6),. Then P, ' (F) is a neutro- 


sophic clopen chaotic set in TI (X, 0), and hence (P, ° f) \(F,) =f \(P Me (F,)) is a neutrosophic open orbit set in 


(X, Tt). Therefore, P, ° fis neutrosophic chaotic continuous. 

4.12 Theorem 

Ifa function f: I (X, t), > T (X, 0), is neutrosophic chaotic continuous then f, : (X, tT), — (X, 6), is a neutro- 
sophic chaotic continuous function for each A € A. 


Proof Let F,,=<x, F, ,F, , F, > be any neutrosophic clopen chaotic set of (X, 6),. Then Pp (F,,) is neutrosoph- 
ic clopen chaotic in II (X, 6), and f '( P. (F,)) = f, | (FD* 11 {(X, Dai a € A— {A}}. Since f is neutrosophic 
chaotic continuous, f '( P < (F,)) is a neutrosophic open orbit set in TI (X, T),. Since the projection P, of TI (X, 


T), onto (X, T), is a neutrosophic open function, f mi (F,) is neutrosophic open orbit in (X, T),. Hence, f, is neu- 


trosophic chaotic continuous. 

4.13 Definition 

Let (X, t) and (X, o) be any two neutrosophic chaos spaces. A function f : (X, t) > (X, 0) is said to be neutro- 
sophic chaotic irresolute if for each neutrosophic clopen chaotic set F = <x,F',F’,F°> in (X, 6), f '(A) is a neutro- 
sophic clopen chaotic set of (X, 7). 

4.14 Theorem 

Let (X, t) and (X, 6) be any two neutrosophic chaos spaces. If f : (X, t) — (X, ©) is a neutrosophic chaotic con- 
tinuous function and g : (X, o) — (X,7 ) is a neutrosophic chaotic irresolute function, then g ° f : (X, tT) > 


(X, 7 ) is neutrosophic chaotic continuous. 
Proof Let F = <x,F',F’,F’> be a neutrosophic clopen set of (X,7 ). Since g is neutrosophic chaotic irresolute, 


g '(F) is neutrosophic clopen chaotic set of (X, 0). Since f is neutrosophic chaotic continuous, f '\(g '(F)) = (g ° 
f) '(F) is a neutrosophic open orbit set of (X, t) such that f '(g '(F)) & F. Hence g ° f is neutrosophic chaotic 
continuous. 

4.15 Definition 

Let (X, t) and (X, o) be any two neutrosophic chaos spaces. A function f : (X, tT) > (X, 0) is said to be neutro- 
sophic orbit irresolute if for each neutrosophic open orbit set NO,(x) in (X, o), f '(NO,(x)) is a neutrosophic open 
orbit set of (X, T). 

4.16 Definition 

Let (X, t) and (X, o) be any two neutrosophic chaos spaces. Let f : (X, t) — (X, o) be a function. Then f is said 
to be a neutrosophic open orbit function if the image of every neutrosophic open orbit set in (X, T) is neutrosoph- 
ic open orbit in (X, 0). 

4.17 Theorem 

Let f : (X, t) — (X, 0) be neutrosophic orbit irresolute, surjective and neutrosophic open orbit function. Then g ° 
f : (X, tT) > (X,77 ) is neutrosophic chaotic continuous iff g : (X, 6) — (X,77 ) is neutrosophic chaotic continuous. 


Proof Let F,=<x,F,,F, ,F, > be a neutrosophic clopen chaotic set of (X,7 ). Since g is neutrosophic chaotic 


continuous, g ‘(F) is neutrosophic open orbit in (X, 6). Since f is neutrosophic orbit irresolute, f '(g '(F)) = (g ° 
f) '(F) is neutrosophic open orbit in (X, t). Hence g ° f is neutrosophic chaotic continuous. Conversely, let g ° f: 
(X, tT) > (X,7 ) be neutrosophic chaotic continuous function. Let F be a neutrosophic clopen chaotic set of 
(X,7 ), then (g ° f) '(F) is a neutrosophic open orbit set of (X, 1). Since f is neutrosophic open orbit and surjec- 
tive, f(f '(g '(F)) is a neutrosophic open orbit set of (X, 0). Therefore, g '(F) is a neutrosophic open orbit set in 
(X, o). Hence, g is neutrosophic chaotic continuous. 
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Conclusion 


In this paper, characterization of neutrosophic chaotic continuous functions are studied. Some interrelations are 
discussed with suitable examples. Also, neutrosophic orbit, extremally disconnected spaces and neutrosophic 
chaotic zero-dimensional spaces has been discussed with some interesting properties. This paper paves way in 
future to introduce and study the notions of neutrosophic orbit Co-kernal spaces, neutrosophic hardly open orbit 
spaces, neutrosophic orbit quasi regular spaces and neutrosophic orbit strongly complete spaces, neutrosophic 
orbit Co-kernal function, neutrosophic hardly open orbit function for which the above discussed set form the ba- 








SIS. 
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Abstract . In this paper, the concept of single valued neutrosophic number (SV N-number) is presented in a gener- 
alized way. Using this notion, a crisp linear programming problem (LP-problem) is extended to a neutrosophic linear 
programming problem (NV LP-problem). The coefficients of the objective function of a crisp LP-problem are consid- 
ered as generalized single valued neutrosophic number (G'sy y-number). This modified form of LP-problem is here 
called an N LP-problem. An algorithm is developed to solve NL P-problem by simplex method. Finally, this simplex 
algorithm is applied to a real life problem. The problem is illustrated and solved numerically. 


Keywords: Single valued neutrosophic number; Neutrosophic linear programming problem; Simplex method. 


1 Introduction 


Introduction of fuzzy set by Zadeh [10] and then intuitionistic fuzzy set by Atanassov [8] brought a golden 
opportunity to handle the uncertainty and vagueness in our daily life activities. The fuzzy sets are evaluated by 
the membership grade of an object only, whereas intuitionistic fuzzy set meets the membership and the non- 
membership grade of an object simultaneously. To deal with uncertainty more precisely, Smarandache [3,4] 
initiated the notion of neutrosophic set (VS), a generalised version of classical set, fuzzy set, intuitionistic fuzzy 
set etc. In the neutrosophic logic, each proposition is estimated by a triplet v7z., truth grade, indeterminacy grade 
and falsity grade. The indeterministic part of uncertain data, introduced in NS theory, plays an important role 
to make a proper decision which is not possible by intuitionistic fuzzy set theory. Since indeterminacy always 
appears in our routine activities, the VS theory can analyse the various situations smoothly. But it is too difficult 
to apply the NS theory in real life scenario for it’s initial character as pointed out by Smarandache. So to apply 
in real spectrum, Wang et al. [6] brought the concept of single valued neutrosophic set (SV N-set). Ranking of 
fuzzy number and intuitionistic fuzzy number is an interesting subject needed in decision making, optimization, 
even in developing of various mathematical structures. From time to time, several ranking methods [2,5,9,13- 
15] have been adopted by researchers. Naturally, the ranking of neutrosophic number also was come into 
consideration from beginning of NS theory. Deli and Subas [7] considered a ranking way of neutrosophic 
numbers and have used it to a decision making problems. Abdel-Baset [11,12] solved group decision making 
problems based on TOPSIS technique by use of neutrosophic number. To estimate and solve the NV P-problem 
in different direction, some respective attempts [1,16] by researchers are seen. 

This paper introduces the structure of SV N-number in a different way to opt the notion of generalized single 
valued trapezoidal neutrosophic number (Gsyry-number), generalized single valued triangular neutrosophic 
number (G'syr,-number) and develops an algorithm to solve N L P-problem by simplex method. The proposed 
simplex algorithm is applied to a real life problem. The problem is illustrated and solved numerically. 

The organisation of this paper is as follows. Section 2 deals some preliminary definitions. The concept of 
Gsv n-number, G'sy7y-number, G'sy7;n-number and their respective parametric form are presented in Sec- 
tion 3. The concept of NLP-problem and it’s solution procedure are proposed in Section 4 and Section 5, 
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respectively. In Section 6, the simplex method is illustrated by suitable examples. Finally, the present work is 
summarised in Section 7. 


2 Preliminaries 


Some basic definitions are provided to bring the main thought of this paper here. 


2.1 Definition [18] 


A continuous t- norm * and ¢t- conorm © are two continuous binary operations assigning [0, 1] x [0,1] — [0, 1] 
and obey the under stated principles : 

(i) * and © are both commutative and associative. 

(ii) c*l=1l*x2=acandro0=00oxr=2, Va € [0,1]. 

(iii) cx y <pxqandroy<peog if r<p,y<q with z,y,p,q € [0,1]. 

uxy=xry,x*y =min{z,y},x*y = max{x + y — 1,0} are most useful t-norms and 
roy=axrty—ry,roy = max{z,y},roy = min{z + y, 1} are most useful t-conorms. 


2.2 Definition [3] 


An NS Q@ on an initial universe X is presented by three characterisations namely true value Tg, indeter- 
minant value Jg and false value Fg so that Tg, lg, Fq : X —]|~0,17*|. Thus Q can be designed as: {< 
u, (Tg(u), [g(u), Fo(u)) >: u € X} with —0 < sup Tg(u) + sup Ig(u) + sup Fg(u) < 3%. Here 1 =1+4 6, 
where | is standard part and 6 is non-standard part. Similarly ~0 = 0 — 0. The non-standard set |~0,17[ is 
basically practiced in philosophical ground and because of the difficulty to adopt it in real field, the standard 
subset of |~0, 1*| i-e., [0,1] is applicable in real neutrosophic environment. 


2.3 Definition [6] 


An SV N-set Q over a universe X is a set Q = {< 2,TQ(x),Ig(x), Fo(x) >: « € X and Tg(x), Ig(x), 
Fa(x) € [0,1]} with 0 < sup Tg(x) + sup Ig(x) + sup Fe(x) < 3. 


2.4 Definition [7] 


Let aj, b;, c;, d; € R (the set of all real numbers) with a; < b; < ¢; < d; (i = 1, 2,3) and wy, uz, ys € [0,1] CR. 
Then an SV N-number p = (([a1, 01, C1, di]; wz), ([@2, b2, co, da]; us), ([a3, b3, cs, d3]; ys)) is a special SV N-set 
on R whose true value, indeterminant value, false value are respectively defined by the mappings 7; : R — 
[0, wa], Ip : R > [us, 1], Fp : R - [y,, 1] and they are given as : 


g(t), a Sesh, g(t), a2 54 < be, Gr(2), da Sa <bs, 
im) — J WB, OS BS ry 2 jx Ug, Sa ae ee bs: 8 Gy, 
TOI=) gle), acd, P=) gia), o<e<de, =) Gila), cS 2 < dy, 


0, otherwise. 1, otherwise. 1, otherwise. 


U5 


The functions gi, : [a1,bi] > [0, ws], 97 : [c2, del [us, lL], gi : [c3,ds3] — [yp, 1] are continuous and non- 
decreasing functions satisfying : g/-(a1) = 0, g-(b1) = wa, gh(c2) = up, gi (de) = 1, gip(c3) = yp, gr(d3) = 1. 
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The functions gi : [c1,d:] > [0, wa], gh : [a2,b2] > [us, 1], 9% : [az,63] + [yp, 1] are continuous and non- 
increasing functions satisfying : g'-(c1) = ws, g-(di1) = 0, g) (a2) = 1, g} (be) = ug, g(az) = 1, g(b3) = yp. 


2.4.1 Definition [7] 


If {a1, 61, c1, di] = [ae, be, co, dg] = |az, b3, C3, d3], then the SV N-number f is reduced to a single valued trape- 
zoidal neutrosophic number as : p = (([a1, b1, c1, di]; wp, Up, Yp))- 


Pp = (([a1, bi, di]; wa, Up, yp)) is called a single valued triangular neutrosophic number if b) = cy. 


2.5 Definition [17] 


The (a, 8,7)-cut of an NS P is denoted by P(a,g,,) and is defined as: Prag) = {e© € X : Tp(x) = 
a, Ip(x) < 6, Fp(x) < y} with a, 6,y € [0,1] andO <a+6+7 <3. Clearly, it is a crisp subset X. 


2.6 Definition [14] 


In parametric form, a fuzzy number P is a pair (Pz, Pr) of functions Pz(r), Pr(r),r © [0,1] satisfying the 
followings. 

(i) Both are bounded functions. 

(ii) Pr is monotone increasing left continuous and Pr is monotone decreasing right continuous function. 

(iii) P(r) < Pr(r),0<r <1. 

A trapezoidal fuzzy number is put as P = (20, yo, 0, ¢) where [2o, yo] is interval defuzzifier and 5(> 0), ¢(> 0) 
are respectively called left fuzziness, right fuzziness. (79 — 6, yo + ¢) is the support of P and it’s membership 
function is : 





s(x — 29 + 6), —-O< <4, 

Pas » xr € [xo, yo], 
e(yo- +), YSeSyrts, 
0 otherwise. 


In parametric form P;(r) = ro — 6+ or, Pr(r) = yo+¢ -—Cr. 
For arbitrary trapezoidal fuzzy numbers P = (P;, Pr), Q = (Qz, Qr) and scalar k > 0, the addition and scalar 
multiplication are P + Q, kQ and they are defined by : 

(P+ Q)i(r) = Pr(r) + Q1(r), (P+ Q)a(r) = Pr(r) + Qa(r) and 

(kQ)i(r) = kQi(r), (kKQ)a(r) = kQr(r). 


3 Generalised single valued neutrosophic number 


Here, the structure of Ggy y-number, G'gy-7y-number and Gsy7,,y-number have been presented. 


3.1 Definition 
e The support of three components of an SV N-set @ over X are given by a triplet (Sg,, Sq,,Sq,) where 
Sar = tu € X|Ta(u) > OF, Sq, = tu X|Q(u) < 1}, Sep = tu € X|FQ(u) < UY. 


e The height of the components of Q are given by a triplet (Hg,, Ha,, Ha,) where Hg, = max{Tg(u)|u € 
X}, Hg, = max{Ig(u)|u € X}, Ha, = max{Fo(u)|u € X}. 
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3.1.1 Example 


Define an SV N-set Q on {0,1,--- , 10} C Z (the set of integers) as : {< u, (74,1—se, yz) > |0 <u < 10}. 
Theiss, =the 10), Sy, S10, 1,10), 65 he 10h and Ha 0.000 at u = 10, Nox = 0-900 


atu = 10, H9, = latu=O0. 





3.2 Definition 


A Gsy n-number p = (([a1, b1, 01, 71]; Wa), ([a2, be, 72, M2]; Us), ([a3, 63, 03, 3]; Yp)) is a special SV N-set on R 
where o;(> 0), 7;(> 0) are respectively called left spreads, right spreads and [a;, b;| are the modal intervals of 
truth, indeterminacy and falsity functions for i = 1, 2, 3 respectively in p and wy, us, ys € [0,1] C R. The truth, 
indeterminacy and falsity functions are defined as follows : 


1 
5 Walt —a, +01), 4-0, <4< qq, 


P(e) = Wp, x € [ay, by], 
walbi-ot+m), bb Se<Sht+m, 
0, otherwise. 
gy (d2 — 4 + up(% — a2 +02), dg-02 <4 < de, 
Gay= Uo» x € [ag, bol, 
75 (@ — bp + uplbg-—2+N2)), be Sz <bo+M, 
ile otherwise. 
3, (43 — & + p(x — a3 + 03)), a3 —03 52 < as, 
F() = oy rE [a3, 53], 
75 (% — 63 + yplb3 —2+73)), b3 SU <b3+7s, 
, otherwise. 


In parametric form, a G'gy n-number p consists of three pairs (Tj, Ts), (Ip, [¢), (Fi, FY) of functions Ti(r), T(r), 
T(r), T(r), F5(r), Fe (r),r € [0, 1] satisfying the followings. 

(i) T’ : I B? fF“ are bounded monotone increasing continuous function. 

(ii) T3', 1 é F! are bounded monotone decreasing continuous function. 


(iii) T(r) = TH(r), E(r) > T(r), FA(r) = Her), Fe. (0) 1, 


3.2.1 Definition 


e The support of the components of a G'sy y-number p are given by a triplet (Sp,., Sp,, Sp,.) where Sip, = {x € 
R|T;(x) > 0}, Sp, = {x € R|Zg(z) < 1}, Sp, = {x € R|F5 (x) < 1}. 

e The height of the components of p are given by a triplet (Hp,, Hp,, Hp,) where Hpr = wy, Hpr = 1 — 
Us, Hpp = 1 — yp. 

e The boundaries of the truth function of p are: LB;, = (a, — o1,a,) and RB;, = (b1,b) + m). LB 
and RB;,. are respectively called left boundary and right boundary for truth function of p. Similarly, LB;, = 
(a2 — 02, a2), RB5, = (bo, b2 + no) and LB;,, = (a3 — 03,43), RBs, = (bs, b3 + 3). 

e The core for the truth function of p is a set of points at which it’s height is measured. Similarly, the core for 
other two components are defined. 
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3.2.2 Example 


Consider a Gy y-number p on R whose three components are as follows : 








oot) x [11,15] 4-01 7 € [4,8] 62 x € (23, 26] 

== 106, x € (15, 25] _j 09, 2re[813] ,,, J 0, «we [26,30] 

TH) =) 06-2) 5 € [25,36] 10) =) eet8, 2 € [13,20] P=) =, oe [30,38 
0, otherwise. ie, otherwise. 1, otherwise. 


Then Sp, = (11,36), Sp, = (4,20) and Sp, = (23, 38). 

For that p, Hpr = 0.6, Hp; = 0.1, Hpp = 1. Here, 

LBz, = (11,15), RBgp = (25,36); LBs, = (4,8), RBg, = (13, 20); LBs, = (23, 26), RBs, = (30,38). 
The core of truth, indeterminacy and falsity function are [15, 25], [8, 13], [26, 30] respectively. 


3.3. Definition 


Let us assume two Gsy y-numbers p and ¢ as follows : 
Pp = (([a1, ay, O1; mi; ws), (a2, ay, 02; ne}; ug), ([as, a, 03, n3]3 Yp))s 
qd = (([b1, bi, C1; O1]; wa), ([be, bo, &2, do]; Ug); (bs, v3, &3, 63]; Yq))« 
Then for any real number z, 
(i) Image of p: 
—p = (([-@), -a1,m, 041]; Wp); ([-ag, —a2, N2, 72); ug); (|-as, —a3, 73, 03); Yp)) 
(ii) Addition : 
P+ q= (lar + b1, a + OL, 01 + €1,m + 51]; wp * wa), ([a2 + b2, a3 + 05,02 + 2, M2 + da]; Up o ug), 
([a3 + b3, a3 + 63, 03 + €3, 3 + 43]; Ys > Ya))- 
(ii1) Scalar multiplication : 
xp = (([xa,, xa}, xo, a7]; wp), ([72, Tay, FO, LN]; Up), (|7A3, TAs, LO3, 3]; Yp)) 
for x > 0. 
xp = (([vaj, ray, -—am, —x04]; wp), ([wap, Laz, —xN2, —TO9]; us), ([7a5, Taz, —N3, —L3]; Yp)) 
for x < 0. 




















3.4 Corollary 

Let p= (([a1, bi,0%1, mi; Wp)» (a2, bo, 02, 12]; Up), (las, b3, 03, n3];3 Yp)) be an Gy y-number. 

1. Any a-cut set of the Gsy y-number p for truth function is denoted by p, and is given by a closed interval as : 
01a 


‘ a 
Da = (Lp(a), Re(a)| = [ar — 14 Joy +m — a ], fora € [0, wy). 
We Wa 





The value of p corresponding a-cut set is denoted by Vr(p) and is calculated as : 





p p 


Vr(p) = [lana —) + (b; 4 m—~=)ada 


= i (an ee eee eae 
0 Wp 


1 
g 3a + 3b; —oO,+ m)w;. 
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2. Any 3- cut set of the Gy y-number p for indeterminacy membership function is denoted by p* and is given 
by a closed interval as : 


p’ = [L,(8), R;(8)] 
(up — B)or+(1—ug)an (8 — ug)ne + (1 — ug)bo 
1 = Up : 1 = Up 





], for 6 € [us, 1]. 


The value of p corresponding (- cut set is denoted by V;(p) and is calculated as : 





V;(5) = joes (B = tp)tip + (A= we) gy ag 





ia + bp — 02+ 724 (2 =m) Bhi B) dB 


; Neat 


1 
= g (a2 + 3b5 — 02 + n2)(1 _ Up)”. 


3. Any y-cut set of the Gsyj-number 7p for falsity membership function is denoted by 7p and is given by a 
closed interval as : 





= [L5(7), 85) 
a {ue = ee = yp) Gis Bt 7 yp)b3y for 7 € [yp, 1]. 


The value of p corresponding y-cut set is denoted by Vr(p) and is calculated as : 





VG) = feet ws | (7 = Ya)s + (1 = yp)bsyy ‘i 





Up 1 — ys | I ee 
1 
a = 
= / lag + b3 — 03 +34 Come Via — 4) ay 
Up 1— yp 





1 
5 (3as + 3b3 — 03 + 13)(1 — yp)”. 


3.5 Definition 


For « € (0, 1], the x-weighted value of an Gsy y-number 6 is denoted by V,.(b) and is defined as : 


V,.(b) = K"Vp(b) + (1 — &")V7(b) + (1 — K”)Vp(b), 1 being any natural number. 
Thus, the « - weighted value for the Gy ,- number p defined in Corollary 3.4 is : 
1 
V.(B) = gl(sar + 3b, — 0, + m)K™ WS + (3aq + 3b2 — 02 + N2)(1 — K")(1 — up)? 
+(3a3 + 3b3 — 03 + 73)(1 — 6")(1 — yp)”. 


3.5.1 Property of « - weighted value function 


The «- weighted value V,,(p) and V,,(q) of two G'sy n-numbers 7, g respectively obey the followings. 
(i) V.(p = q) < V..(P) Sa V.(@), Vi.(p 7 q) 2 V..(p) oe V..(q). 


(ii) V.(p — p) = V,.(0), V.(up) = wV,.(p)) for 2 being any real number. 
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(iii) V,,(p) is monotone increasing or decreasing or constant according as Vr(p) > Vr(p) + Vr(p) 
or Vr(p) < Vi(p) + Vr(p) or Vr(p) = Vi(p) + Vr(p) respectively. 
Proof. We shall here prove (vi) only. Others can be easily verified by taking any two Gsy y-numbers. Here, 





Va(B) = x"Ve(B) + (1 —8")(VilB) + Ve) 
MeO) nar LV5(B) — (Vib) + Vo) 





As k € [0, 1], so ae) >, <, = 0 for [Vr(p) — (Vi(p) + Vr(p))|] >, <, = 0 respectively. This clears the fact. 


3.6 Definition 


Let G'svn(R) be the set of all G'sy y-numbers defined over R. For « € [0, 1], a mapping ®,, : Gsvyn(R) —> R 
is called a ranking function and it is defined as : R,,(@) = V,,(@) for @ € Gsyn(R). 
For a,b € Gsyn(R), their ranking is defined as : 


G>y, b iff R.(a) > R.(d), @ <x, b iff R.(@) < R.(b), G@=y, 6 iff R.(@) = RK, (0). 


3.7. Definition 


An G'sy n-number p is called a G syrn-number if three modal intervals in p are equal. Thus p = (([ao, bo, 01, M1]; Wa), 
([a0, bo, 72, M2]; Up). (ao, bo, 73,73]; Yp)) is an Ggyry-number whose truth, indeterminacy and falsity functions 
are as follows : 


1 
5, Wa(£ — ao + 01), Ao = C1, = Ap, 

















Ws x € |do, bo] 
T- Lt = Pp >) >) 
(@) 7 Wa(bo — & +m), bb <a <bot+m, 
0, otherwise. 
+ (ao — © + up(% — ao + 02), ag — 02 SU < a9, 
Ip(x) _ ae LE [ao, bo], 
£ 55 (@ — bo + up(bo — x + M2), bo < & < bo +, 
1, otherwise. 
= (ao x4 Yp(x ao 4 03)), ag — 03 <a< ao; 
F(z) = Yps LE ao, bo], 
e 53 (@ — bo + yp(bo — 2% +13), bo S&S bo + Mp, 
1, otherwise. 
In parametric form for r € [0, 1] : 
our mr 
3) ag — 0, + Wp 2 Sp (r) ot | Wa 
Hee (1 — ug)ao + (ug — nea I(r) = (1 — ug)bo + (r — up) 
P 1-— Up P 1—- Up 
1-5 7 1 —yg)b Snag 
Fr) = (1 — yp)ao + (Yp es, FY(r) = (1 = yp)bo + (r = yp)ns 


1 — yp 1— yp 
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3.8 Definition 


A Ggvrn-number p is called a Gsy7,y-number if the modal interval in p is reduced to a modal point. Thus 
P = (({ao, 01, 71]; Wp), ([a0, 72, 72]; Us), ([@o, 73,73]; Ys)) is a Gsyvryn-number whose truth, indeterminacy and 
falsity functions are as follows : 


1 
5, Wale —ao+o1), a@—01 5% <a, 
Ws t= G6 
Pp) ’ 
T(x) _ 1 
1 
0, otherwise. 
A 
02 
I(x) = 4 |” a 
p 1 
Fg (@ — a9 + up(ao — 2+ 2)), Go < & < ag +m, 
1, otherwise. 





wp(ao —x+m), @ <%<ao+m, 


(a9 —x + ug(x—ao+02)), ap —02 <2 <a, 








5,(4o — + yp(a — ao +03), ao —o3 <4 < a, 








Ub, w= ao, 
F(x) = 
ate) Aa (% — ao + yp(ao —2+3)), ao Sa < ao +7, 
TL; otherwise. 


3.8.1 Definition 


Let @ and b be two G svrrn-numbers as follows : 
a = (([a, o1; mi; Wa) ({a, 02; na]; be) ({a, 03, na]; 
b= (([b, Cts d1]; U;), ([b, &2, 69]; Us) ({d, &3, d3]; Y) 
Then for any real number x, 
(1) Image of a: 
—a = (([-a,m, 71]; wa), ([-4@, Ne, 72]; ua), ([-@, 03, 73]; Ya))- 
(ii) Addition : 
@+6b= ((la+6,o1+ &1,m + 61]; wa * wz), ([a + b, oo + 2, No + 59]; Ua o Uz), 
([a + b, 03 + &3, 93 + 43]; Ya O Y))- 
(iii) Scalar multiplication : 
ra = (([xa, x01, xm]; wa), ([va, Lo, LN2]; ua), ([va, x3, x3]; ya)) for x > 0. 
ra = (([ra, —xm, —x01]; wa), ([va, —xN2, —LOe]; ua), ([za, —xN3, —703]; ya)) 
for x < 0. 
(iv) The « - weighted value V,,(@) of a is given as : 


Tals 
" 








Via) = = ((Ga — 01 +m)K"w5 + {(6a — o2 + M2)(1 — ua)? + (6a — 03 + 3)(1 — ya)?}(1 — &”)]- 


3.8.2 Remark 


Definition 2.4.1 shows that the supports (ie. the bases of trapeziums (triangles)) for truth, indeterminacy 
and falsity function are all same. Then the value of truth, indeterminacy and falsity function (1.e., the area of 
individual trapezium (triangle)) differs in respect to their corresponding height only. But by Definition 3.7, we 
consider different supports (i.e. bases of trapeziums (triangles) formed ) for truth, indeterminacy and falsity 
functions. Thus we can allow the supports and heights together to differ the value of truth, indeterminacy and 
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Figure-12 


Figure -2 


falsity functions in the present study. Briefly, Definition 2.4.1 is a particular case of Definition 3.7. Hence 
decision maker has a scope of flexibility to choose and compare different G'sy,-numbers in their study. The 
facts are shown by the graphical Figure 1 and 2. Figure 1 and Figure 2 represent Definition 2.4.1 and Definition 
3.7 respectively. 


3.9 Definition 


1. The zero Gsyrn-number is denoted by 0 and is defined as : 
0= (({0, 0, 0, 0]; 1), ({0, 0,0, 0); 0), ([0, 0, 0, 0]; 0)). 

2. The zero Gsvrrn-number is denoted by 0 and is defined as : 
0 = (([0, 0, 0}; 1), ([0, 0, 0]; 0), ([0, 0, 0]; 0)). 


4 Neutrosophic Linear Programming Problem 


Before to discuss the main result, we shall remember the crisp concept of an LP-problem. The standard form 
of an LP-problem is : 


Max z = cx suchthat Ax = b, x >0 
where c = (c1, Ca58 Oe), b= (b1, bo, sateics ey and A = [sz |inasenes 
In this problem, all the parameters are crisp. we shall now define N LP-problem. 


4.1 Definition 


An LP-problem having some parameters as G'gy y-number is called an N L P-problem. Considering the coeffi- 
cient of the variables in the objective function in an L.P-problem in term of G'sy y-numbers, an N L.P-problem 
is designed as follows : 


Maxz =, Cx 
suchthat Max = 0b; x>0 (4.1) 
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where b € R”, 2 € R", ME R™", & © (Gsvyn(R))” and &,, is a ranking function. 


4.2 Definition 


1. x € R” is a feasible solution to equation (4.1) if x satisfies the constraints of that. 
2. A feasible solution x* is an optimal solution if for all solutions x to (4.1), cx* >, Ex. 


3. For the NL P-problem (4.1), suppose rank(V/, b) = rank(/) = m. M is partitioned as |B, N| where B is a 
non-singular m x m matrix i.e., rank(B) = m. A feasible solution x = (xg, xy)‘ to (4.1) obtained by setting 
xp = B~'b,xy = 0 is called a neutrosophic basic feasible solution (Ngrs). Here B and WN are respectively 
called basis and non basis matrix. xp is called a basic variable and x, is called a non-basic variable. 

4. Inan Negrs if all components of xg > 0, then x is non-degenerate Nears and if at least one component of 
Xp = 0, then x is degenerate Nears. 


5 Simplex Method for NV LP-problem 
The NLP-problem (4.1) can be put as follows : 


Max z =R,, Cat RB +CNIN 
such that Brgp+Nryn=b; 2p,tn > 0 


where the characters 6, N, xg and xy are already stated. Then we have, 


tp+B4MNztyn =B 1b (5.1) 
=> éprg+égB'Nrn =x, EpB~'d 
=> 2-—ényty+égB Nay =x, EgB-'bd 
=> %4(égB'N —éy)rn =x, E—pBo'd. (5.2) 


For an Ngps, treating xy = 0, we have rg = B-'b and Z =x, ¢gB~‘'b from (5.1) and (5.2), respectively. We 
can rewrite the NL P-problem as given in Table 1. 


Table 1 : Tabular form of an NV LP-problem. 











Cj CB CN 

z “LB UN R.H.S 
UB 0 1 BON Bo*b 
z 1 0 CépB-'N — Cn CpB-'b 

















We can get all required initial information to proceed with the simplex method from Table 1. The neutrosophic 
cost row in the Table 1 is \; =n, (@gB-ta; — Cj)a¢B giving \; =», (2) — &) for non-basic variables. The 
optimality arises if \; >», 0, Va; ¢ B. If \; <x, 0 for any a, ¢ B, we need to replace xp, by x). We then 
compute y, = B~'a,. If y < 0, then x; can be increased indefinitely and so the problem admits unbounded 
optimal solution. But if y has at least one positive component, then one of the current basic variables blocks 
that increase, which drops to zero. 


5.1 Theorem 


In every column a; of M, if z;—¢; >x,, 0 holds for an Np Fs Up Of the NL P-problem (4.1) then it is an optimal 
solution to that. 
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Proof. Let M = [aij|mxn = [@1,@2,°++ ,Qn] where each a; = (ay, G21,-++ , Gm)’ is m component column 
vector. Suppose B = [71, 72,--- , Mm] is the basis matrix and Zg =p, Cprp =x, ae Cp,XB,, where Cg, is the 
price corresponding to the basic variable x,. Then any column a; of M may be put as a linear combination of 
the vectors 71, 7/2,°-* ;m of B. Let 





ay = Yun + Yate +++ + YmiIm = So yan = By Sy) = Bap 
i=1 
where y, = (Yu, Yai,* °° teat being m component scalars represents a;, the /-th vector of IV. Assume that 
4 =n, CBYl =k, ae CB Yil- 
Let x = (21, 22,--- ,2p|* be any other feasible solution of the NL P-problem (4.1) and Z be the correspond- 


ing objective function. Then, 
Brp=b=Mz => tg = B (Mz) =(B'M)z = yx 


where B-'M = y = [yij]mxn = [Y1; Y2.°** + Yn] With y, defined as above. Thus, 


TB, Yu Yi2 *** Yin Ly 
TB, Yor. Yoo *** Yon XQ 
XL Bm, YUm1 Ym2 **° Ymn In 


Equating 7-th component from both sides, we have xz, = es yijx;. Now, 


n 
23 — Cj SR, 0=> (Z; = Cae ZR, 0 [ as Uji > 0] =r Si% _ C5) x; ZR 0 
j=l 


n n n 
=> S > Fa; _ S > Ga; SR, 0 => S- x; (@ny;) —2Zz SR, 0 
j=l j=l j=l 
n m m n 
= So aj(d>én,yyj) — 2 >, 0S Yo en, (0) yy2;) — 2 Se, 0 
j=1 i=1 i=1 j=l 


m 
=> S tp,fn,-%>n,0=> tp — 2 >a, 
i=1 


or 


Thus Zg is the maximum value of the objective function. This optimality criterion holds for all non-basic vectors 
of M. If a; be in the basis matrix B, say a; = m, then 
ay = m = O.m + O.n2 +++ + Oa + Lem + O.M4a + +++ + 0. 
Le., y; is a unit vector e; with /-th component unity. 
Since a; = 7, we have ¢; = Cg, and so 





Z— =n, (Cay — G1) =n, (Ese: — &) =n, (Ez, — Ez,) =e, 9. 
Thus as a whole 2; — C; >y,, 0 is the necessary condition for optimality. 


5.2. Theorem 


A non-degenerate Nerg tp = Bo'b, xn = Ois optimal to N L P-problem (4.1) iff 2; — ¢; >, 0, WI ee 
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Proof. Suppose x* = (x, 74)! be an Ngrg to (4.1) where xp = B~'b, xy = O. If 2* be the objective function 
corresponding to x*, then 2* =», Cgrp =n, Cp B~'b. Let x = [21,22,--- ,Ln]* be another feasible solution of 
NLP-problem (4.1) and z be the corresponding objective function. Then, 


~ 3 = 2 —1 & =| Zz wa = os 
Z =p, Cate + Cnty =R, CpBb-— S (€épB a; — €)x; =n, 2 — 5 (2p Gy) as 
a;¢B aj ¢B 


This shows that the solution is optimal iff 2; — c; >, 0 for all 1 < jon. 


5.3. Theorem 


For any Ngrs to NLP-problem (4.1), if there is some column not in basis such that Z — ¢; <x, 0 and 
Ya <0, 2= 1,2,--- ,m, then (4.1) admits an unbounded solution. 


Proof. Let xg be a basic solution to the NL P-problem (4.1). Re-writing the constraints, 
Bap+Nay =b 


tp+B Naty =B'b 
tp+B S-(ajx;) = B'b, a;s are the columns of N 
j 


4 4 


+ nt C92) <2 

i 

=> xp t > (yj) = yo, where a; = By;,a; ¢ B 
i 

=> tp, +> ists) = yo, Sismisj<n 
j 











= XB; = yio— d—(yigt5),1 ne ef ee ees 
J 
If x; enters into the basis, then x; > 0 and x; = 0 for j € B;UI. Since yi < 0, 1 < i < mhence yjo — yz) > 0. 
So, the basic solution remains feasible and for that, the objective function is : 


m m m 
ay a 2 2 re is ‘s 7 
Zz =f, CBUB + CNIN =R,, S Ep, (Yio — Yar1) + Ct, =M,, y EB, Yio — ( y Ep, Ya — C1) 21 
i=l i=l ‘=I 
=r, Cayo — (Cay — G)t1 =n, 2 — (21 — G1) 20. 


It shows that 2* >, 2, as 3 — @ <y, 0 and this completes the fact. 


5.4 Simplex algorithm for solving NV LP-problem 


To solve any NV LP-problem by simplex method, the existence of an initial basic feasible solution is always 
assumed. This solution will be optimised through some iterations. The required steps are as follows : 

Step 1. Check whether the objective function of the given NL P-problem is to be maximized or minimized. If it 
is to be minimized, then it is converted into a maximization problem by using the result Min(z) = —Mazx(—2). 
Step 2. Convert all the inequations of the constraints (< type) into equations by introducing slack variables. 
Put the costs of the respective variables equal to 0. 
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Step 3. Obtain an Nz sg to the problem in the form xz = B~'b = yo and xy = 0. The corresponding objective 
function is 2 =», €,B~'b =p, CByo. 

Step 4. For each basic variable, put x B=R, 2B — CB =, 0. For each non-basic variable, calculate dj =p, 
23 — Cj =, CpB TGs — C; in the current iteration. If all 2; — c; >, 0, then the present solution is optimal. 
Step 5. If for some non-basic variables, dj =p, 2; — Cj <g, 0 then find out rj = min{A;}. If yu < O for 
allz = 1,--- ,m, then the given problem will have unbounded solution and stop the iteration. Otherwise to 
determine the index of the variable x, that is to be removed from the current basis, compute 


oa min{ #? : ya > 0,1 <i < m}. 


Step 6. Update yjo by replacing yo — an Yil fori # rand y,o by rae 
Step 7. Construct new basis and repeat the Step 4, Step 5 until the optimality is reached. 
Step 8. Find the optimal solution and hence the optimal value of objective function. 


6 Numerical Example 


The NLP-problems with both Ggyry-number and Gsyr,n-number are solved by the use of proposed algo- 
rithm. For simplicity, we define the «-weighted value function for n = 1 in rest of the paper. 


6.1 Example 


Two friends F\ and fF wish to invest in a raising share market. They choose two particular shares S; and 
S_ of two multinational companies. They also decide to purchase equal unit of two shares individually. The 
maximum investment of F, is Rs. 4000 and that of F, is Rs. 7000. The price per unit of S, and S5 are Re. 1 
and Rs. 3, respectively when F', purchases. These are Rs. 2 and Rs. 5 at the time of purchasing of share by F). 
The current value of share S; and S¥ per unit is Rs. ¢c; and Rs. €2 (given in Gsy y-numbers), respectively. Now 
if they sell their shares, formulate an NV L P-problem to maximize their returns. 


The problem can be summarised as follows : 











Table 2 
Friends 1} Shares : Sj S_ | Purchasing capacity |) 
F, Re. 1 Rs. 3 Rs. 4000 
Fy Rs. 2. Rs. 5 Rs. 7000 
Price per unit => Cy Co 

















Let they individually purchase x, units of share 5S) and x2 units of share Sj. The problem is formulated as : 


Max Z =x, C1%1 + Co%Q 
such that 1+ 3x2 < 4000 
22%, + 5X2 < 7000; 2x1, %2 > 0 


Itis an NLP-problem where ¢, = (([5, 8, 1,3]; 0.2), ([5, 8, 3, 4]; 0.3), ([5, 8, 2, 1];0.4)) and G = (([3, 7, 2, 4]; 0.3), 
((3, 7, 1, 3]; 0.5), ([8, 7, 2, 5]; 0.6)) are two G'syry-numbers with a pre-assigned « = 0.45. 
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Rewriting the given constraints by introducing slack variables : 
y+ 329 + £3 > 4000 
224 + 0X9 +44 = 7000 
1,2, 03,04 = 0 
We take the t-norm and s-norm as p * g = min{p,q} and po q = max{p, q}, respectively. The first feasible 
simplex table is as follows : 


Table 3 : First iteration 





Gs => Cy Co 0 0 

tpl! «4 t | 23 4&4 R.H.S 
3 1 3 1 0 4000 
big 2 5 0 1 7000—> 




















pa |e OO 











L=> Cy >) C3 ‘4 
Here é) = —@ = (([-8, —5, 3, 1]; 0.2), ([-8, —5, 4, 3]; 0.3), ([-8, —5, 1,2]; 0.4)), 
&Y = —& = (((-7, -3,4, 2; 0.3), ([-7, -3, 8, 1]; 0.5), ([-7, —3, 5, 2]; 0.6)) 
L 


>= 
and Wales) = V,(e) = V;(0). 

Then V,.(¢) = 4(31.64« — 33.28) and V,(2$") = 4(10.44 — 13.28) by Definition 3.5. 

Clearly V,, (av )< 2 Vi(@) < 0 and V;,(2") — Vy C a) < 0 for « = 0.45. 

Then ef ) <R, of . So x, enters in the basis and as min{4000/1, 7000/2} = 3500, the leaving variable is x4. 
The revised table is : 


Table 4 : Second iteration 





G > C1 Co 0 0 
tpl) 7 22 | 43 a4 | R.HS 
x3 O 1/2) 1~— -1/2} 500 
Ly 1 5/2; O- 1/2 | 3500 


























zZ=> | cy’ Cy° | C3’ Cg” «| 8000C, 





where V,,(2.”) = V,,(e) = V,(0) and 


~(2) Og 


C5 = noi — 2 
= 2.5(([5,8, 1,3]; 0.2), ([5, 8, 3, 4]; 0.3), (([5, 8, 2, 1]; 0.4)) 
—(([3, 7,2, 4}; 0.3), ([3, 7, 1,3]; 0.5), ([3, 7, 2, 5]; 0.6)) 
= (([5.5, 17, 6.5, 9.5]; 0.2), ([5.5, 17, 10.5, 11]; 0.5), ([5.5, 17, 10, 4.5]; 0.6)). 


1 
é) 501 = (([2.5,4,0.5, 1.5]; 0.2), ([2.5,4, 1.5, 2}; 0.3), ([2.5,4, 1, 0.5]; 0.4)). 


4 


(26.92 — 24.1«) and V,.(é)”) = 4(16.64 — 15.82«) by Definition 3.5. 


Then V,.(2” = 6 
(2) > 0 and V,(2) > 0 for « = 0.45. 


Clearly V,, 
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Hence the optimality arises and Max 7 =, 3500¢; , which, using & - weighted function, becomes Rs. 
11107 approximately. Then corresponding return of F, and Ff» becomes Rs. 7607 and of Rs. 4107 respectively. 


6.1.1 Example 


Consider the NL P-problem defined in Example 6.1 with a pre-assigned & = 0.96. 
The initial simplex table (Table 5) is same as Table 3. 


Table 5 : First iteration 





Cj > C1 C2 0 0 

tpl) 14 Lr nn R.H.S 
x3 1 3 1 0 4000 
L4 2 5 0 1 7000 























ee ory Se Tae ee 








Here V,.(2@”) = V,.(@”) = V;.(0) and V,.(2) < 0, Ve(@b?) < 0 with V.(2{?) — V.(20?) > 0 for « = 0.96. 
Then é{) >», é). So xz enters in the basis and as min{ 2000 TOY = 0 the leaving variable is x3. The 
revised table is : 





Table 6 : Second iteration 























CG > C1 C2 0 0 
PRA | oy Z| © 2&4 R.H.S 
X2 1/3 1 13 600 4000/3 
LA 1/3 0 | -5/3 1 1000/3 > 
z= |p a | a P| me 











where V,(2”) = V,(é) = V,.(6) and 


a) = ea — 41 = (([-7, 8/3, 11/3, 7/3]; 0.2), ([-7, 8/3, 13/3, 40.5), ((-7, -8/3, 5/3, 11/3],0.6)), 
@ = ex = (([1,7/3,2/8,4/3];0.3), (11, 7/8, 1/3, 150.5), (HL, 7/3, 2/3, 5/3]: 0.6). 


Then V,(@\”) = 4(31.32K — 34.96) and V,(é) = 4 (13.28 — 10.4k). 


Clearly V(E0) < 0 and V.(e) > 0 for « = 0.96. So x enters in the basis and as min{ oe ay = 1000, 
the leaving variable is x4. The revised table is : 








Table 7 : Third iteration 











Cj > C1 Co 0 0 

tpl | 21 x2 r3 v4 R.H.S 
L 0 1 2 -1 1000 
Ly 1 0 -5 3 1000 











3 (| O)O 4 & | 100014 +8) 
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where V,.(é")) = V,,(e) = V,.(0) and 


CO = 5a, + 2M = (([-34, -11, 19, 13]; 0.2), ([-34, 11, 22, 21]; 0.5), ([-34, —11, 9, 20]; 0.6)), 
C&O = 36, — & = (([8, 21,7, 11]; 0.2), ([8, 21, 12, 13]; 0.5), ([8, 21, 11, 5]; 0.6). 


Then V,.(é$”) = 4(48.2« — 53.84) < Oand V,(@?) = 1(34.96 — 31.32«) > 0 for = 0.96. So zg enters in the 
basis and the leaving variable is 72. The revised table is : 


Table 8 : Fourth iteration 





Cpe | ey fee | 0) 0 
tpl) v7 22 | 23 «4 | R.HS 
X3 0 1/2); 1 -1/2} 500 
L4 1 5/2} O- 1/2 | 3500 


























za fh? | M a | 35008, 





where V,.(2(?) = V,.(2?) = V,(0) and ef = 8@ — é and &Y = 1@,. Then V, (a) = (26.92 — 24.1) > 0 
and V,(é”) = 4(16.64 — 15.82) > 0 for « = 0.96. 
Hence the optimality arises and the optimal solution is x; = 3500, x2 = 0. 


6.1.2 Remark 


From Example 6.1 and Example 6.1.1, it is seen that the final simplex tables in both cases are same. So, if 
the optimality exists for an NV LP-problem, the optimal solutions are always unique whatever the value of kK 
assigned. Depending upon the chosen x, the number of iteration to reach at optimality stage may vary but it 
does not affect the optimal solutions. However, the character « plays an important role to assign the optimal 
value of the objective function in a problem. The fact is shown in Table 9. So, the value of « is an important 
factor in any such NL P-problem. Since the share market depends on so many factors, we claim « as the degree 
of political turmoil of the country in the present problem. 


6.1.3 Sensitivity analysis in post optimality stage 


We shall analyse the results of the problem in Example 6.1 for different values of & in post optimality stage, 
shown by the Table 9. 


Table 9 : Sensitivity analysis 




















K 0 0.1 0.2 0.3 0.4 

al 3500 3500 3500 3500 3500 

i) 0 0 0 0 0 
V,.(Z) | 19413.33 17567.67 15722 13876.33 12030.67 

K 0.5 0.6 Oey 0.8 0.9 1 

Ly 3500 3500 3500 3500 = 3500 3500 

x9 0 0 0 0 0 0 
V,(Z) | 10185 8339.33 6493.67 4648 2802.33 956.67 
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6.2 Example 


Max Zz RK, CX + CX 





S.t. 221 ae 3X9 < 4 
O21 a Ax < 15 
X1,%2 a 0 


is an NLP-problem where ¢ = (({8, 1, 3]; 0.6), ([8, 3, 4]; 0.2), ([8, 2, 1];0.5)) and 
C2 = (([6, 2, 6]; 0.7), ([6, 4, 3]; 0.4), ([6, 3, 5]; 0.3)) are two Ggyr,n-numbers with a pre-assigned k = 0.9. 


Rewriting the given constraints by introducing slack variables : 





221 3X9 03 = 4 











OLy 4x9 L4 = 15 


1, %2,%3, 04 = 0 


The t-norm and s-norm are p* gq = max{p+q—1,0} and pog = min{p+q, 1}, respectively. The first feasible 
simplex table is as follows : 


Table 10 : First iteration 





Gy => Cy C2 0 0 

tpl) v4 Lo t3  %«, | R.HS 
X3 2 3 1 0 4 
sam > 4 0 1 15 


























Oe eee ee 





Here @\? = —é, = (([—8, 3, 1];0.6), ([—8, 4, 3]; 0.2), ([—8, 1, 2]; 0.5)), 
a) = —& = (([-6, 6, 2]; 0.7), ({6, 3, 4]; 0.4), ([—6, 5, 3]; 0.3) 
and V,.(@) = V.(2”) = Ve(0). 
Then V,(é,) = 4(25.11« — 43.11) and V,(@”) = 4(11.62« — 31.22) by Definition 3.8.1. 


Clearly V,.(—¢1) < 0, V..(—@2) < 0 and V,,(—é,) — V,.(—2) > 0 for K = 0.9. 


So x2 enters in the basis and as min{4/3, 15/4} = 4/3, the leaving variable is x3. The revised table is as : 


Table 11 : Second iteration 





C > C1 Co 0 0 

tpl} «4 t | @3 2&4 R.H.S 
L2 2/3 if 1/3 O 4/3 > 
Ba 7/3 0 | -4/3 1 29/3 











Ben Te sey eee, ae 
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where V,.(é2) = V,,(é) = V,.(0) and 
gO) ao — & = (([—4, 13/3, 5]; 0.3), ([—4, 20/3, 5]; 0.6), ([—4, 3, 16/3]; 0.8)), 
@ = 5 = (([2, 2/3, 2]; 0.7), ([2, 4/3, 1]; 0.4), ([2, 1, 5/3]; 0.3)). 

Then V,(@”) = 4 (8.62 — 14.92) and V,(é) = 4 (31.22 — 11.62k) by Definition 3.8.1. 


Clearly, V,(e?) < 0 but Vi(Ee”) > 0 for « = 0.9. So x, enters in the basis and as min{ 33, Fey =/2, the 
leaving variable is 72. The revised table is : 


Table 12 : Third iteration 





G > C1 C2 0 0 
ZLB 1) Ly 2 X3 XA R.H.S 
Ly fi 32 | 2 2 
L4 QO -7/2}-5/2 1 5 











(3) (3) | (3) (3) a 




















zZ=> |C)° Cy C3 CC 2C1 
where V,,(2?) = V,,(é) = V;,(0) and 
3 
oO = 501 — G2 = (((6, 7.5, 6.5]; 0.3), ((6, 7.5, 10]; 0.6), ([6, 8, 4.5]; 0.8)), 
1 
& = 5e1 = (([4,0.5, 1.5]; 0.6), ([4, 1.5, 2]; 0.2), ([4, 1, 0.5]; 0.5)). 


Then V,.(¢$?) = 4(7.46 — 4.31«) and V,(2) = 4(21.555 — 12.555x) by Definition 3.8.1. 
Obviously, Vi(E ) > 0 and VE) > 0 for « = 0.9. Hence the optimality arises. The optimal solution is 


XY = 2,%2 = 0 and so Max Z =x, 2¢}. 


we 


7 Conclusion 


In this paper, the crisp L P-problem has been generalised by considering the coefficients of the objective function 
as Gsyn-numbers. This generalised form of crisp LP-problem is called NLP-problem. Then a simplex 
algorithm has been proposed to solve such NV LP-problems. Finally, the newly developed simplex algorithm has 
been applied to a real life problem. The concept has been illustrated by suitable examples using both Gsyry- 
numbers and G'syr;n-numbers. In future, the concept of a linear programming problem may be extended in 
more generalised way by considering some or all of the parameters as Gsy y-numbers. 
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Abstract: In this paper, we propose the notion of single-valued neutrosophic soft topological K-algebras. We discuss 
certain concepts, including interior, closure, C’;-connected, super connected, Compactness and Hausdorff in single- 
valued neutrosophic soft topological K-algebras. We illustrate these concepts with examples and investigate some of 
their related properties. We also study image and pre-image of single-valued neutrosophic soft topological K-algebras. 


Keywords: K-algebras, Single-valued neutrosophic soft sets, Compactness, C5-connectedness, Super connected- 
ness, Hausdorff. 


1 Introduction 


A K-algebra (G,-,©,e) is a new class of logical algebra, introduced by Dar and Akram [1] in 2003. A Kk- 
algebra is constructed on a group (G, -, e) by adjoining an induced binary operation © on G and attached to an 
abstract K’-algebra (G,-,©,e). This system is, in general, non-commutative and non-associative with a right 
identity e. If the given group G is not an elementary abelian 2-group, then the K -algebra is proper . Therefore, 
a K-algebra K = (G,-,©,e) is abelian and non-abelian, proper and improper purely depends upon the base 
group G. In 2004, a K-algebra renamed as K(G)-algebra due to its structural basis G and characterized by left 
and right mappings when the group G is abelian and non-abelian by Dar and Akram in [2, 3] . In 2007, Dar 
and Akram [4] investigated the 4’-homomorphisms of /-algebras. 

Non-classical logic leads to classical logic due to various aspects of uncertainty. It has become a conventional 
tool for computer science and engineering to deal with fuzzy information and indeterminate data and execu- 
tions. In our daily life, the most frequently encountered uncertainty is incomparability. Zadeh’s fuzzy set 
theory [5] revolutionized the systems, accomplished with vagueness and uncertainty. A number of researchers 
extended the conception of Zadeh and presented different theories regarding uncertainty which includes intu- 
itionistic fuzzy set theory, interval-valued intuitionistic fuzzy set theory [6] and so on. In addition, Smaran- 
dache [7] generalized intuitionistic fuzzy set by introducing the concept of neutrosophic set in 1998. It is such 
a branch of philosophy which studies the origin, nature, and scope of neutralities as well as their interactions 
with different ideational spectra. To have real life applications of neutrosophic sets such as in engineering 
and science, Wang et al. [8] introduced the single-valued neutrosophic set in 2010. In 1999, Molodtsov [9] 
introduced another mathematical approach to deal with ambiguous data, called soft set theory. Soft set theory 
gives a parameterized outlook to uncertainty. Maji [10] defined the notion of neutrosophic soft set by unifying 
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the fundamental theories of neutrosophic set and soft set to deal with inconsistent data in a much-unified mode. 
A large number of theories regarding uncertainty with their respective topological structures have been intro- 
duced. In 1968, Chang [11] introduced the concept of fuzzy topology. Chattopadhyay and Samanta [12], Pu 
and Liu [13] and Lowan [14] defined some certain notions related to fuzzy topology. Recently, Tahan et al. [15] 
presented the notion of topological hypergroupoids. Onasanya and Hoskova-Mayerova [16] discussed some 
topological and algebraic properties of a—level subsets of fuzzy subsets. Coker [17] considered the notion 
of an intuitionistic fuzzy topology. Salama and Alblowi [18] studied the notion of neutrosophic topological 
spaces. In 2017, Bera and Mahapatra [19] described neutrosophic soft topological spaces. Akram and Dar 
[20, 21] considered fuzzy topological /-algebras and intuitionistic topological K’-algebras. Recently, Akram 
et al. [22, 23, 24, 25] presented some notions, including single-valued neutrosophic /-algebras, single-valued 
neutrosophic topological /-algebras and single-valued neutrosophic Lie algebras. In this research article, 
In this paper, we propose the notion of single-valued neutrosophic soft topological K-algebras. We discuss 
certain concepts, including interior, closure, C’;-connected, super connected, Compactness and Hausdorff in 
single-valued neutrosophic soft topological -algebras. We illustrate these concepts with examples and inves- 
tigate some of their related properties. We also study image and pre-image of single-valued neutrosophic soft 
topological /-algebras. 

The rest of the paper is organized as follows: In Section 2, we review some elementary concepts related to 
k-algebras, single-valued neutrosophic soft sets and their topological structures. In Section 3, we define the 
concept of single-valued neutrosophic soft topological K-algebras and discuss certain concepts with some 
numerical examples. In Section 4, we present concluding remarks. 


2 Preliminaries 


This section consists of some basic definitions and concepts, which will be used in the next sections. 


Definition 2.1. [1] A A-algebra K = (G,-,©,e) is an algebra of the type (2, 2, 0) defined on the group 
(G,-,e) in which each non-identity element is not of order 2 with the following ©— axioms: 


(K1) (xOy) © (Oz) = (tO (z' Oy?) Ox = (LO ((CO©z) O(EOy))) Oz, 
(K2) r@(r@y) =(eOy) Oxr=(rO(e@y)) Oz, 

(K3) (4 © x) =e, 

(K4) (4 ©e) = 2, 

(K5) (Oa) =a 

for all x, y, z € G. 


Definition 2.2. [1] A nonempty set S in a K-algebra K is called a subalgebra of K if for all x,y € S, 
LOYES. 


Definition 2.3. [1] Let K, and Kz be two K-algebras. A mapping f : K; — K2 is called a homomorphism if 
f(xOy) = f(x) © fly) forall z,y € K. 


Definition 2.4. [7] Let Z be a nonempty set of objects. A single-valued neutrosophic set H in Z is of the form 
H = {s € Z: Tu(s),Zu(s), Fu(s)}, where 7,Z,F : Z > [0,1] for all s € Z with 0 < Ty(s) + Zn(s) + 
Fi(s) < 3. 





Muhammad Akram, Hina Gulzar, Florentin Smarandache, Neutrosophic Soft Topological K-Algebras 


Neutrosophic Sets and Systems, Vol. 25, 2019 106 





Definition 2.5. [22] Let H = (7y,Zn, Fi) be a single-valued neutrosophic set in K, then H is said to be a 
single-valued neutrosophic K-subalgebra of K if it possess the following properties: 


(a) Tu(s © t) > min{Tu(s), Ta(#)}, 
(b) Zy(s © t) 2 min{Zy(s), Zx(t)f, 
(c) Fy(s ©t) < max{Fy(s), Fx(t)} for all s,t € K. 


A k-subalgebra also satisfies the following conditions: 
Tule) > Tr(s), Zn(e) > Zu(s), Fu(e) < Fr(s) forall s#e EK. 


Definition 2.6. [26] A t-norm is a two-valued function defined by a binary operation *, where * : [0,1] x 
(0, 1] — [0, 1]. A t-norm is an associative, monotonic and commutative function possess the following proper- 
ties, for all a,b,c, d € [0, 1], 


(i) * 1s acommutative binary operation. 
(ii) * is an associative binary operation. 


(iii) *(0,0) = O and x(a, 1) = *(1,a) =a. 


— 
(iv) Ifa < cand b < d, then *(a,b) < *(c,d). 


Definition 2.7. [26] A t-conorm (s-norm) is a two-valued function defined by a binary operation o such that 
o : [0,1] x [0,1] — [0,1]. A t-conorm is an associative, monotonic and commutative two-valued function, 
possess the following properties, for all a,b, c,d € {0, 1], 


(i) © 1s acommutative binary operation. 

(ii) © is an associative binary operation. 
(iii) o(1,1) = 1 and o(a, 0) = 0(0,a) =a. 
(iv) Ifa < cand b < d, then o(a,b) < o(c,d). 


Definition 2.8. [23] Let yx be a single-valued neutrosophic topology over K. Let H be a single-valued 
neutrosophic K-algebra of K and yy be a single-valued neutrosophic topology on H. Then H is called a 
single-valued neutrosophic topological K -algebra over K if the self map pa : (H,xH) — (H, xx) for all 
a € K, defined as p,(s) = s © a, is relatively single-valued neutrosophic continuous. 


Definition 2.9. [9] Let Z be a universe of discourse and FE be a universe of parameters. Let P(Z) denotes the 
set of all subsets of Z and A C FE. Then a soft set F'4 over Z is represented by a set-valued function ¢,, where 
¢a: E — P(Z) such that ¢4(0) = 0 if 6 € E — A. In other words, F'4 can be represented in the form of a 
collection of parameterized subsets of Z such as F'y = {(0,¢4(0)): 0 € E,¢4(6) = Oif 0 € E— A}. 


Definition 2.10. [27] Let Z be a universe of discourse and F be a universe of parameters. A single-valued 
neutrosophic soft set H in Z is defined by a set-valued function ¢7;, where ¢y : FE — P(Z) and P(Z) denotes 
the power set set of Z. In other words, a single-valued neutrosophic soft set is a parameterized family of 
single-valued neutrosophic sets in Z and therefore can be written as: 

H={(0, (u, Tex (0)(U); Zen ()(U), Fen (a) (u)) :ue€ Z):0€ EB}, where Té(0)» Len (0)s Fe(9) are called truth 
, indeterminacy and falsity membership functions of ¢7(0), respectively. 
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Definition 2.11. [27] Let H be a single-valued neutrosophic soft set. The compliment of H, denoted by H‘, is 
defined as follows: 


H* = {(0, (u, Fen 0) (u ), Lone \(u), Teco )(w)) Swe Ay e068}, 


Definition 2.12. [27] Let H and J be two single-valued neutrosophic soft sets over (Z, EL). Then H is called 
a neutrosophic soft subset of J, denoted by H C J, if the following conditions hold: 


(i) Tex (0) (u) < Tns(0) (%4) 
(i) L¢,,(0) (u) < T,,(0)(u), 
(iii) Fe,,(9)(u) > Fy, 0)(u) for all 0 € E,u € Z. 


Throughout this article, we take the t-norm (*) as min(a, b) and t-conorm (0) as max(a, b) for intersection 
of two single-valued neutrosophic soft sets and (*) as max(a,b) and t-conorm (0) as min(a, b) for union of 
two single-valued neutrosophic soft sets. The union and the intersection for two single-valued neutrosophic 
soft sets are defined as follows. 


Definition 2.13. [27] Let H and J be two single-valued neutrosophic soft sets over (Z, E). Then the union of 
Hf and J is denoted by H U J = LF and defined as: 


L={(8, (u, Toro u),Z9,0)(4), Fou) :ueZ) 06 Bh, 


where 


T3(0)(U) = {Ten (o)(U) * Tnz(a)(u) } = max{ Te, (6) (u), Tr Ink (0) (u) f, 
L91(0)(U) = {Zen (0)(u) * ae y(u)} = max{Zg,(6)(U), Zn, (u)}, 
Foi(0(U) = {Feu (U) ° Frz(oy(u) } = min{ Fe, @) (u ui), F ny(0)(U) F- 


Definition 2.14. [27] Let H and J be two single-valued neutrosophic soft sets over (Z, ). Then their inter- 
section is denoted by H M J = L and defined as: 


L={(8, (u, Toxo u),Z9,0)(4), Fou) :ue Z) 06 Bh, 
where 


T3(0)(U) = {Ten (o)(U) * Tr(a) (u) F = min{ Te,(6)(%), Tnz(a)(u) F 
L5,(0)(U) = {Zez(0)(U) * Tnz(0) (u) } = min{Ze,,(6)(U), Ly, (U) F, 
F91(0)(U) = {Feu (a(t) © Fnj(o)(u) } = max{ Fe, )(u), F; 0 (u)}. 


Definition 2.15. [27] A single-valued neutrosophic soft set H over the universe Z is termed to be an empty or 
null single-valued neutrosophic soft set with respect to the parametric set F if Te,,(9)(u) = 0, Ze,(9)(u) = 9, 
Fe,(9)(u) = 1, for all u € Z , 6 € E, denoted by 0 and can be written as: 


Dp(u) — {u oe ae Ten (9) (t) — 0, Ze,,(0) (u) — 0, Fen (0) (u) =1:0¢€ Ey}. 
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Definition 2.16. [27] A single-valued neutrosophic soft set H over the universe Z is called an absolute or a 
whole single-valued neutrosophic soft set if Tc,,(o)(u) = 1, Ze,(y(u) = 1, Fe,((u) = 0, for allu € Z, 
0 € E, denoted by 1, and can be written as: 


1p(u) = {u EZ: Te (9) (1) = 1, Ze,.(9)(t) = 1, Fe,(6) (u) =0:0€ E}. 


Definition 2.17. [10] Let (2), £) and (Z2, E) be two initial universes. Then a pair (vy, p) is called a single- 
valued neutrosophic soft function from (Z,, F) into (Z2, FE), where py: Z, > Z,andp: E — E,and Fisa 
parametric set of Z, and Zp. 


Definition 2.18. [10] Let (H, £) and (J, F) be two single-valued neutrosophic soft sets over G; and Go, re- 
spectively. If (vy, p) is a single-valued neutrosophic soft function from (G,, E) into (G2, F), then under this 
single-valued neutrosophic soft function (y, p), image of (H, E) is a single-valued neutrosophic soft set on 
Ky, denoted by (y, p)(H, F) and defined as follows: 

for all m € p(E£) and y € Ga, (y, p)(H, E) = (p(4A), p(£)), where 


Tom 1," otherwise, 
_ f Votw)=y Volajem Salt) if x € p™*(y), 

Fee I otherwise, 
Agi (x)=y Moe Ca(Z) ifr € p(y); 

0, otherwise. 


The preimage of (J, E), denoted by (, p)~'(J, E), is defined as V1 € p~'(£) and for all x € Gi, (yp, p)*(J, Z) = 
(y"'(J), p7'(E)), where 


y-1(n), (2) = Troan (P(%)) 
Ly-1(n), (2) >= Lia (Y £)), 
F g-1(n),(@) = Fria (9(2))- 


Proposition 2.19. Let Z; and Z, be two initial universes with parametric set £ and E», respectively. Let H, 
(H;,7 € I) be a single-valued neutrosophic soft set in Z, and J be a single-valued neutrosophic soft set in Z. 
Let f : Z,; > Z_ be a function. Then 


(i) f(1e,) = 1x,, if f is a surjective function. 
Gi) f(On,) = Om. 
(ii1) f(z) = Ling: 


(iv) f"(Oz,) = Ox,. 
() FQ) = UF 1H). 


Through out this article, Z is considered as initial universe, E’ is a parametric set and 6 € FE an arbitrary 
parameter. 
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3 Single-Valued Neutrosophic Soft Topological  -Algebras 


Definition 3.1. Let Z be a nonempty set and F be a universe of parameters. A collection y of single-valued 
neutrosophic soft sets is called a single-valued neutrosophic soft topology if the following properties hold: 


(1) Oz, 1e € x. 
(2) The intersection of any two single-valued neutrosophic soft sets of y belongs to x. 


(3) The union of any collection of single-valued neutrosophic soft sets of y belongs to x. 


The triplet (7, EF, y) is called a single-valued neutrosophic soft topological space over (Z, EF’). Each element 
of y is called a single-valued neutrosophic soft open set and compliment of each single-valued neutrosophic 
soft open set is a single-valued neutrosophic soft closed set in x . A single-valued neutrosophic soft topology 
which contains all single-valued neutrosophic soft subsets of Z is called a discrete single-valued neutrosophic 
soft topology and indiscrete single-valued neutrosophic soft topology if it consists of @; and 1p. 


Definition 3.2. Let H be a single-valued neutrosophic soft set over a K-algebras K. Then # is called a 
single-valued neutrosophic soft K-subalgebra of K if the following conditions hold: 


(i) Te(s Ot) = min{7c,(s), Teo (t) } 


(ii) Le,(s Qt) > min{Z¢,(5), Ze, (t)}, 
(iii) Fe, (s © t)< max{F¢,(s), Fc, (t)} for all s,t € Gand 6 € E. 


Note that 
Te (e) 2 Tals) 
Le, (e) 2 Fels) 
F.,(€) < Fe,(s), for alls Ae eG. 


Example 3.3. Consider a K-algebra K = (G,-, ©, e) ona group (G,-), where G = {e, x, 2”, 2°, x4, 2°, 2°, x7} 
is the cyclic group of order 8 and © is given by the following Cayley’s table as: 


NO 
N 





ill <0 ee I BE aS Ee ae 
@ et ae eee a a ee 
|| ee ae Sp ae ge 
| sc oA MR A 
gio? 2? « e a w® 2g 2g 
Belle gt get ae - ee ge ay ge? 
> ig ee ee ae ge ce ae eB 
ge | 25 2) ot 2? 2% 2 ec gg! 
le a Sa a a a 





Let EF be a set of parameters defined as E' = {1,, 12}. We define single-valued neutrosophic soft sets H, J and 
LinK as: 


a 


Cu (11) 
Cu(I2) = 


(e, 0.8, 0.7, 0.2), (h, 0.6, 0.5, 0.4)}, 
(e, 0.7, 0.7, 0.2), (h, 0.6, 0.6, 0.5)}, 
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(1,) = {(e, 0.7, 0.7, 0.2), (h, 0.4, 0.1, 0.5)}, 
(12) 


Cr(li) = { 
Cy = {(e, 0.4, 0.6, 0.6), (h, 0.3, 0.5, 0.7) }, 
Cr(l,) = {(e, 0.9, 0.8, 0.1), (h, 0.7, 0.6, 0.4)}, 
Cr (lz) = {(e,0.9,0.7, 0.1), (h, 0.7, 0.6, 0.4)} 


foralhAe eG. 

The collection x¥< = {Q@z,1xz, H, J, L} is a single-valued neutrosophic soft topology on K and the triplet 
(K, E, xx) is a single-valued neutrosophic soft topological space over K:. It is interesting to note that corre- 
sponding to each parameter 0 € FE, we get a single-valued neutrosophic topology over K which means that a 
single-valued neutrosophic soft topological space gives a parameterized family of single-valued neutrosophic 
topological space on K. Now, we define a single-valued neutrosophic soft set Q in K as: 


Co(li) = {(e, 0.8, 0.5, 0.1), (h, 0.6, 0.4, 0.3)}, 
Co(l2) = {(e, 0.5, 0.6, 0.5), (h, 0.3, 0.4, 0.6)}. 


Clearly, by Definition 3.2, @ is a single-valued neutrosophic soft K’-subalgebra over K. 


Proposition 3.4. Let (K, E, xj.) and (K, E, y;-) be two single-valued neutrosophic topological spaces over 
K. If Vie al en = M’, where M’ is a single-valued neutrosophic soft set from the set of all single-valued 
neutrosophic soft sets in K, then Xic a Vic is also a single-valued neutrosophic soft topology on K. 


Remark 3.5. The union of two single-valued neutrosophic soft topologies over K may not be a single-valued 
neutrosophic soft topology over K. 


Example 3.6. Consider a K-algebra K = (G,-,©,e), where G = {e,x, 27, x?,x*, 2°, 2°, x"} is the cyclic 
group of order 8 and Cayley’s table for © is given in Example 3.3. We take EF = {1,12} and two single-valued 
neutrosophic soft topological spaces yx = {0z,15, H, J}, x~ = {0e,1e,R,S} on K, where R = H and 
single-valued neutrosophic soft set S is defined as: 


Cs(1) = {(e, 0.7, 0.6, 0.2), (h, 0.5, 0.5, 0.6)}, 
Cs(l2) = {(e, 0.9, 0.8, 0.2), (A, 0.7, 0.7, 0.3)}. 


Suppose that xy = X~ Uxe = {0e,1z,H, J,.S}. We see that x- is not a single-valued neutrosophic soft 
topology over K since SO J ¢ yx. 


Definition 3.7. Let (K, EF, xc) be a single-valued neutrosophic soft topological space over K, where yx is a 
single-valued neutrosophic soft topology over K. Let F' be a single-valued neutrosophic soft set in K’, then 
Xr ={FOH:H € xx} is called a single-valued neutrosophic soft topology on F' and (F, E, x7) is called a 
single-valued neutrosophic soft subspace of (K, E, xx). 


Definition 3.8. Let (1, £, x1) and (K2, E, v2) be two single-valued neutrosophic soft topological spaces, 
where K, and K2 are two K-algebras. Then, a mapping f : (Ki, FE, 1) > (Ka, E, x2) is called single-valued 
neutrosophic soft continuous mapping of single-valued neutrosophic soft topological spaces if it the following 
properties hold: 


(i) For each single-valued neutrosophic soft set H € y,, f-'(H) € x,. 
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(ii) For each single-valued neutrosophic soft K’-subalgebra H € y,, f~'(H) is a single-valued neutrosophic 
soft K-subalgebra € y,. 


Definition 3.9. Let H and J be two single-valued neutrosophic soft sets ina K-algebra K and f : (H, E, vn) > 
(J, E,x 7). Then, f is called a relatively single-valued neutrosophic soft open function if for every single- 
valued neutrosophic soft open set V in x77, the image f(V) € ys. 


Definition 3.10. If f is a mapping such that f : (Ki, £,.1) > (Ke, E,x2). Then f is a mapping from 
(H, E, x) into (J, E, x7) if f(H) C J, where (H, E, x) and (J, E, x7) are two single-valued neutrosophic 
soft subspaces of (K 1, F, x1) and (K2, EF, x2), respectively. 


Definition 3.11. A mapping f such that f : (H, E,x~) > (J, E, xz) is called relatively single-valued neu- 
trosophic soft continuous if for every single-valued neutrosophic soft open set Y; € yz, f- (yz) OH € xx. 


Definition 3.12. Let (K,, F,y,) and (K2, F, y,) be two single-valued neutrosophic soft topological spaces. 
Then, a function f : (Ki, E,x,) > (Ke, E, x,) is called a single-valued neutrosophic soft homomorphism if 
it satisfies the following properties: 


(i) f is a biective function. 
(ii) Both f and f~* are single-valued neutrosophic soft continuous functions. 


Proposition 3.13. Let f : (K1, E,y,) > (Ke, E, x,) be a single-valued neutrosophic soft continues mapping 
and (H, F, yz) and (J, E, v7) two single-valued neutrosophic soft topological subspaces of (K, FE, x,) and 
(Ko, E,x,), respectively. If f(H) C J, then f is a relatively single-valued neutrosophic soft continuous 
mapping from (H, FE’, yz) into (J, E, x7). 


Proposition 3.14. Let (K1, EF, x,) and (K2, E, x.) be two single-valued neutrosophic soft topological spaces, 
where xj is a single-valued neutrosophic soft topology on K; and x2 is an indiscrete single-valued neutrosophic 
soft topology on K2. Then for each 6 € EF, every function f : (Ki, E,x,) > (Ke, E, x.) is a single-valued 
neutrosophic soft continues function. 


Proof. Let x; be a single-valued neutrosophic soft topology on K, and v2 an indiscrete single-valued neutro- 
sophic soft topology on K», such that yo = {Qz, le}. Let f : (K1,E,x,) > (Ke, E,x,) be any function. 
Now, to prove that f is a single-valued neutrosophic soft continues function for each 6 € E, we show that f 
satisfies both conditions of Definition 3.8. Clearly, every member of x2 is a single-valued neutrosophic soft 
K-subalgebra of K2 for each 0 € E. Now, there is only need to show that for all H € y2 and for each 
6 € E, f-'(H) © x1. For this purpose, let us assume that Jg € y2, for any u € K, and @ © E, we have 
f-*(Oo)(u) = Do(f(u)) = Do(u) = Oo © x1. Similarly, f-1(19)(u) = lo(f(u)) = 1o(u) = 16 € x1. For 
an arbitrary choice of 0, result holds for each 6 € EF. This shows that f is a single-valued neutrosophic soft 
continues function. 














Proposition 3.15. Let ., and 2 be any two discrete single-valued neutrosophic soft topological spaces on 
K, and Ky, respectively and (K,, F, y,) and (K2, FE, x.) two discrete single-valued neutrosophic soft topolog- 
ical spaces. Then for each 0 € E, every homomorphism f : (Ki, £,x,) > (Ko, E,x,) is a single-valued 
neutrosophic soft continuous function. 
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Proof. Let H = {(Te,(0),; LZeu(0); Fey (0)) : 8 € E} be a single-valued neutrosophic soft set in 2 defined by a 
set-valued function Cy. Let f : (Ki, E,x,) + (Ke, E, x.) be ahomomorphism (not a usual inverse homomor- 
phism). Since y; and x2 be two discrete single-valued neutrosophic soft topologies, then for every H € xa, 
f-\(A) © x1. Now, we show that for each @ € E, the mapping f~'(H) is a single-valued neutrosophic soft 
K-subalgebra of K-algebra K,. Then for any s,t € K, and 6 € E, we have 


f (Tax) (s © t) = Teg (Ff f(sO ©t)) 
= Tex,(0) (f(s) © f(t) 
> min{T,,(6) (f(s) 
= min{ f~'(Té,,(6)) 


f" (Lento (5 © t) = Leni (F(s © t) 
= Te, (f(s) © f 
= min{Z¢,,(0) (f(s 
= min{f~ "(Len (6) 


f" (Feu) (8 © t) = Fer (f(s © t) 
= Fe, (f(s) Of 
> min{ F¢,,(0) (f(s 
= min{ f7' (Fey) 


Therefore, f~!(H) is single-valued neutrosophic soft K-subalgebra of K,. Hence f~'(H) € x2 which 
shows that f is a single-valued neutrosophic soft continuous function from (K1, EF’, y,) into (K2, E, y,). 














Proposition 3.16. Let y; and y,2 be any two single-valued neutrosophic soft topological spaces on K and 
(K, E,x,) and (K, E,x,) be two single-valued neutrosophic soft topological spaces. Then for each 0 € E, 
every homomorphism f : (K1, E,v,) > (K2, F, x,) is a single-valued neutrosophic soft continuous function. 


Definition 3.17. Let . be a single-valued neutrosophic soft topology on K’-algebra K. Let H = (T¢,,, Ley, Fey) 
be a single-valued neutrosophic soft K’-algebra (K-subalgebra) of K and y 7 a single-valued neutrosophic soft 
topology over H. Then H is called a single-valued neutrosophic soft topological K-algebra of K if the self 
mapping p, : (H,E,xH) > (A, E, xx) defined as p,(u) = uOa, Va € K, is a relatively single-valued 
neutrosophic soft continuous mapping. 


Theorem 3.18. Let y; and y2 be two single-valued neutrosophic soft topological spaces on K, and Kg, re- 
spectively. Let f : K,; + Ky be a homomorphism of K-algebras such that f~'(y2) = y1. If for each 6 € E, 
H = {Te,,Zeq, Fc, } is a single-valued neutrosophic soft topological A-algebra of 2, then for each 6 € EL, 
f~\(4#) is a single-valued neutrosophic soft topological K’-algebra of K. 


Proof. In order to prove that f~'(H) is a single-valued neutrosophic soft topological K-algebra of K-algebra 
K. Firstly, we show that f~!(H) is a single-valued neutrosophic soft K-algebra of K,. One can easily show 
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that for alls £4 e € Gand € E, J, (e) > Te,(s), Ze,(e) > Le, (s), Fes (e) < Fe, (s). 
Let for any s,t € K, andé € E, 


Ty-1H)(s © t) = Tu(f(s © t)) 
> min{TH(f(s)), Tr a | 
= min{T;-1(4)(s), T¢-1(y (t) F, 
Tp-1(H)(8 © t) = Ti(f(s © t)) 
> min{Zu(f(s)),Za(f(t))} 


= min{Z;- 1H) (8), Ly -1( ny(t an 


F -1(Hy(s © t)= Fu(f(s © t)) 
> min{Fr(f(s)), F, a : ))t 
= min{ F;-1(4)(s), F¢-1(4(t)}- 


This shows that f~1(#) is a single-valued neutrosophic soft K-algebra of K,. 

Since f is a homomorphism and also a single-valued neutrosophic soft continuous mapping, then clearly, f 
is relatively single-valued neutrosophic soft continuous mapping from (H, E, xi1) into (f~'(H), E, x f-1(H)) 
such that for a single-valued neutrosophic soft set V in yz, and a single-valued neutrosophic soft set U in 


Xf) 
FAV) =U. (1) 


Now, we prove that the self mapping p, : (f~'(H), E, x s-14) @ (f7'(A), E, xp-1 4) is relatively single- 
valued neutrosophic soft continuous mapping. Now, for any a € K and 6 € E, we have 


T-(u)() = Tu) (Pals) = Tvy(s © a) 
= Ty-1(v)(s © a) = Tv - (s ©a)) 


= Ty (f(s) © f(a) = Tw) (ope) F(8))) 
=T-1av(F(s)) = ry on (V)(s)), 


L,-1y)(8) = Zu) (Pals)) = Liu)(s © @) 
= Ty-1(y)(8 © a) = Lv) (f(s © a)) 
=Zv(f(s) © f(a) = Ziv (op@(F(s))) 
= Ly payv (f(s) = Zp (PFa)(V)(8)), 
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F,=1(y)(8) = Fiuy(Pals)) = Fuy(s © a) 
= Fy-1y)(s © a) = Fiv) (f(s © @)) 
= Fv (f(s) © f(@)) = Fiv-y (Ppa (F(8))) 
= Frys av (f(8)) = Fp (P74)(V)(s))- 


This implies that p7'\(U) = f~'(p5(.)(V)). Thus, pg'(U) 9 f-'\(H) = fo '(ppa)(V)) 1 f*(A) is a single- 
valued neutrosophic soft set in f~'(H) and a single-valued neutrosophic soft set in x -1(77). Hence f~'(H) is 
a single-valued neutrosophic soft topological K-algebra of K,. This completes the proof. 














Theorem 3.19. Let .; and y2 be two single-valued neutrosophic soft topologies on Ky and K2, respec- 
tively and f : K, — Kg an isomorphism of K-algebras such that f(y1) = x2. If for each 6 € E, 
FH = {(Ten 0); Zou (0); Feu(o)) : 9 € E} is a single-valued neutrosophic soft topological A-algebra of K- 
algebra K,, then for each 0 € EF, f(H) is a single-valued neutrosophic soft topological K-algebra of K». 


Proof. Let H be a single-valued neutrosophic soft topological K-algebra of K,. For u,v € Ko. 


Let t. € f~'(u), 8 € f~'(v) such that 


Tu (to) = SUDteE f-1(u) Tu(t), Ta (Yo) = SUD te f-1(v) Tu (t). 
We now have, 


Trm(u©v) = sup Tz (t) 
te f—! (uv) 


Tr (to, So) 
min{7i(t.), Ti (So) } 


min{ sup T(t), sup Ty(t)} 
te f-1(u) acf—*(v) 


min{ TH) (u), Tray (v) $, 


IV IV 


Lym(uOv)= sup Tat) 
tef-*(uov) 


Tit(to, 80) 
min{Z7(to), Zu(so)} 


min{ sup Zpy(t), sup Zpy(t)} 
tef—l(u) tef—t(v) 


= min{Zs(x)(u), Zpcuy(v)}, 


IV IV 
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F 5(H) (u © v) = inf F(t) 


te f—l(uov) 

Fu(to, So) 

max{Fu(to), Fx(So) } 

= inf t inf t 
cae Fu(t), oe Fi(t)} 
max{F ¢()(u), Feu (v) }. 


Hence f(/) is a single-valued neutrosophic soft K-subalgebra of K2. To show that f(H) is a single-valued 
neutrosophic soft topological K’-algebra of K2, i.e., the self map py : (f(H), xray) > (F(Z), x fc), defined 
as pp(v) = v©b, Vb € Kg isa relatively single-valued neutrosophic soft continuous mapping. Let Y7, be a 
single-valued neutrosophic soft set in y, then there exists a single-valued neutrosophic soft set Y in x, be 
such that Y¥, = Y NA. 


IN IA 


p'o(¥ran) O f(A) € xpun 


Then f(Yn) = f(Y NH) = f(Y)N f(A) is a single-valued neutrosophic soft set in y f(z) since f is an 
injective function. Thus, /f is relatively single-valued neutrosophic soft open. Since /f is also an onto function, 
then for all b € Ky anda € Ki, a = f(b), we have 


T (0 20(¥y can) (4) = Tr p@) (pa) (M) 
= ae )(Yrcn) (f( u)) 
=e) (Pr a) (f(u)) ) 
= Tivj;un)(f(u) © f(a) 
= Iya “(¥¢(H)) (wu © a) 
= Tp-1(¥ p(y) (Palu)) 
= T-1.a)(f" (Yyan)) (4), 


Lp-1 (9-14 (¥j¢2)) (U) = Lp-1(9-1 p(a)(Vjun)) (W) 
p-*¢(a)(Y pcm) (F( u 
)) 


)) 
= Lyn) (Pra) (F(u))) 
= Tyvjun)(f(u) © f(a) 
= Tp-1(yjun)(u © @) 
= Ty-1 (v9) (Palu)) 
= T,a)(f~" (Yeu) (4), 
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F p(6-6(¥pan) (4) = Fp-r(0-1(@)(Ypan)) (M) 
= F-1(a¥jan) (fu) 
= Fivzan) (Pra (F(u))) 
= Fivyun)(f(u) © F(a) 
= Fp ;c) (uO a) 
= F7-1(¥;un) (Pa(e)) 
= Fy-1.a)(f-" (Yun) (w). 


This shows that f~ “(4 » (Vy y= Pay(f (Yun) Since p, : (H, xx) > (A, x2) is relatively single- 
valued neutrosophic soft continuous mapping and f is also relatively single-valued neutrosophic soft continues 
function. Therefore, f "(p6) (Yru)))) A = Pra) (f-'(Yun)) OH is a single-valued neutrosophic soft set in 


xx. Thus, f(f~"(pe)((Ypay))) NA) = Po (¥5 (A)) A f (A) is a single-valued neutrosophic soft set in x4. 














Example 3.20. Consider a K-algebra K on a cyclic group of order 8 and Cayley’s table for © is given Example 
3.3, where G = {e,x,2?, x3, 24,x°, 2°, x7}. Consider a set of parameters E = {1,,l)} and single-valued 
neutrosophic soft sets H, J, L defined as: 


Cul) = 
Cu (12) 


{(e, 0.8, 0.7, 0.2), (h, 0.6, 0.5, 0.4)}, 
{(e, 0.7, 0.7, 0.2), (h, 0.6, 0.6, 0.5)}, 


6j(l,) = {(e, 0.7, 0.7, 0.2), (h, 0.4, 0.1, 0.5)}, 
Cj(Iz) = {(e, 0.4, 0.6, 0.6), (h, 0.3, 0.5, 0.7)}, 


(1 (l1) = {(e, 0.9, 0.8, 0.1), (h, 0.7, 0.6, 0.4)}, 
(r(lz) = {(e, 0.9, 0.7, 0.1), (h, 0.7, 0.6, 0.4)} 


for all h £ e € G. Then the family xx = {Oz, 1x, H, J, L} is a single-valued neutrosophic soft topology on K 
and (K, E, yc) is a single-valued neutrosophic soft topological space over K. We define another single-valued 


neutrosophic soft set Q in K as: 


Co(li) = {(e, 0.8, 0.5, 0.1), (h, 0.6, 0.4, 0.3)}, 
Co(l2) = {(e, 0.5, 0.6, 0.5), (h, 0.3, 0.4, 0.6)}. 


It is obvious that @ is a single-valued neutrosophic soft K-algebra of K. 

Now, we prove that the self map p, : (Q, E, xq) > (Q, E, xq), defined as p,(s) = s © a foralla € K, isa 
relatively single-valued neutrosophic soft continuous mapping. 

We get QN0e = 02,QN 1g = 12,QNH = Ri, QNJ = Ro, QNL = Rs, where R:, Ro, R3 are as follows: 


Cr, (lr) = {(e, 0.8, 0.5, 0.2), (h, 0.6, 0.4, 0.4)}, 
Cr, (lz) = {(e, 0.5, 0.6, 0.5), (h, 0.3, 0.4, 0.6) }, 
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CRo (1) 
CRe (Jz) 


(e, 0.7, 0.5, 0.2), (h, 0.4, 0.1, 0.5)}, 


={ 
= {(e, 0.4, 0.6, 0.6), (h, 0.3, 0.4, 0.7)}, 


Cr, (li) = {(e, 0.8, 0.5, 0.1), (h, 0.4, 0.1, 0.5)}, 
Cr, (lo) = {(e, 0.5, 0.6, 0.5), (h, 0.3, 0.4, 0.7)}. 


Thus, yg = {z, 1x, Ri, Ro, R3} is a relatively topology of Q and (Q, E, xq) is a single-valued neutrosophic 
soft subspace of (K, EF, yc). Since pz is a homomorphism, then for a single-valued neutrosophic soft set 
RE ya, Pa ' (R)NQ € XQ. Which shows that pa : (Q, E, xq) > (Q, E, xq) is relatively single-valued neu- 
trosophic soft continuous mapping. Therefore, @ is a single-valued neutrosophic soft topological K-algebra. 


4 Single-Valued Neutrosophic Soft C’;-connected K -Algebras 


In this section, we discuss single-valued neutrosophic soft C’5-connected K -algebras. 


Definition 4.1. Let (K, E, yx) be a single-valued neutrosophic soft topological space over K. A single-valued 
neutrosophic soft separation of (K, E, vx) is a pair of nonempty single-valued neutrosophic soft open sets 
H, J if the following conditions hold: 


(i) HUJ=1g. 
(ii) HN J = Op. 


Definition 4.2. Let (KX, E, yx) be a single-valued neutrosophic soft topological space over KC. Then (K, E, vc) 
is called a single-valued neutrosophic soft C's-disconnected if there exists a single-valued neutrosophic soft 
separation of (K, F, xx), otherwise C’;-connected. 


Definition 4.2 can be written as: 


Definition 4.3. Let (K, FE, xx) be a single-valued neutrosophic soft topological space over K. If there exists a 
single-valued neutrosophic soft open set and single-valued neutrosophic soft closed set Z such that L ¥ 1, and 
L # Op, then (K, E, yx) is called a single-valued neutrosophic soft Cs-disconnected, otherwise (K, E, xc) is 
called a single-valued neutrosophic soft C’;-connected. 


Example 4.4. By considering Example 3.3, we consider a single-valued neutrosophic soft topological space 
XkK= {Qr, le, A, J, L}. Since HN J He On, HAL a On, INL == On and HUJ a le, HUL = le, JUL a lr. 
Thus, yx is a single-valued neutrosophic soft C’;-connected. 


Example 4.5. Every indiscrete single-valued neutrosophic soft space is C’5-connected since the only single- 
valued neutrosophic soft sets in single-valued neutrosophic soft indiscrete space that are both single-valued 
neutrosophic soft open and single-valued neutrosophic soft closed are 0; and 1p. 


Theorem 4.6. Let (K, EF, xx) be a single-valued neutrosophic soft topological space on K-algebra K. Then 
(K, E, yx) is a single-valued neutrosophic soft C’s-connected if and only if yx contains only 0 and 1 which 
are both single-valued neutrosophic soft open and single-valued neutrosophic soft closed. 
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Proof. Straightforward. 


Proposition 4.7. Let K, and K, be two K-algebras and (Ky, FE, xx,), (K2, E, X,) two single-valued neutro- 
sophic soft topological spaces on K and K2, respectively. Let f : K; — K» be a single-valued neutrosophic 
soft continuous surjective function. If (K1, E', yx,) is a single-valued neutrosophic soft C's-connected space, 
then (K2, FE’, xx.) is also single-valued neutrosophic soft Cs-connected. 


Proof. Let (Ky, E, xx,) and (K2, FE’, xxc,) be two single-valued neutrosophic soft topological spaces and (K1, E', vx, ) 
be a single-valued neutrosophic soft Cs-connected space. We prove that (K2, FE, yx,) is also single-valued 
neutrosophic soft C’s-connected. Let us suppose on contrary that (Kz, x2) be a single-valued neutrosophic soft 
C'5-disconnected space. According to Definition 4.3, we have both single-valued neutrosophic soft open set 
and single-valued neutrosophic soft closed set Z such that L 4 lgy and L 4 Osy. Then f~(L) = lgn or 
f-\(L) = sn since f is a single-valued neutrosophic soft continuous surjective mapping , where f~'(L) 
is both single-valued neutrosophic soft open set and single-valued neutrosophic soft closed set. Therefore, 
L= f(f7'(L)) = f(lsw) = 1sn and L = f(f-'(L)) = f(Osn) = Osn, a contradiction. Hence (K2, FE, x2) 
is a single-valued neutrosophic soft C’;-connected space. 














5 Single-Valued Neutrosophic Soft Super Connected i -Algebras 


Definition 5.1. Let (K, E, yc) be a single-valued neutrosophic soft topological space over K and H = 
{Te,Le4; Fe, } a single-valued neutrosophic soft set in K. Then the interior and closure of H ina K-algebra 
K is defines as: 


A= fo : O is a single-valued neutrosophic soft open set in K and O C H}, 
a ( {ec : C is a single-valued neutrosophic soft closed set in K and H C C}. 


It is interesting to note that H!", being union of single-valued neutrosophic soft open sets is single-valued 
neutrosophic soft open and H@’°, being intersection of single-valued neutrosophic soft closed set is single- 
valued neutrosophic soft closed. 


Theorem 5.2. Let (KX, E', xc) be a single-valued neutrosophic soft topological space on K. Let H = {T¢,,, Zc, Fey } 
be a single-valued neutrosophic soft set in yx. Then H’” is the largest single-valued neutrosophic soft open 
set contained in H. 











Proof. Obvious. 





Proposition 5.3. Let H be a single-valued neutrosophic soft set in . Then the following properties hold: 
(i) (1g)'"* = 1g. 
(ii) (Oe)°" = Or. 
——Int 


Gil) (A) = (A. 


iv) (EY? = (EP 
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Corollary 5.4. If H is a single-valued neutrosophic soft set in K, then H is single-valued neutrosophic soft 
open if and only if H/" = H and H is a single-valued neutrosophic soft closed if and only if HC’? = H. 


Definition 5.5. Let (K, E, yc) be a single-valued neutrosophic soft topological space on K and yx be a single- 
valued neutrosophic soft topology on K. Let H = {7%,,,Z¢,,, Fc, } be a single-valued neutrosophic soft open 
set in K. Then H is called a single-valued neutrosophic soft regular open if 


H= (Ole) int 


Remark 5.6. (1) Every single-valued neutrosophic soft regular is single-valued neutrosophic soft open. 
(2) Every single-valued neutrosophic soft clopen set is single-valued neutrosophic soft regular open. 


Definition 5.7. Let yx be a single-valued neutrosophic soft topology on K. Then K is called a single-valued 
neutrosophic soft super disconnected if there exists a single-valued neutrosophic soft regular open set H = 
{Tens Zen; Fey, } such that 1p # H and Op # H. But if there does not exist such a single-valued neutrosophic 
soft regular open set H such that 1_; 4 H and Qy # H, then K is called single-valued neutrosophic soft super 
connected. 


Example 5.8. Consider a K-algebra on a cyclic group of order 8 and Cayley’s table for © is given in 
Example 3.3, where G = {e,x,2?,x?,x*,x°, 2°, x"}. We have a single-valued neutrosophic soft topology 
Xx = {Oe,1e, H, J}, where H, J with a parametric set F = {1, /2} are given as: 


Cu(li) = {(e, 0.8, 0.7, 0.2), (h, 0.6, 0.5, 0.4)}, 
Cu(l2) = {(e, 0.7, 0.7, 0.2), (h, 0.6, 0.6, 0.5)}, 
Cr(l1) = {(e, 0.7, 0.7, 0.2), (h, 0.4, 0.1, 0.5) }, 
C(x) = {(e, 0.4, 0.6, 0.6), (h, 0.3, 0.5, 0.7)}, 


foralhAe eG. 
Let L be a single-valued neutrosophic soft set in K, defined by: 


(l,) = {(€, 0.9, 0.8, 0.1), (h, 0.7, 0.6, 0.4)}, 
(Ia) 


Cr(li) = { 
Cr = {(é,0.9,.0.7,0:1), (2,.0:7,.0:6;.0:4)}. 

Now, we have single-valued neutrosophic soft open sets : 02,12, H, J. 

single-valued neutrosophic soft closed sets : (0g)° = 1g, (1z)° = Op, (H)*° = H’, (J)° = J’, where H’, J’ 


are obtained as: 


Cur(li) = {(e, 0.2, 0.7, 0.8), (h, 0.4, 0.5, 0.6)}, 
Cy (lz) = {(e, 0.2, 0.7, 0.7), (h, 0.5, 0.6, 0.6)}, 
Cy(l) = {(e, 0.2, 0.7, 0.7), (h, 0.5, 0.1, 0.4)}, 
Cy (Iz) = {(e, 0.6, 0.6, 0.4), (h, 0.7, 0.5, 0.3)}, 
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for all h £ e € G. Then, interior and closure of a single-valued neutrosophic soft set L is obtained as: 


pint — 
Lee 


For L to be a single-valued neutrosophic soft regular open, then L = (L°'?)/"*. But since L = (1g)/" =1p4 
L. This shows that 1; 4 L 4 Qz is not a single-valued neutrosophic soft regular open set. By Definition 5.7, 
defined /-algebra is a single-valued neutrosophic soft super connected K -algebra. 


6 Single-Valued Neutrosophic Soft Compactness ik -Algebras 


Definition 6.1. Let yx be a single-valued neutrosophic soft topology on K. Let H be a single-valued neutro- 
sophic soft set in K . A collection = {(To,,;Zey,,Fcy,) : + © I} of single-valued neutrosophic soft sets in 
K is called a single-valued neutrosophic soft open covering of H if H C (J. A finite sub-collection of Q say 
(0) is also a single-valued neutrosophic soft open covering of H, called a finite subcovering of H. 


Definition 6.2. Let (K, E, yx) be a single-valued neutrosophic soft topological space of K. Let H be a single- 
valued neutrosophic soft set in K. Then H is called a single-valued neutrosophic soft compact if every single- 
valued neutrosophic soft open covering 2 of H has a finite sub-covering ({’). 


Example 6.3. A single-valued neutrosophic soft topological space (K, E', yx) is single-valued neutrosophic 
soft compact if either K is finite or yx 1s a finite single-valued neutrosophic soft topology on K. 


Proposition 6.4. Let f : (Ki, E,v«,) 4 (Ke, E, xx,) be a single-valued neutrosophic soft continuous map- 
ping, where (K,, F, xx) and (K2, FE, xx.) are two single-valued neutrosophic soft topological spaces of Ky 
and K2, respectively. If H is a single-valued neutrosophic soft compact in (K1, E', yx, ), then f(H) is single- 
valued neutrosophic soft compact in (K2, EF, xc). 


Proof. Let f be a single-valued neutrosophic soft continuous map from K into Ky. Let OQ = { f~!(H; :7 € I)} 
be a single-valued neutrosophic soft open covering of H and A = {H; : i € I} a single-valued neutrosophic 
soft open covering of f (H). Then there exists a single-valued neutrosophic soft finite sub-covering J f~'(H;) 


I=1 
such that 


Thus, 


© 
ll 
an 
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This shows that there exists a single-valued neutrosophic soft finite sub-covering of f(H). Therefore, f(H) is 
single-valued neutrosophic soft compact in (K2, F, yx.). 














7 Single-Valued Neutrosophic Soft Hausdorff 1 -Algebras 


Definition 7.1. Let H = {7¢,,,Z¢,,, Fc, } be a single-valued neutrosophic soft set in a K. Then H is called a 
single-valued neutrosophic soft point if, for 0 € E 


Cu(0) A On, 


and 


CH (0') — Ve ’ 
for all’ € E — {6}. A single-valued neutrosophic soft point in H is denoted by 67. 


Definition 7.2. A single-valued neutrosophic soft point 07 is said to belong to a single-valued neutrosophic 
soft set J, i.e., 04, € J if, for 0 © EF 


Gu(9) < Gu(8). 


Definition 7.3. Let (KC, FE, xc) be a single-valued neutrosophic soft topological space over K and 07, 0g be two 
single-valued neutrosophic soft points in K’. If for these two single-valued neutrosophic soft points, there exist 
two disjoint single-valued neutrosophic soft open sets H, J such that 0, € H and 6g € J. Then (K, E, xx) 
is called a single-valued neutrosophic soft Hausdorff topological space over K and K is called a single-valued 
neutrosophic soft Hausdorff /-algebra. 


Example 7.4. Consider a K-algebra K on a cyclic group of order 8 and Cayley’s table for © is given in 
Example 3.3, where G = {e,x, x7, 2°,2*,2°,27°,x2"}. Let FE = {1} and yx = {@z, 12, H, J} be a single- 
valued neutrosophic soft topological space over K’. We define two single-valued neutrosophic soft points /7,, lg 
such that 


i, = {(e,1,0, 1), (h, 0,0, L)}, 
lo = {(e,0,0, 1), (h, 0,1, 0)}. 
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Since for! € FE, ¢r(l) 4 Vz, Gg(l) Z Wn, andl, F lg, then clearly |; and lg are two single-valued neutrosophic 
soft points. Now, consider two single-valued neutrosophic soft open sets H and J defined as: 


Cr(l) (e,1,1,0), (h, 0,0, 1)}, 
Ca(1) (2.0/0.8) is Ald OV, 


for allh A e € G. Since ¢r(l) < Cu(l) and Gg(l) < ¢7(I), ie., lt € H andlg € J and HM J = Oz. Thus, 
(K, E, xx) is a single-valued neutrosophic soft Hausdorff space and K is a single-valued neutrosophic soft 
Hausdorff /-algebra. 


={ 
={ 


Theorem 7.5. Let f : (Ki, £,.1) — (Ke, E, x2) be a single-valued neutrosophic soft homomorphism. Then 
K, is a single-valued neutrosophic soft Hausdorff space if and only if K2 is a single-valued neutrosophic soft 
Hausdorff -algebra. 


Proof. Let f : (Ki, E, x1) > (Ke, E, x2) be a single-valued neutrosophic soft homomorphism and x1, x2 be 
two single-valued neutrosophic soft topologies on K; and K2, respectively. Suppose that K’; is a single-valued 
neutrosophic soft Hausdorff space. To prove that K’, is a single-valued neutrosophic soft Hausdorff K-algebra, 
Let for / € E, I, and lg be two single-valued neutrosophic soft points in x2 such that J, A Ig with u,v € Ki, 
u # v. Then for these two distinct single-valued neutrosophic soft points, there exist two single-valued neu- 
trosophic soft open sets H and J such that 1; € H,lg € J with H() J = Oz. For x € Ky, we consider 


(AG @) =f te) = { i os eee 


= (f-'())1(2)) 


Therefore, f~'(/z) = (f~'(1))z. Likewise, f~' (lg) = (f7~*(1))g. Since f is a single-valued neutrosophic soft 
continuous function from K, into Ky» and also f~' is a single-valued neutrosophic soft continuous function 
from K into K,, then there exist two disjoint single-valued neutrosophic soft open sets f(H) and f(J/) of 
single-valued neutrosophic soft points 1; and lg, respectively be such that f(H)(\f(J) = f(Oz) = Qn. 
This shows that K2 is a single-valued neutrosophic soft Hausdorff K-algebra. The proof of converse part is 
straightforward. 














Theorem 7.6. let f : K,; — K, be a bijective single-valued neutrosophic soft continuous function, where Ky 
is a single-valued neutrosophic soft compact K-algebra and K» is a single-valued neutrosophic soft Hausdorff 
kK-algebra. Then mapping f is a K, is a single-valued neutrosophic soft homomorphism. 


Proof. Let f be a bijective single-valued neutrosophic soft mapping from a single-valued neutrosophic soft 
compact K’-algebra into a single-valued neutrosophic soft Hausdorff A-algebra. Then clearly, f is a single- 
valued neutrosophic soft homomorphism. We only prove that f is single-valued neutrosophic soft closed since 
f is a bijective mapping. Let a single-valued neutrosophic soft set Q = {Tég,Ztg,;Feg} be closed in K- 
algebra K,. Now if Q = Oz, then f(Q) = Oz is single-valued neutrosophic soft closed in K2. But if Q 4 Oz, 
then being a subset of a single-valued neutrosophic soft compact K-algebra, @ is single-valued neutrosophic 
soft compact. Also f(Q) is single-valued neutrosophic soft compact, being a single-valued neutrosophic soft 
continuous image of a single-valued neutrosophic soft compact K-algebra. Hence f is closed thus, f is a 
single-valued neutrosophic soft homomorphism. 
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8 Conclusions 


In 1998, Smarandache originally considered the concept of neutrosophic set from philosophical point of view. 
The notion of a single-valued neutrosophic set is a subclass of the neutrosophic set from a scientific and 
engineering point of view, and an extension of intuitionistic fuzzy sets [32]. In 1999, Molodtsov introduced 
the idea of soft set theory as another powerful mathematical tool to handle indeterminate and inconsistent 
data. This theory fixes the problem of establishing the membership function for each specific case by giving 
a parameterized outlook to indeterminacy. By using a hybrid model of these two mathematical techniques 
with a topological structure, we have developed the concept of single-valued neutrosophic soft topological 
k-algebras to analyze the element of indeterminacy in K-algebras. We have defined some certain concepts 
such as the interior, closure, C’;-connected, super connected, compactness and Hausdorff of single-valued 
neutrosophic soft topological K’-algebras. In future, we aim to extend our notions to (1) Rough neutrosophic 
k-algebras, (2) Soft rough neutrosophic /-algebras, (3) Bipolar neutrosophic soft K-algebras, and (4) Rough 
neutrosophic /-algebras. 
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Abstract. In this paper, the idea bipolar single-valued neutrosophic (BSVN) set was introduced. We also introduce bipolar 
single-valued neutrosophic topological space and some of its properties were characterized. Comparing Bipolar single-valued 
neutrosophic sets with score function, certainty function and accuracy function .Bipolar single-valued neutrosophic weighted 
average operator (Aw) and bipolar single-valued neutrosophic weighted geometric operator (Go) were developed and based on 
Bipolar single-valued neutrosophic set, a multiple decision making problem were evaluated through an example to select the 
desirable one. 


Keywords: Bipolar single-valued neutrosophic set, bipolar single-valued neutrosophic topological space, bipolar single-valued 
neutrosophic average operator, bipolar single-valued neutrosophic geometric operator, score, certainty and accuracy functions. 


1. Introduction 

Fuzzy Logic resembles the human decision making methodology.Zadeh [39] who was considered as 
the Father of Fuzzy Logic introduced the fuzzy sets in 1965 and it is a tool in learning logical subject. He put 
forth the concept of fuzzy sets to deal with contrasting types of uncertainties. Using single value pa(x)E[0, 1], 
the degree of membership of the fuzzy set is in classic fuzzy, which is defined on a universal scale, they cannot 
grasp convinced cases where it is hard to define 1a by one specific value. 

Intuitionistic fuzzy sets which was proposed by Atanassov [2] is the extension of Zadeh’s Fuzzy Sets to 
overthrown the lack of observation of non-membership degrees. Intuitionistic fuzzy sets generally tested in 
solving multi-criteria decision making problems. Intuitionistic fuzzy sets detailed into the membership degree, 
non-membership degree and simultaneously with degree of indeterminancy. 

Neutrosophic is the base for the new mathematical theories derives both their classical and fuzzy 
depiction. Smarandache [4,5] introduced the neutrosophic set . Neutrosophic set has the capability to induce 
classical sets, fuzzy set, Intuitionistic fuzzy sets. Introduceing the components of the neutrosophic set are 
True(T), Indeterminacy(I), False(F) which represent the membership, indeterminacy, and non-membership 
values respectively.The notion of classical set, fuzzy set [17], interval-valued fuzzy set [39], Intuitionistic fuzzy 
[2], etc were generalized by the neutrosophic set. Majumdar & Samant [19] recommended the Single-valued 
neutrosophic sets (SVNSs), which is a variation of Neutrosophic Sets. Wang, et.al [38] describe an example of 
neutrosophic set and sgnify single valued Neutrosophic set (SVNs).They give many properties of Single-Valued 
Neutrosophic Set, which are associated to the operations and relations by Single-Valued Neutrosophic Sets.The 
correlation coefficient of SVNSs placed on the development of the correlation coefficient of Intuitionistic fuzzy 
sets and tested that the cosine similarity measure of SVNS is a special case of the correlation coefficient and 
correlated it to single valued neutrosophic multicriteria decision-making problems which was presented by Jun 
Ye [7]. For solving multi-criteria decision-making problems, he overworked similarity measure for interval 
valued neutrosophic set. Single valued neutrosophic sets (SVNSs) can handle the undetermined and uncertain 
information and also symbolize, which fuzzy sets and Intuitionistic fuzzy sets cannot define and finalize. 

Turksen [37] proposed the Interval-valued fuzzy set is similar as Intuitionistic fuzzy set. The concept is 
to hook the anxiety of class of membership . Interval- valued fuzzy set need an interval value [pa‘(a), waY(a)] 
with 0<j14'(a)<uaU(a)<1 to represent the class of membership of a fuzzy set A. But it is not suffient to take only 
the membership function, but also to have the non-membership function . 

Bipolar fuzzy relations was given by Bosc and Pivert [3] where a pair of satisfaction degrees is made 
with each tuple. In 1994, an development of fuzzy set termed bipolar fuzzy was given by Zhang [40].By the 
notion of fuzzy sets, Lee [16] illustrate bipolar fuzzy sets. Manemaran and Chellappa [20] provide some 
applications in groups are called the bipolar fuzzy groups, fuzzy d-ideals of groups under (T-S) norm. They also 
explore few properties of the groups and the relations. Bipolar fuzzy subalgebras and bipolar fuzzy ideals of 
BCK/BCI-algebras were researched by K. J. Lee[17]. Multiple attribute decision-making method situated on 
single-valued neutrosophic was granted by P. Liu and Y. Wang[18]. 
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In bipolar neutrosophic environment, bipolar neutrosophic sets(BNS) was developed by Irfan Deli [6] 
and et.al. The application based on multi-criteria decision making problems were also given by them in bipolar 
neutrosophic set. To collect bipolar neutrosophic information, they defined score, accuracy, and certainty 
functions to compare BNS and developed bipolar neutrosophic weighted average (BNWA) and bipolar 
neutrosophic weighted geometric (BNWG) operators. In the study, a Multi Criteria Decision Making approach 
were discussed on the basis of score, accuracy, and certainty functions, bipolar Neutrosophic Weighted Average 
and bipolar Neutrosophic Weighted Geometric operators were calculated. Fuzzy neutrosophic sets and its 
Topological spaces was introduced by I.Arockiarani and J.Martina Jency [1]. 

Positive and Negative effects count on Decision making . Multiple decision-making problems have 
gained very much attention in the area of systemic optimization, urban planning, operation research, 
management science and many other fields. Correlation Coefficient between Single Valued Neutrosophic Sets 
and its Multiple Attribute Decision Making Method given by Jun Ye [7]. A Neutrosophic Multi-Attribute 
Decision making with Unknown Weight data was investigated by Pranab Biswas, Surapati Pramanik, Bibhas C. 
Giri[30]. Neutrosophic Tangent Similarity Measure and its Application was given by Mondal, Surapati 
Pramanik [11]. Many of the authors[8-14,21,22,24-29,31,32,33,35,36] studied and examine different and 
variation of neutrosophic set theory in Decision making problems. 

Here, we introduce bipolar single-valued neutrosophic set which is an expansion of the fuzzy sets, 
Intuitionistic fuzzy sets, neutrosophic sets and bipolar fuzzy sets. Bipolar single-valued neutrosophic topological 
spaces were also proposed. Bipolar single-valued neutrosophic topological spaces characterized a few of its 
properties and a numerical example were illustrated. Bipolar single-valued neutrosophic sets were compared 
with score function, certainty function and accuracy function. Then,the bipolar single-valued Neutrosophic 
weighted average operator (Aj) and bipolar single-valued neutrosophic weighted geometric operator (Go) are 
developed to aggregate the data.To determine the application and the performance of this method to choose the 
best one, atlast a numerical example of the method was given. 


2 Preliminaries 


2.1 Definition [34]: Let X be a non-empty fixed set. A neutrosophic set B is an object having the form 
B={<x,tUp(X),On(X),¥p(x)>xEX} Where pp(x),on(x) and ya(x) which represent the degree of membership 
function , the degree of indeterminacy and the degree of non-membership respectively of each element xEX to 
the set B. 


2.2 Definition [38]: Let a universe X of discourse. Then Ans={<x,Fa(x),Ta(x)IA(x)>x€X} defined as a single- 
valued neutrosophic set where truth-membership function Ta:X—>[0,1],an indeterminacy-membership function 
I,: X—>[0,1] and a falsity-membership function Fa: X — [0,1].No restriction on the sum of Ta(x), Ia(x) and 


Fa(x), so O<sup Ta(x) <sup Ia(x) <supF a(x) <3. A =<T, I, F> is denoted as a single-valued neutrosophic number. 


2.3 Definition [23]: Let two single-valued neutrosophic number be A ;=<T), I1, Fi> and A 9=<To, Lb, F> . 
Then,the operations for NNs are defined as follows: 


i A=<1-(-T) ATER YS 

ii, At =<(T)41-(1-Ly)41-(1-Fi)> 

ii, A yt A2=<T tT, hb, 

iv. Ay. Ao<TiTylith-b,Ft+k-FiF> 


2.4 Definition [15]: Let a single-valued neutrosophic number be B ;=<Tj, 1, Fi>. Then, SNN are defined as 
i. score function s(B 1 =(T)+1- lt 1-F,)/3; 
ii. accuracy function a(B |) = T)-F:; 


iii. certainty function c (B 1)=Th. 


2.5 Definition [23]: Let two single-valued neutrosophic number be B \=<T), hh, Fi> and B ,=<T», b, F2>. The 
comparison method defined as: 


i. if (B 1)> (B 2), then Be is greater than B 2 that is, B iis superior toB 2, | denoted by B >B 2 
ii. if s(B i= s(B 2) and a(B )>a(B 2), then B iis greater than B 2, that is, By is superior to B 2, denoted by 
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Bi<B,. 

1L.if s( B j= s(B 2) and a(B )=a(B 2) and o(B 1) >(B 2), then B 1 is greater than B 2, that is, B 1 1s Superior 
to Bs denoted by B By 

iv.if s(B p= s(B 2) and a(B )=a(B 2) and (B )=o( B 2), then B 11s equal to B 2, that is, B 1 is indifferent 
to Bs denoted by B = Bs, 


2.6 Definition [6]: In X, a bipolar neutrosophic set B is defined in the form 

B=<x, (T*(x), I*(x), F*(x), T(x), I(x), F(x)):xEX> 
Where T*, I’, F*: X— [1, 0] and T , I~, F: X [-1, 0].The positive membership degree denotes the truth 
membership T*(x), indeterminate membership I* (x) and false membership F* (x) of an element xEX 
corresponding to the set A and the negative membership degree denotes the truth membership T’(x), 
indeterminate membership I(x) and false membership F(x) of an element x€ X to some implicit counter- 
property corresponding to a bipolar neutrosophic set . 


2.7 Definition [39, 2]: Each element had a degree of membership (T) in the fuzzy set . The Intuitionistic fuzzy 
set on a universe, where the degree of membership un(x) €[0,1] of each element xEX to a set B, there was a 
degree of non-membership va(x)E[0,1],such that V xEX, u(x) + v a(x) <1. 


2.8 Definition [15, 20]: Let a non-empty set be X. Then, Bar= {<x, p°a(x), wa(x)>: x€X}is a bipolar-valued 
fuzzy set denoted by Bur ,where pt*p: X — [0, 1] and pp: X — [0, 1]. The positive Membership degree p*p(x) 
denotes the satisfaction degree of an element x to the property corresponding to Bgr and the negative 
membership degree [1p (x) denotes the satisfaction degree of x to some implicit counter property of Bsr. 


In this section, we give the concept bipolar single-valued neutrosophic set and its operations. We also 
developed the bipolar single-valued neutrosophic weighted (A..) average operator and geometric operator (Gu). 
Some of it is quoted from [2, 5, 7, 10, and 14]. 


3. Bipolar single-valued Neutrosophic set(BSVN): 


3.1 Definition : A Bipolar Single-Valued Neutrosophic set (BSVN) S in X is defined in the form of 

BSVN (S) =<v,(Tssvn*, T Bsvn ),([Bsvn’,[Bsvn’),(FBSVN’,F BSVN ):VEX> 
where (Tasvn’, [psvn’,Fasvn’):X—>[0, 1] and (Tgsvn’,Ipsvn’,Fasvn’):X— [-1,0] .In this definition, there Tpsvn’ and 
Tasvn are acceptable and unacceptable in past. Similarly Igsvn* and Ipsvn are acceptable and unacceptable in 
future. Fgsvn* and Fgsvw are acceptable and unacceptable in present respectively. 


3.2 Example : Let X={s1,s2,s3}.Then a bipolar single-valued neutrosophic subset of X is 


<s,,(0.1,-0.1),(0.2,-0.3),(0.3,-0.5) > 
s-4<s,,(0.2,-0.3),(0.4,-0.4), (0.6,-0.5) > 
< 53,(0.2,—0.8),(0.6,-0.4),(0.7,-0.7) > 


3.3 Definition : Let two bipolar single-valued neutrosophic sets BSVNi(S) and BSVN2(S) in X defined as 
BSVN; (S)=<v,(Tpsvn*(1), Tasvn(1)),(psvn*(1),Ipsvn(1)),(Fesvn*(1),Fesvn(1)):vEX> and 
BSVN2(S)=<v,(Tssvn’ (2), Tasvn (2)),(Ipsvn (2), Ipsvn (2)),(Fasvn (2),Fasvn (2)):vEX>. Then the operators 
are defined as follows: 
(i) Complement 
BSVN‘“(S)= {< v,(1-Tgsvn’), (-1-Tpsvn’), (1-Isvn’), (-1-Ipsvn’), (1-Fasvn*), (-1-Fasvn’): VEX >} 


(ii) Union of two BSVN 
BSVN,(S) U BSVN)(S) = 


max(Tysyn(1),Tgsvn(2)), min psyy 1), Lpsyy(2)),min( Fasyy 1), Fgsvy (2)) 
max(Tasyy W)-Tasyy(2)), min psy), asyw(2)), min Fasyy (1), Fasry(2)) 
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(iii) Intersection of two BSVN 


BSVN,(S) NBSVN.(S) = 
Beak one ea mee teo 
MIN(Tysyy (1), Tgsyy (2)),max(Tpsyy (1), Lpsyy(2))max( Froyy (Ll), Fgspy (2) 


3.4 Example : Let X={s),s2,s3}.Then the bipolar single-valued neutrosophic subsets S; and S2 of X, 


<s,,(0.1,-0.1),(0.2,-0.3), (0.3,-0.5) > <s,,(0.2,-0.1),(0.3,-0.5),(0.4,-0.5) > 
S:=4<s,,(0.2,-0.3),(0.4,-0.4),(0.6,-0.5) > $ and $:=4< 5,,(0.3,-0.3),(0.3,-0.5), (0.4,-0.6) > 
< 8;,(0.2,-0.8),(0.6,—-0.4),(0.7,-0.7) > < 8,,(0.5,—-0.3),(0.6,-0.3),(0.8,-0.7) > 


<s,,(0.9,-0.9), (0.8,—-0.7), (0.7,—0.5 > 
(1) Complement of S; is S$} =4< s,,(0.8,—0.7), (0.6,—0.6), (0.4,—0.5 > 
<s,,(0.8,—0.2),(0.4,—0.6), (0.3,—0.3 > 
<s,,(0.2,—0.1),(0.2,—0.5), (0.3,—0.5 > 
(ii) Union of S; and S2 is S}US2= 4 < s,, (0.3,—0.3), (0.3,—0.5), (0.4,—0.6) > 
<s;,(0.5,—0.3), (0.6,—0.4), (0.7,—0.7) > 
<s,,(0.1,—0.1), (0.3,—0.3), (0.4,—0.5) > 
(iii) Intersection of S; and Sz is $:NS2=4 < s,,(0.2,—0.3), (0.4,—0.4), (0.6,—0.5) > 
<s;,(0.2,—0.8),(0.6,—0.3), (0.8,—0.7) > 


3.5 Definition : Let two bipolar single-valued neutrosophic sets be BSVNi(S) and BSVN2(S) in X defined as 
BSVNi(S)=<v,(Tasvn (1), Tasvn(1)), (Issn (1),Ipsvn'(1)),(Fesvn'(1),Fasvn(1)):veX> and 
BSVN2(S)=<v, (Tasvy"(2),Tasvw'(2)),(Ipsvn"(2),Ipsvn'(2)), (Fasvn"(2),Fasvy (2)):vEX>. 


Then S)=S) if and only if 


Tasvn’ (1) = Tasvn'(2) , Issvn*(1) = Insvn*(2) , Fasvn*(1) = Fesvn'(2) 
Tpsvn (1) = Tpsvn (2) : Igsvn (1) = Igsvn (2) 5 Fasvn (1) = Fasvn (2) for all vEX. 


3.6 Definition : Let two bipolar single-valued neutrosophic sets be BSVN; and BSVN> in X defined as 
BSVNi(S)=<v,(Tasvn (1), Tasvn(1)), (Issn (1),Issvn'(1)),(Fesvn’(1),Fasvn(1)):veX> and 
BSVN2(S)=<v, (Tasvn'(2),Tasvn (2)),(Iasvn (2), [asvn(2)), (Fasvn“(2),Fasvn (2)):VEX>. 

Then S;SS> if and only if 


Tasvn'(1) S Tasvn'(2) , Ipsvn*(1) = Ipsvn*(2) , Fasvn*(1) > Fasvn'(2) 5 
Tpsvn (1) < Tpsvn (2) ; Igsvn (1) > Igsvn (2) 3 Fpsvn (1) = Fpsvn (2) for all vEX. 


4. Bipolar single-valued Neutrosophic Topological space: 


4.1 Definition : A bipolar single-valued neutrosophic topology on a non-empty set X is a t of BSVN sets 
satisfying the axioms 


(i) Opsvn, lasvn € T 
(i) S; NS: €7t for any S1,S2 ET 
(iii) US; € t for any arbitrary family {Sj :i€ j} Et 
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The pair (X,t) is called BSVN topological space. Any BSVN set in t is called as BSVN open set in X. The 
complement S° of BSVN set in BSVN topological space (X,t) is called a BSVN closed set. 


4.2 Definition : Null or Empty bipolar single-valued neutrosophic set of a Bipolar single-valued Neutrosophic 
set S over X is said to be if <v, (0, 0), (0, 0), (0, 0)> for all vEX and it is denoted by Ogsvn. 


4.3 Definition : Absolute Bipolar single-valued neutrosophic set denoted by Ipsvn of a Bipolar single-valued 
Neutrosophic set S over X is said to be if <v, (1,-1), (1,-1), (1,-1)> for all vEX. 


4.4 Example : Let X={sj,s2,s3} and t= {Ogsvn, lpsvn,P,Q,R,S}Then a bipolar single-valued neutrosophic subset 
of X is 


< 5,,(0.3,-0.5),(0.4,-0.2),(0.5,-0.3) > <s,,(0.5,-0.2),(0.5,-0.2),(0.3,-0.2) > 
P=4<5,,(0.3,-0.6),(0.7,-0.1),(0.4,-0.4)>$ — Q=1<5,,(0.3,-0.4),(0.4,-0.2),(0.4,-0.2) > 
< 5;,()0.2,-0.7, (0.4,-0.3),(0.4,-0.1) > <8;,(0.3,-0.2),(0.4,-0.3),(0.4,-0.4) > 
<s,,(0.5,-0.2),(0.4,-0.2),(0.3,-0.3) > <8,,(0.3,-0.5),(0.5,-0.2),(0.5,-0.2) > 
R=4< 85,(0.3,-0.4),(0.4,-0.2),(0.4,-0.4) >$ — s=4.< s,,(0.3,-0.6),(0.7,—0.1),(0.4,-0.2) > 
<8;,(0.3,-0.2),(0.4,-0.3),(0.4,-0.4) > < 83, (0.2,-0.7),(0.4,-0.3),(0.4,-0.1) > 


Then (X,t) is called BSVN topological space on X. 


4.5 Definition : Let (X,t) be a BSVN topological space and 


BSVN (S) =<v, (Tasvn’, Tasvn), (Ipsvn’Ipsvn’),(Fasvn’>Fpsvn’):VEX> be a BSVN set in X. Then the closure and 
interior of A is defined as 


Int (S) = U {F: F isa BSVN open set (BSVNOs) in X and FSS} 

Cl (S)=/ {F: F isa BSVN closed set (BSVNCs) in X and SCF}. 
Here cl(S) is a BSVNCs and int (S) is a BSVNOs in X. 

(a) S isa BSVNCs in X iff cl (S) =S. 

(b) S isa BSVNOs in X iff int (S) =S. 


4.6 Example : Let X={s1,s2,s3} and t={Opsvn, lpsvn,P,Q,R,S}. Then a bipolar single-valued neutrosophic subset 
of X is 


<s,,(0.3,-0.5),(0.4,—0.2),(0.5,-0.3) > <s,,(0.5,-0.2),(0.5,-0.2),(0.3,-0.2) > 
P=4< 5,,(0.3,-0.6),(0.7,-0.1),(0.4,-0.4) > $Q=3< s,,(0.3,-0.4),(0.4,-0.2), (0.4,-0.2) > 
<s,,(0.2,-0.7),(0.4,-0.3),(0.4,-0.1) >|} [<.s,,(0.3,-0.2),(0.4,-0.3), (0.4,-0.4) > 


<s,,(0.5,-0.2),(0.4,-0.2),(0.3,-0.3)>] — [<s,,(0.3,-0.5),(0.5,-0.2),(0.5,-0.2) > 

R=2<5,,(0.3,-0.4),(0.4,-0.2), (0.4,-0.4) >$S=4<s,,(0.3,-0.6),(0.7,-0.1),(0.4,-0.2) > 
<s,,(0.3,-0.2),(0.4,-0.3),(0.4,-0.4)>] — [<.s,,(0.2,-0.7),(0.4,-0.3),(0.4,-0.1) > 
< §,,0.7,0.3,0.3,-0.5,-0.2,-0.4 > 

T= <5,,0.6,0.6,0.3,-0.3,-0.5,-0.5 > 


<85,0.5,0.2,0.3,-0.5,-0.5,-0.6 >) a 0, inucT)=P and cl(T)=Lecvn 


4.7 Proposition : Let BSVNTS of (X,t) and S,T be BSVN’s in X. Then the properties hold: 
i. int(S)&Sand S Scl(S) 
ii. SE T >int(S) € int(T) 
SE T >cl(S) & cl(T) 
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iii. int(int(S))=int(S) 
cl(cl(S))=cl(S) 

iv. int(SOT)=int(S)Nint(T) 
cl(SUT)=cl(S)Ucl(T) 

v.  int(1psvn)=lBsvn 
cl(Ogsvn)=Opsvn 


Proof: The proof is obvious. 


4.8 Proposition : Let BSVN sets of S's and T in X, then Si€T for each i€J=> (a). USiST and (b). T & NSi. 
Proof: (a).Let SiSB (i.e) SiG B, S2GB,....., SaGB. 


=> {Tasvn (S1) S Tasvn’(T) , Tasvn(S1) S Tasvn(T) , Ipsvn'(S1) = Ipsvn'(T) , Ipsvn'(S1) > Issvn(T), 
Fegsvn (S1) > Fasvn‘(T) , Fesvn(S1) = Fasvn(T) ,Tasvn*(S2) S Tasvn*(T) , Tasvn(S2) < Tasvn(T) , 
Issvn' (S2)>Ipsvn'(T),Ipsvn (S2)>I8svn (T),Fesvn (S2)>Fasvn’(T),Fesvn(S2)>F svn (1)... cccceseseeseeeeees ; 
Tasvn'(Sn)S Tasvn'(T), Tasvn (Sn) S Tasvn(T) , Issvn*(Sn) > Issvn*(T) , Issvn'(Sn) = Insvn(T), 
Fgsvn (Sn) > Fpsvn*(T) , Fasvn(Sn) > Fasvn(T) } 


=>max{(Tpsvn'(S1), Tasvn (S2) ,..-s 1Bsvn (Sn)),( Tasvn(S1) ,Tasvn(S2) 5.5 T3svn (Sn) )}<(Tasvn'(T), Tasvn(T)) 
min{(Ipsvn’(S1) ,Ipsvn‘(S2) ,...,[Bsvn’(Sn) ), Upsvn(S1) ,Ipsvn(S2) ,...,IBsvn'(Sn) )} > (Issvn*(T) ,Ipsvn(T)) 
min{(Fssvn’(S1) ,Fesvn’(S2) ,...,F svn’ (Sn)),(Fasvn (S1),F Bsvn (S2) ,...sFBsvn(Sn) )} > (Fasvn'(T),Fesvn(T)) 


where UA; = <x, max {(Tssvn’(S1), Tssvn’(S2) yey TBSVN (Sn) ),( Tpsvn (S11) »TBsvn (S2) y+) LBSVN (Sn) y} 
min {(Igsvn’(S1) ,I[ssvn*(S2) ,-.-,IBsvn*(Sn) ), (Issvn(S1) JIpsvn(S2) ,---,IBsvn (Sn) )} 
min {(Fgsvn'(S1) .Fesvn (S2) ,...,FBsvn'(Sn) ), (Fasvn(S1) .Fasvn (Sz) ,...5FBsvn(Sn) )} > 
*, US; S T .Hence proved. 


(b)Let TES; (ie) TESi, TES», ... TES. 


>< Trasvn(T) < Tasvn'(S1) , Tasvn(T) S Tasvn(Si) , Ipsvn'(T) = Ipsvn*(Si) , Ipsvw(T) = Issvn(Si), 
Fgsvn (T) > Fasvn (Si) , Fasvn(T) = Fesvn (Si) , Tasvn*(T) S Tasvn'(S2) , Tasvn(T) S Tasvn(S2), 

Issvn'(T) = Issvn’(S2) , Insvn((T) = Issvn (S2),Fasvn'(T) = Fgsvn‘(S2) »Fasvn(T) = Fasvn(S2) 5...-.2:eeeeeeee ees ; 
Tasvn'(T)S Tasvn‘(Sn) , Tasvn(T) S Tasvn( Sn) ,Ipsvn'(T) = Ipsvn*( Sn) , Ipsvw(T) = Isvn( Sn), 

Fesvn (T) > Fasvn (Sn) , Fasvw(T) = Fasvn( Sn) }> 


=>(Tpsvn'(T),Tasvn (T)) < min {(Tpsvn (S1), Tasvn (S2) ,...5 1Bsvn (Sn) ),( Tasvn'(S1) , Tasvn(S2) 5.5 TBsvn (Sn) )} 
(Insvn'(T) ,Issvn(T)) = max {( Ipsvn*(S1) ,Ipsvn*(S2) ,...,Ibsvn*(Sn) ), (Issvn'(S1) JIpsvn(S2) ,.--,[Bsvn(Sn) )} 
(Fpsvn*(T),Fasvn (T))= max {(Fasvn (Si) ,Fasvn‘(S2) ,.--;Fsvn*(Sn) ),(Fasvn (S1) ,Fasvn(S2) 5... Fasvn(Sn))} 


Where NA= <x, min {(Tssvn'(S1), Tasvn’(S2) yess TBSVN (Sn) ),( Tpsvn (S1) »T Bsvn (S2) y+) LBSVN (Sn) y} 
max {(Ipsvn*(S1) ,Ipsvn*(S2) ,...,JBsvn*(Sn) ), Upsvn(S1) [svn (Sz) ,..-JBsvn (Sn) )} 
max {(Fasvn '(S1) ,Fesvn’(S2) ,...,FBsvn'(Sn) ), (Fasvn'(S1) ,Fasvn (S2) ,.--sF svn (Sn) )} > 
.. T&S; .Hence proved. 


4.9 Proposition : Let S;'s and T are BSVN sets in X then (i). (US)° = NS¥, (i). (AS)°= US and 

(iii). (S°)°=S. 

Proof: (i) Let US; = <x, max {(Tssvn'(S1), Tssvn’(S2) yey TBSVN (Sn) ),( Tasvn(S1) , Tasvn (Sz) ,..; Tasvn(Sn)) } 
min {(Ipsvn'(S1) ,Ipsvy"(S2) ,...,[8svn'(Sn) ), (Ipsvy'(S1) ,Ipsvn(S2) ,---,[esvn'(Sn) )} 
min {(Frsvn’(S1) .Fasvw’(S2) ,....Fasvy"(Sn) ),(Fasvn(S1) .Fasvn (Sz) ..-.Fasvn(Sn))} > 


(USi)° = <x,min{(1-Tpsvn’(S:), ] -Tasvn’(S2) oi -Tpsvn (Sn) )(- ]- Tpsvn (S11) wl -Tasvn (S2) geg7l- Tasvn (Sn))} 
max {d -Ipsvn*(S1) wl -Ipsvn‘(S2) eyasel -Ipsvn‘(Sn) ), (- ] -Ipsvn (S1) wl -Ipsvn (S2) geval -Ipsvn (Sn))} 
max {(1-Fgsvw'(S1) ,1-Fasvn’(S2) ,..,1-Fasvn (Sn) ), -1-Fasvn(S1) .-1-Fasvn(S2) ,..-1-Fasvw(Sn)) > 


Si'= <x,(1-Tasvy"(S1), 1- Tasvn*(S2) ,...,1-Tasvn"(Sn) ),¢1- Tasvw'(S1) 5-1-Tasvw’(S2) ,...-1-Tasvn (Sn) 
(1-Issvn*(S1) ,1-Ipsvn*(S2) os .)1-Ipsvn*(Sn) ), (-1-Ipsvn(S1) ,-1-Insvn (S2) oe .-1-Igsvn (Sn) ) 
(1-Fgsvn‘(S1) ,1-Fpsvn*(S2) ar .)1-Fesvn*(Sn) ), (-1-Fasvn(S1) ,-1-Frsvn(S2) yield .,-1-Fpsvn(Sn)> 
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NS = <x,min {(1-Tasvn‘(S:),1-Tasvn*(S2) eo ),(-1- Tasyn(S1) ,-1-Tasvn(S2) ae yb 
max {(1-Ipsvn*(S1) , -Ipsvn*(S2) ,...,1-Ipsvn“(Sn) ), C1-Issvn (Si) ,-1-Ipsvw (Sz) ,...,-1-Ipsvw (Sn) )} 
max {(1-Fpsvn’(S1) ,1-Fasvn‘(S2) ,. nh Fgsvn (Sn) ), (-1-Fasvn (Si) ,-1-Faswn" (S») , y-97 L-FBsvn (Sn) }> 


wana nn nnn nn enna >(2) 
From (1) and (2), (USi)° = NSi*° .Hence proved. 


(11). Similar as proof of (i). 


(iii). Let S=< (Tasvn*(S),Tasvn(S)), (Issvn’(S), Issvn(S)),(Fasvn (S), Fasvn(S))> be a BSVN set in X, then 
So=< (1-Tgsvn*(S), -1-Tpsvn(S)),(1-Ipsvn‘(S), -1-Insvn(S)),(1-Fasvn'(S), -1-Fgsvn(S)> 

(S°)°= < (Tasvy'(S), Tasv'(S)),(ssvn'(S), Insvn(S)),(Fasvn"(S), Fasvy(S))> 

(S°)° = S. Hence proved. 


5. Bipolar single-valued Neutrosophic Number (BSVNN) 


5.1 Definition : Let two bipolar single-valued neutrosophic number(BSVNN) be 
S 1=<Tgsvn‘(1), Tasvn (1)),(zsvn'(1),Iesvn'(1)),(Fasvn’(1),Fasvn(1)> and 
Ss 2=<Tpsvn'(2), Tpsvn (2)), (Ipsvn‘(2), Igsvn (2)), (Fpsvn’ (2), Fgsvn (2)> . Then the operations are 
i. AS 1=<1-(1-Tasvy*(1))*, -(-Tasvn'(1))*, (Issvn“(1))*, -Clasvn(1))*, (Fesvn*(1))*, -(-(1-(-Feswn'(1))))> 
ii, 5 =<(Tasvn"(1))s -(1-(--Tasvw'(D)))), 14(1-Iesvn*())*, -Clasvw'()) 1-(1-Fasyn*(1))*, -(-Fasvw(1))> 
iii. ‘SS 1+5 2=<Tpsvn‘(1)+ Tasvn’(2)- Tasvn‘(1) Tasvn‘(2),- Tasvn'(1) Tasvn (2), 
Igsvn'(1) Issvn‘(2), - (- Issvw’ (1) - Insvw'(2) - Issvw'(1) Insvy'(2)), 
Fgsvn’ (1) Fasvn* (2), -(- Fasvy'(1) - Fasvn(2) - Fasvn (1) Fasvn(2))> 
iv. S 1. S 2=<Tpsvn'(1) Tasvn‘(2),-(- Tasvn(1)- Tasvn'(2)- Tasvn'(1)Tasvn (2), 
Issvn’(1)+ Ipsvn*(2)- Ipsvn‘(1) Ipsvn*(2),- Ipsvw'(1) Issvn (2), 
Fepsvn‘(1)+ Fasvn'(2)- Fasvn‘(1) Fasvn*(2),- Fasvn(1) Fasvn(2)> 


5.2 Definition : Let a bipolar single-valued neutrosophic number(BSVNN) be 

S 1=<Tpsvn‘(1),Tasvn'(1)),(ssvn*(1),Ipsvw(1)),(Fasvn*(1),Fasvw(1)>. Then 
i. score function: s( Ss L)=( Tasvn’(1)+1- Ipsvn*(1)+1- Fasvn*(1)+1+Tasvn(1)- Ipsvn(1)-Fasvn'(1))/6 
ii. accuracy function: a(S d= Tasvn’(1)-Fesvn*(1)+Tpsvn (1)-Fesvn (1) 
iii. certainty function : c('5 1)= Tasvn*(1)-Fasvn*(1) 





5.3 Definition : The two bipolar single-valued neutrosophic numbers (BSVNN) are compared 
S 1=<Tpsvy‘(1),Tasvy(1)),(lasvn“(1),Iasvw'(1)),(Fasvn“(1),Fesvn'(1)> 
s =< Tasvn' (2), Tasvn (2)),(Ipsvn (2), Ipsvn'(2)), (Fasvn (2),Fasvn (2)> can be defined as 


i. Ifs(S 1)>s(S 2), S 1 is superior to § 2,(i.e.) S 1 is greater than § > denoted as § 1>S 2. 

ii. Ifs(S 1)=s(S 2) and § (5 1)> S (S 2), S 1i8 Superior to § 2,(i.e.) S 1 is greater than § 2 denoted as 

Si< 82. 

iii. Ifs('S 1)=s(S 2) and § (S 1)= S (S 2) andc(S 1)>c(S 2), S 1is greater than § 2,thatis S ; is superi- 
or to § 2,denoted as § 1>5 1. 

iv. Ifs(S 1)=s(S 2) and § (S 1)=S (S 2) andc(S 1)=c(S 2), S 1is equal tos 2,thatis S is indifferent 
to 5 > denoted as 5 1=5 1. 





5.4 Definition : Let a family of bipolar single-valued neutrosophic numbers(BSVNN) be ‘§ j=<Tssvn‘(j), 
Tasvn (j)),(Issvn*(j),[psvn’(Gj)),(Fasvn Gj), F svn G)>G=1,2,3,. : .n). A mapping re ‘Fi F is called bipolar 
single-valued Neutrosophic weighted average (BSVNWA.,) operator if satisfies 
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Aol 5.5) 55 5, = DY aS) = < 1-T]A-Tosw'@) 8%, -[] CTaswi) @7, [] Insw') ®7, 
j=l j=l j=l j=l 


“U-[] d-Clswy 1), [] Fesw'@) @.-d-]] C-C Fasw)) @1> 
j=l 


Jal Jal 


= 


Here j is the weight of 5; G=1,2,...n), y @=1 and w€[0, 1]. 
jel 


5.5 Definition : Let a family of bipolar single-valued neutrosophic numbers(BSVNN) be =<Tgsvn'(j), 


Tssvn (j)),(Issvn*(j),[psvn'(j)),(Fasvn (Gj), F svn G)>G=1,2,3,. F .0) LA mapping Go:Fr—F is called bipolar 
single-valued neutrosophic weighted geometric(BSVNWG.,) operator if it satisfies 


Go (5,554 5,° [] 5; C= <]] Tes’) 2 .-d- ]] d-CTasw@) ®), 


Jal jal Jal 


1-[] CAs (7, -P] © tasvw)) @7,1-] ] C- Fasvn'() @7,-[] C Fasvn) @v> where 0 is the 
j=l j=l 


Jal Jal 


weight of 5; (j=1,2,...n), }) @=l and @€[0,1]. 
j=l 


5.6. Decision making problem: 


Here, with bipolar single-valued neutrosophic data, we develop decision making problem based on A,, operator 
Suppose the set of alternatives is S = {S1,So,...Sm} and the set of all criterions (or attributes) are 


G= {G,G),....,Gn}.Let =(@1,02,....@n)' be the weight vector of attributes such that yy @=1 and >= 0 
jal 


(j=1,2,...n) and @; assign to the weight of attribute G;.An alternative on criterions is calculated by the decision 
maker and the assess values are represented by the design of bipolar single-valued neutrosophic numbers. 


Assume the decision matrix (5 ym X n =(<Tpsvn (ij), Tasvn (ij)),(Issvn’ (ij), Ipsvn (ij)),(Fasvn’ (ij), F asvn (ij)>)mxn 
contributed by the decision maker, for Alternative S; with criterion G; ,the bipolar single-valued neutrosophic 
number is 5 ij: The conditions are Tgsvn‘(ij), Tasvn (ij), Issvn (ij), [ssvn (ij),F svn (ij),F psvn (ij) € [0,1] such that 
0< Tasvn' (ij) -Tpsvwn (ij) +Ipsvn' (ij) -Ipsvn (ij) +Fgsyn (ij) -Fgsvn (ij) < 6 for 1=1,2,3,...m and j=1,2,...n. 


Algorithm: 
STEP 1: Construct the decision matrix by the decision maker. 

(S i)mX n =(<Tasvy’ (ij), Tasvn (ij)),(Ipsvn’ (ij) Lpsvw (ij)),(Fsvn’(ij),F svn (ij)>)mxn 
STEP 2: Compute § =A.(5 ii, S 25... S in) for each i=1,2,....m. 


STEP 3: Using the set of overall bipolar single-valued neutrosophic number of § ; (i=1,2,...m),calculate the 
score values § (S ) 


STEP 4: Rank all the structures of § ;(i=1,2,...m) according to the score values. 


Example (5.7): A patient is intending to analyze which disease is caused to him. Four types of diseases 
Si(i=1,2,3,4) are Cancer, Asthuma, Hyperactive, Typhoid. The set of symptoms are G,=cough, 
Go=Headache,G3=stomach pain,G4=blood cloting. To evaluate the 4 diseases (alternatives) Si(i=1,2,3,4) under 
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the above four symptoms(attributes) using the bipolar single-valued neutrosophic values.The weight vector of 


the attributes Gj (j=1, 2, 3, 4) is @= (0.25,0.35,0.20,0.20) *. 


STEP 1: The decision matrix provided by the patient is constructed as below: 
































Si /G; Gi G G3 Gs 

Si; (0.3,-0.5)(0.4,-0.4) (0.3,-0.3)(0.5,-0.2) (0.6,-0.4)(0.4,-0.3) (0.1,-0.3)(0.6,-0.4) 
(0.4,-0.2) (0.3,-0.4) (0.3,-0.5) (0.5,-0.3) 

S; (0.3,-0.4)(0.7,-0.5) (0.1,-0.3)(0.2,-0.4) (0.3,-0.5)(0.2,-0.4) (0.4,-0.2)(0.2,-0.3) 
(0.4,-0.5) (0.3,-0.5) (0.1,-0.3) (0.1,-0.2) 

S3 (0.3,-0.4)(0.4,-0.5) (0.1,-0.2)(0.2,-0.3) (0.5,-0.4)(0.4,-0.5) (0.1,-0.3)(0.2,-0.4) 
(0.5,-0.6) (0.3,-0.4) (0.5,-0.6) (0.3,-0.6) 

Si (0.3,-0.2)(0.2,-0.1) (0.3,-0.1)(0.4,-0.2) (0.2,-0.3)(0.4,-0.7) (0.1,-0.3)(0.2,-0.5) 
(0.1,-0.2) (0.5,-0.3) (0.7,-0.8) (0.3,-0.7) 








STEP 2: Compute § =Ao(S i, 5 2, S 3, S ia) for each i=1,2,3,4; 


5 1=<(0.3,-0.4) (0.5,-0.3) (0.4,-0.4)> 

5 2=< (0.2,-0.3) (0.3,-0.4) (0.2,-0.4)> 

5 3=< (0.2,-0.3) (0.3,-0.4) (0.4,-0.5)> 

S 4=< (0.2,-0.2) (0.3,-0.4) (0.3,-0.5)> 
STEP 3: The score value of 5 (5 ,) G=1, 2, 3, 4) are computed for the set of overall bipolar single-valued 
neutrosophic number . 

S (8 ,)=0.45 

S (8 ,)=0.53 

S (5 ,=0.51 

S (S 0.55 
STEP 4: According to the score values rank all the software systems of S; (i=1, 2, 3, and 4) 


S4>82>S83>S1 
Thus Sy is the most affected disease (alternative) . Typhoid(S4) is affected to him. 


Conclusion: 

In this paper, bipolar single-valued neutrosophic sets were developed. Bipolar single-valued 
neutrosophic topological spaces were also introduced and characterized some of its properties. Further score 
function, certainty function and accuracy functions of the Bipolar single-valued neutrosophic were given. We 
proposed the average and geometric operators (A. and Go) for bipolar single-valued neutrosophic information. 
To calculate the integrity of alternatives on the attributes taken, a bipolar single-valued neutrosophic decision 
making approach using the score function, certainty function and accuracy function were refined. 


Reference: 
[1] I.Arockiarani and J.Martina jency(2014), More on fuzzy neutrosophic sets and fuzzy neutrosophic topological 
spaces, International Journal of Innovative Research and Studies,3(5), 643-652. 


[2] K.Atanassov(1986), Intuitionistic Fuzzy sets, Fuzzy sets and systems, , 20,87-96. 

[3] P. Bosc, O. Pivert (2013), On a fuzzy bipolar relational algebra, Information Sciences, 219,1—16. 

[4] Florentin Smarandache(2002),Neutrosophy and Neutrosophic Logic,First International Conference on 
Neutrosophy , Neutrosophic Logic , Set, Probability, and Statistics University of New Mexico, Gallup, NM 87301, 
USA. 

[5] Florentin Smarandache(1999),A Unifying Field in Logics: Neutrosophic Logic. Neutrosophy, Neutrosophic Set, 


Neutrosophic Probability.American Research Press, Rehoboth, NM. 


[6] Irfan Delia, Mumtaz Ali and Florentin Smarandache(2015), Bipolar Neutrosophic Sets and Their Application 


Mohana , Christy and Florentin Smarandache , On Multi-Criteria Decision Making problem via Bipolar Single- 
Valued Neutrosophic Settings 





134 


Neutrosophic Sets and Systems, Vol. 25, 2018 





[10] 


[11] 


[12] 


[13] 


[14] 


[15] 


[16] 


[17] 


[18] 


[19] 


[20] 


[21] 


[22] 


[23] 


Based on Multi-Criteria Decision Making Problems, Proceedings of the 2015 International Conference on 
Advanced Mechatronic Systems, Beijing, China, August, 22-24, 249-254. 


Jun Ye(2013), Another Form of Correlation Coefficient between Single Valued Neutrosophic Sets and Its Multiple 
Attribute Decision Making Method, Neutrosophic Sets and Systems, 1, 8-12. doi.org/10.528 1/zenodo.571265 


Jun Ye and Qiansheng Zhang(2014), Single Valued Neutrosophic Similarity Measures for Multiple Attribute 
Decision-Making, Neutrosophic Sets and Systems, 2,48-54. doi.org/10.528 1/zenodo.571756 


Jun Ye, Florentin Smarandache( 2016) , Similarity Measure of Refined Single-Valued Neutrosophic Sets and Its 
Multicriteria Decision Making Method, Neutrosophic Sets and Systems, 12,41-44. 
doi.org/10.5281/zenodo.571146 


Kalyan Mondal, Surapati Pramanik(2015), Neutrosophic Decision Making Model of School Choice, Neutrosophic 
Sets and Systems,7,62-68. doi.org/10.528 1/zenodo.571507 


Kalyan Mondal, Surapati Pramanik(2015) Neutrosophic Tangent Similarity Measure and Its Application to 
Multiple Attribute Decision Making, Neutrosophic Sets and Systems,  vol.9, 80-87. 
doi.org/10.528 1/zenodo.571578 


Kalyan Mondal, Surapati Pramanik(2015) Neutrosophic Decision Making Model for Clay-Brick Selection in 
Construction Field Based on Grey Relational Analysis, Neutrosophic Sets and Systems,9,64-71. 
doi.org/10.5281/zenodo.34864 


Kalyan Mondal, Surapati Pramanik, Bibhas C. Giri(2018), Single Valued Neutrosophic Hyperbolic Sine Similarity 
Measure Based MADM Strategy, Neutrosophic Sets and Systems,20,3-11. 
http://doi.org/10.528 1/zenodo. 1235383 


Kalyan Mondal, Surapati Pramanik, Bibhas C. Giri(2018), Hybrid Binary Logarithm Similarity Measure for 
MAGDM Problems under SVNS_ Assessments, Neutrosophic Sets and  Systems,vol.20,12-25. 
http://doi.org/10.528 1/zenodo. 1235365 


M. K. Kang and J. G. Kang(2012), Bipolar fuzzy set theory applied to sub-semigroups with operators in 
semigroups. J. Korean Society Mathematical Education Series B: Pure and Applied Mathematics, 19(1), 23-35. 


K. M. Lee(2000), Bipolar-valued fuzzy sets and their operations. Proceedings in International Conference on 
Intelligent Technologies, Bangkok, Thailand ,307-312. 


K. J. Lee(2009), Bipolar fuzzy subalgebras and bipolar fuzzy ideals of BCK/BClI-algebras, Bulletin of the 
Malaysian Mathematical Sciences Society, 32(3) 361-373. 


P. Liu and Y. Wang (2014), Multiple attribute decision-making method based on single-valued neutrosophic 
normalized weighted Bonferroni mean, Neural Computing and Applications, 25( 7-8) 2001-2010. 


P.Majumdar, & S.K.Samant (2014). On similarity and entropy of neutrosophic sets. Journal of Intelligent and 
fuzzy Systems,26, 1245-1252. 


S.V. Manemaran and B. Chellappa, Structures on Bipolar Fuzzy Groups and Bipolar Fuzzy D-Ideals under (T, S) 
Norms, International Journal of Computer Applications, 9(12), 7-10. 

Nguyen Xuan Thao, Florentin Smarandache(2018), Divergence measure of neutrosophic sets and applications, 
Neutrosophic Sets and Systems, vol. 21, 142-152. https://doi.org/10.528 1/zenodo. 1408673 


Partha Pratim Dey, Surapati Pramanik, Bibhas C. Giri(2016), An extended grey relational analysis based multiple 
attribute decision making in interval neutrosophic uncertain linguistic setting, Neutrosophic Sets and Systems, vol. 
11,21-30. doi.org/10.528 1/zenodo.571228 


J.J. Peng, J.Q. Wang, J. Wang, H.Y. Zhang and X.H. Chen(2015), Simplified neutrosophic sets and their 
applications in multi-criteria group decision-making problems, International Journal of System Science 
doi.10.1080/00207721.2014.994050. 





Mohana , Christy and Florentin Smarandache , On Multi-Criteria Decision Making problem via Bipolar Single- 
Valued Neutrosophic Settings 


Neutrosophic Sets and Systems, Vol. 25, 2018 135 





[24] Pramanik, S., Dey, P.P., & Smarandache, F. (2018), Correlation coefficient measures of interval bipolar 
neutrosophic sets for solving multi-attribute decision making problems. Neutrosophic Sets and Systems, 19, 70-79. 
http://doi.org/10.528 1/zenodo. 1235151 


[25] Pramanik, S. & Mondal, K. (2016). Rough bipolar neutrosophic set. Global Journal of Engineering Science and Re- 
search Management, 3(6), 71-81. 


[26] Pramanik, S., Dey, P. P., Giri, B. C., & Smarandache, F. (2017). Bipolar neutrosophic projection based models for 
solving multi-attribute decision making problems. Neutrosophic Sets and Systems, 15, 70-79. 


[27] Pranab Biswas, Surapati Pramanik, Bibhas C. Giri (2018), TOPSIS Strategy for Multi-Attribute Decision Making 
with Trapezoidal Neutrosophic Numbers, Neutrosophic Sets and Systems, vol.19,29-39. 
http://doi.org/10.528 1/zenodo. 1235335 


[28] Pranab Biswas, Surapati Pramanik, Bibhas Chandra Giri(2018), Distance Measure Based MADM Strategy with 
Interval Trapezoidal Neutrosophic Numbers, Neutrosophic Sets and Systems, vol.19,40-46. 
http://doi.org/10.528 1/zenodo. 1235165 


[29] Pranab Biswas, Surapati Pramanik, Bibhas C. Giri(2016), Aggregation of triangular fuzzy neutrosophic set 
information and its application to multi-attribute decision making, Neutrosophic Sets and Systems, Vol. 12,20-40. 
doi.org/10.5281/zenodo.571125. 


[30] Pranab Biswas, Surapati Pramanik, Bibhas C. Giri(2014), A New Methodology for Neutrosophic Multi-Attribute 
Decision making with Unknown Weight Information, Neutrosophic Sets and Systems,vol.3,42-50. 
doi.org/10.5281/zenodo.571212 


[31] Pranab Biswas, Surapati Pramanik, Bibhas C. Giri(2015),Cosine Similarity Measure Based Multi-Attribute 
Decision-making with Trapezoidal Fuzzy Neutrosophic Numbers, Neutrosophic Sets and Systems, vol. 8,46-56. 
doi.org/10.5281/zenodo.571274 


[32] Pranab Biswas, Surapati Pramanik, Bibhas C. Giri(2016), Value and ambiguity index based ranking method of 
single-valued trapezoidal neutrosophic numbers and its application to multi-attribute decision making, 
Neutrosophic Sets and Systems, vol. 12, 127-138. doi.org/10.5281/zenodo.571154 


[33] Pranab Biswas, Surapati Pramanik, Bibhas C. Giri(2014), Entropy Based Grey Relational Analysis Method for 
Multi-Attribute Decision Making under Single Valued Neutrosophic Assessments, Neutrosophic Sets and Systems, 
vol. 2, 102-110. doi.org/10.5281/zenodo.571363 


[34] A.A.Salama, S.A.Alblowi (2012), Neutrosophic Set and Neutrosophic Topological Spaces, IOSR Journal of 
Mathematics (IOSR-JM) ISSN: 2278-5728. 3(4)31-35. 


[35] Shyamal Dalapati, Surapati Pramanik, Shariful Alam, Florentin Smarandache, Tapan Kumar Roy(2017),IN-cross 
Entropy Based MAGDM Strategy under Interval Neutrosophic Set Environment, Neutrosophic Sets and Systems, 
vol. 18,43-57. http://doi.org/10.5281/zenodo. 1175162 


[36] Surapati Pramanik, Rama Mallick, Anindita Dasgupta(2018),Contributions of Selected Indian Researchers to 
Multi-Attribute Decision Making in Neutrosophic Environment: An Overview, Neutrosophic Sets and Systems, vol. 
20, 109-130. http://doi.org/10.528 1/zenodo. 1284870 


[37] Turksen, I. (1986). “Interval valued fuzzy sets based on normal forms”. Fuzzy Sets and Systems, 20,191-210. 


[38] H. Wang, F. Smarandache, Y.Q. Zhang and R. Sunderraman (2005), Interval neutrosophic sets and logic: theory 
and applications in computing,Hexis, Arizona.doi. 10.528 1/zenodo.8818 


[39] L.A. Zadeh(1965), Fuzzy sets, Information and Control, 8(3), 338-353. 


[40] W. R. Zhang(1994), Bipolar fuzzy sets and relations: a computational framework for cognitive modeling and 
multiagent decision analysis,Proceedings of the Industrial Fuzzy Control and Intelligent Systems conference, and 
the NASA Joint Technology Workshop on Neural Networks and Fuzzy Logic and Fuzzy Information Processing 
Society Biannual Conference, San Antonio, Tex, USA,305-309. 





Mohana , Christy and Florentin Smarandache , On Multi-Criteria Decision Making problem via Bipolar Single- 
Valued Neutrosophic Settings 


ry ar 4 
ve N SS Neutrosophic Sets and Systems, Vol. 25, 2019 136 


Tal 
yi University of New Metco 





Novel Open Source Python Neutrosophic Package 


Haitham A. El-Ghareeb!* 


‘Information Systems Department, Faculty of Computers and Information Sciences, Mansoura University, 35116, Egypt 


“Correspondence: Author (helghareeb@ mans.edu.eg) 


Abstract: Neutrosophic sets has gained wide popularity and acceptance in both academia and industry. Different 
fields have successfully adopted and utilized neutrosophic sets. However, there is no open-source implementation that 
provides the basic neutrosophic concepts. Open-source is a global movement that enables developers to share their 
source-code, as researchers do share their research ideas and results. Presented Open-source python neutrosophic 
package is the first of its kind. It utilizes object oriented concepts. It is based on one of the most popular multi- 
paradigm programming languages that is widely used in different academic and industry fields and activities; namely 
python. Presented package tends to dissolve the barriers and enable both researchers and developers to adopt neutro- 
sophic sets and theory in research and applications. In this paper, the first Open-source, Object-Oriented, Python based 
Neutrosophic package is presented. This paper intensively scanned neutrosophic sets research attempting to reach the 
most widely accepted neutrosophic proofs, and then transforming them into source-code. Presented package imple- 
ments most of the basic neutrosophic concepts. Presented neutrosophic package presents four different classes: Single 
Valued Neutrosophic Number, Single Valued Neutrosophic Sets, Interval Valued Neutrosophic Number, and Interval 
Valued Neutrosophic Sets. Presented package source code, test cases, usage examples, and updated documentation 
can be found online at https: //www.github.com/helghareeb/neutrosophic. Presented neutrosophic 
package can be easily integrated into research and applications. This is an ongoing work and research, as neutrosophic 
theory is largely expanding, and there are lots of features to cover. 


Keywords: Single Valued Neutrosophic Number, Neutrosophic Sets, Open Source, Python 


1 Neutrosophic Theory 


Neutrosophic sets have been introduced to the literature by Smarandache to handle incomplete, indetermi- 
nate, and inconsistent information [18]. In neutrosophic sets, indeterminacy is quantified explicitly through a 
new parameter I. Truth-membership (T), indeterminacy membership (I) and falsity-membership (F) are three 
independent parameters that are used to define a Neutrosophic Number. 


N= {< ;T» (x), Ts 


(x), Fs (x) >2e x} 


weEX, T(x), I. (2), Fs (x) € [0,1] (1.1) 


This paper presents the first novel open source implementation of a Neutrosophic Package in Python pro- 
gramming language. Proposed implementation aims to facilitate Neutrosophic sets utilization in different 
Python based applications. Python programming language has been chosen exclusively for different reasons. 
Python is a high-level programming language, that is efficient, supports high-level data structures, and is highly 
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utilized in different academic and industry disciplines; including big data analytics, artificial intelligence, and 
machine learning. There are no reasons that prevents porting the proposed Neutrosophic package implementa- 
tion to other programming languages. Porting presented package is a step to take in the near future. However, 
Python will be the main focus of this research paper. 

Presented characteristics and operations are implemented in the presented Open-Source Python Package 
can be found at https: //www.github.com/helghareeb/neutrosophic. Presented Neutrosophic 
Package development covers the following neutrosophic objects: 


e Single Valued Neutrorosphic Number (SVNN) 
e Interval Valued Neutrosophic Number (IVNN) 
e Single Valued Neutrosophic Sets (SVNS) 
e Interval Valued Neutrosophic Sets (IVNS) 


Rest of the paper goes as follows: 


Section 2 presents a literature review on the most recent areas of applications that utilize neutrosophy theory 
and neutrosophic sets. Neutrosophic sets has been widely accepted among different disciplines, and the need 
for an open source neutrosophic package implementation has become a necessity. 


Section3 presents the core design methodology and concepts around the presented novel neutrosophic pack- 
age. Presented package is object oriented based, that supports open-source concepts, and utilizes some Python 
magic to enhance the performance and functionality. 

In the following sections, an introduction to the neutrosophic theory of the presented section is high- 
lighted, followed by the equation that implements the presented operation. Implementation of the presented 
equation is presented immediately after the equation, so the reader can follow each section of the code and 
what it is actually responsible for. The complete source code is available at https: //www.github.com/ 
helghareeb/neutrosophic. This paper avoids mathematical proofs of the implemented equations, and 
includes external references that include the proofs of the implemented equations and calculations. 


Section 4 presents the basic element and the most widely used neutrosophic number, that is the single valued 
neutrosophic number (SVNN). SVNNs operations and their implementation are presented in this section. 


Section 5 introduces the Single Valued Neutrosophic Sets (SVNS). SVNS consists of multiple SVNNs. 
Aggregation operations are presented in this section. Implementation details simplified the calculation, and 
hopefully will act as an enabler for researchers in academia and developers in industry as a guidance and 
concrete implementation on how to adopt neutrosophic sets in real world applications. 


Section 6 highlights one of the most important concepts in neutrosophic theory; that is Interval Valued 
Neutrosophic Numbers (IVNNs). Though IVNNs are really important in describing real world cases, they are 
tough to implement because they lack the crisp mathematical characteristics presented in SVNNs. This section 
presents a simplified way to convert mathematical concepts into concrete implementations. 
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Section 7 presents the Interval Valued Neutrosophic Sets (IVNSs). IVNS is an importnat neutrosophic con- 
cept that must be supported in neutrosophic packages. Averaging function of IVNNs is presented. 


Section 8 concludes the paper, highlighting the main features and advantages of the presented open source 
neutrosophic package, and presents the future work. This is an ongoing work that needs continous develop- 
ment, and will grow exponentially as neutrosophic theory, sets, and systems keeps in growing and gaining 
wide popularity and acceptance. Paper ends with references. 


2 Neutrosophic Sets in Applications and Disciplines 


Neutrosophic has been widely adopted in important areas. — Here we need to include important references for 
important areas of neutrosophic applications, specially areas where our package can be utilized. 


2.1 MADM and MCDM 


Utilizing neutrosophic sets in Multi Attributed Decision Making (MADM) and Multi Criteria Decision Making 
(MCDM) has gained wide acceptance in research and academia. 

Analytic Hierarchy Process (AHP) in neutrosophic environment has gained polpularity and achieved suc- 
cess in different cases. In some realistic situations, the decision makers might be unable to assign deterministic 
evaluation values to the comparison judgments due to limited knowledge or the differences of individual judg- 
ments in group decision making. To overcome these challenges, neutrosophic set theory to have been utilized 
to handle the AHP, where each pair-wise comparison judgment is represented as a triangular neutrosophic num- 
ber (TNN). [3] presents such a utilization and applies it to a real life example based on expert opinions from 
Zagazig University, Egypt. The problem is solved to show the effectiveness of the proposed neutrosophic- AHP 
decision making model. 

An Extension of Neutrosophic AHP—SWOT Analysis for Strategic Planning and Decision-Making is pre- 
sented in [1]. Every organization seeks to set strategies for its development and growth and to do this, it must 
take into account the factors that affect its success or failure. The most widely used technique in strategic plan- 
ning is SWOT analysis. SWOT examines strengths (S), weaknesses (W), opportunities (O) and threats (T), to 
select and implement the best strategy to achieve organizational goals. The chosen strategy should harness the 
advantages of strengths and opportunities, handle weaknesses, and avoid or mitigate threats. SWOT analysis 
does not quantify factors (i.e., strengths, weaknesses, opportunities and threats) and it fails to rank available 
alternatives. To overcome this drawback, [1] integrated it with the analytic hierarchy process (AHP). The AHP 
is able to determine both quantitative and the qualitative elements by weighting and ranking them via compar- 
ison matrices. Due to the vague and inconsistent information that exists in the real world. The proposed model 
have been applied in a neutrosophic environment in a real case study of Starbucks Company to validate the 
model. 

A Hybrid Neutrosophic Group ANP-TOPSIS Framework for Supplier Selection Problems is presented in 
[2]. One of the most significant competitive strategies for organizations is sustainable supply chain manage- 
ment (SSCM). The vital part in the administration of a sustainable supply chain is the sustainable supplier 
selection, which is a multi-criteria decision-making issue, including many conflicting criteria. The valuation 
and selection of sustainable suppliers are difficult problems due to vague, inconsistent and imprecise knowl- 
edge of decision makers. In the literature on supply chain management for measuring green performance, the 
requirement for methodological analysis of how sustainable variables affect each other, and how to consider 
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vague, imprecise and inconsistent knowledge, is still unresolved. [2] provides an incorporated multi-criteria 
decision-making procedure for sustainable supplier selection problems (SSSPs). An integrated framework is 
presented via interval-valued neutrosophic sets to deal with vague, imprecise and inconsistent information that 
exists usually in real world. The analytic network process (ANP) is employed to calculate weights of selected 
criteria by considering their interdependencies. For ranking alternatives and avoiding additional comparisons 
of analytic network processes, the technique for order preference by similarity to ideal solution (TOPSIS) is 
used. The proposed framework is turned to account for analyzing and selecting the optimal supplier. An actual 
case study of a dairy company in Egypt is examined within the proposed framework. Comparison with other 
existing methods is implemented to confirm the effectiveness and efficiency of the proposed approach. 

An Integrated Neutrosophic-TOPSIS Approach and its Application to Personnel Selection as a New Trend 
in Brain Processing and Analysis is presented in [17]. Personnel selection is a critical obstacle that influences 
the success of enterprise. The complexity of personnel selection is to determine efficiently the proper appli- 
cant to fulfill enterprise requirements. The decision makers do their best to match enterprise requirements with 
the most suitable applicant. Unfortunately, the numerous criteria, alternatives, and goals make the process 
of choosing among several applicants very complex and confusing to decision makers. The environment of 
decision making is a MCDM surrounded by inconsistency and uncertainty. [17] contributes to support per- 
sonnel selection process by integrating neutrosophic Analytical Hierarchy Process (AHP) with Technique for 
Order Preference by Similarity to an Ideal Solution (TOPSIS) to illustrate an ideal solution among different 
alternatives. A case study on smart village Cairo Egypt is developed based on decision maker’s judgments rec- 
ommendations. The proposed study applies neutrosophic analytical hierarchy process and TOPSIS to enhance 
the traditional methods of personnel selection to achieve the ideal solutions. By reaching to the ideal solutions, 
the smart village will enhance the resource management for attaining the goals to be a success enterprise. The 
proposed method demonstrates a great impact on the personnel selection process rather than the traditional 
decision making methods. 

Neutrosophic AHP can be used to help decision makers to estimate the influential factors of IoT in enter- 
prises. A study that combines AHP methods with neutrosophic techniques to estimate the influential factors 
for a successful enterprise is presented in [16]. 


2.2 Control Systems 


The indeterminacy of parameters in actual control systems is inherent property because some parameters in 
actual control systems are changeable rather than constants in some cases, such as manufacturing tolerances, 
aging of main components, and environmental changes, which present an uncertain threat to actual control 
systems. Therefore, these indeterminate parameters can affect the control behavior and performance. [25] de- 
velops a new neutrosophic design method that introduces neutrosophic state space models and the neutrosophic 
controllability and observability in indeterminate linear systems. Then, establishes a neutrosophic state feed- 
back design method for achieving a desired closed-loop state equation or a desired control ratio for single-input 
single-output (SISO) neutrosophic linear systems. 


2.3. Image Processing and Segmentation 


Segmentation is considered as an important step in image processing and computer vision applications, which 
divides an input image into various non-overlapping homogenous regions and helps to interpret the image more 
conveniently. [11] presents an efficient image segmentation algorithm using neutrosophic graph cut (NGC). 
An image is presented in neutrosophic set, and an indeterminacy filter is constructed using the indeterminacy 
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value of the input image, which is defined by combining the spatial information and intensity information. 
The indeterminacy filter reduces the indeterminacy of the spatial and intensity information. A graph is defined 
on the image and the weight for each pixel is represented using the value after indeterminacy filtering. The 
segmentation results are obtained using a maximum-flow algorithm on the graph. 

Medical field touches everyone’s life, and it has benefited a lot from neutrosophic. Fully automated algo- 
rithm for image segmentation in medical field is presented in [19]. Such algorithm segments fluid-associated 
(fluid-filled) and cyst regions in optical coherence tomography (OCT) retina images of subjects with diabetic 
macular edema. The OCT image is segmented using a novel neutrosophic transformation and a graph-based 
shortest path method. An image g is transformed into three sets: T (true), I (indeterminate) that represents 
noise, and F (false). Fully automatic and accurate breast lesion segmentation that utilizes a novel phase fea- 
ture to improve the image quality, and a novel neutrosophic clustering approach to detect the accurate lesion 
boundary is presented in [23]. 

An efficient scheme for unsupervised colour-texture image segmentation using neutrosophic set (NS) and 
non-subsampled contourlet transform (NSCT) is presented in [13]. First, the image colour and texture infor- 
mation are extracted via CIE Luv colour space model and NSCT, respectively. Then, the extracted colour and 
texture information are transformed into the NS domain efficiently by the authors’ proposed approach. In the 
NS-based image segmentation, the indeterminacy assessment of the images in the NS domain is notified by the 
entropy concept. The lower quantity of indeterminacy in the NS domain, the higher confidence and easier seg- 
mentation could be achieved. Therefore, to achieve a better segmentation result, an appropriate indeterminacy 
reduction operation is proposed. Finally, the K -means clustering algorithm is applied to perform the image 
segmentation in which the cluster number K is determined by the cluster validity analysis. 


2.4 Pattern Recognition and Machine Learning 


Data clustering, or cluster analysis, is an important research area in pattern recognition and machine learning 
which helps the understanding of a data structure for further applications. The clustering procedure is generally 
handled by partitioning the data into different clusters where similarity inside clusters and the dissimilarity 
between different clusters are high. 

New clustering algorithm, neutrosophic c-means (NCM) for uncertain data clustering, which is inspired 
from fuzzy c-means and the neutrosophic set framework. To derive such a structure, a novel suitable objective 
function is defined and minimized, and the clustering problem is formulated as a constrained minimization 
problem, whose solution depends on the objective function in [12]. 

The work presented in [12] has been extended by [5] via presenting a new clustering algorithm that is called 
Kernel Neutrosophic c-Means(KNCM), that has been evaluated through extensive experiments. 


3 Proposed Novel Neutrosophic Package Design 


Attempting informally to categorize neutrosophic research based implementations, it is clear from scanning the 
neutrosophic literature that spreadsheets are the most widely used tool. Though spreadsheets is an excellent 
tool for certain types of problems; such as Multi Criteria Decision Making (MCDM), it is not suitable for 
automated software systems and machine learning based solutions. The need for an open source neutrosophic 
package to be utilized via different programming languages is clear. 

An attempt to utilize Object Oriented Programming to build a neutrosophic package was presented in [21] 
and [20], and an attempt to use it in e-Learning systems has been presented in [22]. This attempt suffered from 
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different shortages, including not only: 
e It was not even a close start to implementing the basic operations of any neutrosophic family subset 


e It was not an open source based attempt, so its source code was never made available to neutrosophic 
research community to be tested, verified, validated, and utilized 


e Though that solution utilized Object Oriented Concepts in CSharp, Programming was used only to cal- 
culate values to be exported to Microsoft Excel that was used for plotting the graphs. This approach 
suffers a lot when developers attempt to integrate it within software solutions. 


e Presented OOP CSharp based package has not been tested, verified, or used in real world situations 


e There is no clear documentation and illustration of the design of that package. When combined with the 
lack of software source code, utilizing such a package is almost impossible 


e It is clear that it was a very early immature attempt that never made its way through implementation and 
adoption in neutrosophic community or real world examples and projects. There has been no updates or 
research papers related to this package since then 


In this section, key decisions about the presented novel neutrosophic open source package are discussed. 
Those key decisions reflects the philosophy of the package author, and shapes the current state, and the future 
state of the neutrosophic package. Those decisions include: 


e Programming Language used 

e Open Source Choice (Source Code Availability) 
e Neutrosophic Package Licensing 

e Packaging choices and alternatives 


e Programming Methodology 


3.1 Python 


Python is considered a multilanguage model, where a high-level language is used to interface libraries and 
software packages written in low-level languages. In a high-level scientific computing environment, this type 
of interoperability with software packages written in low-level languages (e.g., Fortran, C, or C++) is an 
important requirement. Python excels at this type of integration, and as aresult, Python has become an interface 
for setting up and controlling computations that use code written in low-level programming languages for time- 
consuming number crunching. This is an important reason for why Python is a popular language for numerical 
computing. The multilanguage model enables rapid code development in a high-level language while retaining 
most of the performance of low-level languages. [14] 
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Table 1: MIT License Permissions, Limitations, and Conditions 
Permissions Limitations | Conditions 

¥ Commercial use | XLiability License and copyright notice 
¥ Modification XWarranty 
V Distribution 
V Private use 
































3.2 Open Source 


Open Source software is a form of intellectual gratification with an intrinsic utility similar to that of scientific 
discovery [8]. Emerging as it does from the university and research environment, the movement adopts the 
motivations of scientific research, transferring them into the production of technologies that have a potential 
commercial value. The process of scientific discovery involves the sharing of results, just as the dictates of the 
Open Source movement involve sharing source code. Sharing results enables researchers both to improve their 
results through feedback from other members of the scientific community and to gain recognition and hence 
prestige for their work. The same thing happens when source code is shared: other members of the group 
provide feedback that helps to perfect it, while the fact that the results are clearly visible to everyone confers a 
degree of prestige which expands in proportion to the size of the community. 


3.3. Neutrosophic Package Licensing 


Presented Neutrosophic Package is licensed under the MIT License. Table | presents the MIT License Permis- 
sions, Limitations, and Conditions. MIT License is a short and simple permissive license with conditions only 
requiring preservation of copyright and license notices. Licensed works, modifications, and larger works may 
be distributed under different terms and without source code. License and copyright notice condition means 
that a copy of the license and copyright notice must be included with the software. License can be found at 
https://github.com/helghareeb/neutrosophic/blob/master/LICENSE 





3.4 Software Packaging 


Effective reuse depends not only on finding and reusing components, but also on the ways those components 
are combined [24]. Software engineering provides a number of diverse styles for organizing software systems. 
These styles, or architectures, show how to compose systems from components; different styles expect different 
kinds of component packaging and different kinds of interactions between the components. Unfortunately, 
these styles and packaging distinctions are often implicit; as a consequence, components with appropriate 
functionality may fail to work together. Different packaging techniques have been presented in both academia 
and industry. Though there is no single agreed on packaging methodology; due to differences in features and 
programming languages, different guidelines are available to achieve successful packaging process. Presented 
Python Neutrosophic package will be packaged and shipped as a standard Python package. 


3.5 Object Oriented Programming 


Object oriented programming departs from conventional programming by emphasizing the relationship be- 
tween consumers and suppliers of codes rather then the relationship between a programmer and code [10]. 
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Main Object Oriented Concepts include [6] 
e Inheritance: a mechanism by which object implementations can be organized to share descriptions 
e Object: both a data carrier and executes actions. Object is something that has state, behavior, and identity 


e Class: set of objects described by the same declaration and is the basic element of Object Oriented 
modeling 


e Encapsulation: There are three primary conceptualizations of encapsulation in the literature. 


— First conceptualization: a process used to package data with the functions that act on the data 


— Second conceptualization: hides the details of the object’s implementation so that clients access 
the object only via its defined external interface 


— Third conceptualization: information about an object, how that information is processed, kept 
strictly together, and separated from everything else 


e Method: involves accessing, setting, or manipulating the object’s data 


e Message Passing: Message is merely a procedure call from one function to another. Message passing 
makes a request to one of object’s methods 


e Polymorphism: There are different conceptualization 


— First conceptualization: ability to hide different implementations behind a common interface 


— Second conceptualization: ability of different objects to respond to the same message and invoke 
different responses 


— Third conceptualization: ability of different classes to contain different methods of the same name, 
which appear to behave the same way in a given context; yet different objects can respond to the 
same message with their own behavior 


— Fourth conceptualization: refers to late binding or dynamic binding 
— Fifth conceptualization: ability of different classes to respond to the same message and each im- 
plement the method appropriately 
e Abstraction: 
— First conceptualization: mechanism that allows representing a complex reality in terms of a sim- 
plified model so that irrelevant details can be suppressed in order to enhance understanding 


— Second conceptualization: the act of removing certain distinctions between objects so that we can 
see commonalities 


— Third conceptualization: the act of creating classes to simplify aspects of reality using distinctions 
inherent to the problem 
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4 Single Valued Neutrosophic Number 


4.1 Constructor 


Section | highlighted that each neutrosophic number consists of three elements: truth, indeterminacy, and false 
values. Listing | highlights the constructor function (the function that gets invoked automatically) when in- 
stantiating a new object instance from the Single Valued Neutrosophic Class. New Single Valued Neutrosophic 
Number validates the values of 7’, J, F' to satisfy 1.1. 


Listing 1: SVNN - Constructor 








class SingleValuedNeutrosophicNumber: 


def _init_(self, id, truth, indeterminacy, falsehood): 

””” Initialize neutrosophic element 

ctruth: 

indeterminacy: 

-falsehood:””” 

assert id is not None, ’provide id for element to be initialized’ 

assert 0 <= truth <= 1, ’invalid truth value’ 

assert 0 <= indeterminacy <= 1, ’invalid indeterminacy value’ 

assert 0 <= falsehood <= 1, ’invalid falsehood value’ 

assert 0 <= truth + falsehood + indeterminacy <= 3, ‘invalid combined sum 
~ values’ 

self._id = id 

self._truth = truth 

self. indeterminacy = indeterminacy 

self. falsehood = falsehood 








4.2 SVNN Operations 


Single Valued Nuetrosophic Numbers arithmetic operations are defined in [15] as follows: Let two single- 
valued neutrosophic numbers be 


ol (Ti dais Ee) 
y = (Ty, Ly, Fy) 


4.2.1 SVNN Complement 
Calculating SVNN Complement is based on the Equation 4.1 and implemented in Listing 2 


a° = (F,,1—I_,T,) (4.1) 


Listing 2: SVNN - Complement 
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def complement (self): 


III ID 


:return: SVNN object with the new TIF values 


III I 


return SingleValuedNeutrosophicNumber (f’{self._id} complement’, self. 
—+ _falsehood, 1 — self._indeterminacy, self._truth) 











4.2.2 SVNN is subset of 


Identifying either an SVNN is a subset of another SVNN is determined based on the Equation 4.2 and imple- 
mented in Listing 3. This method returns a bool value type with either True or False, if the current SVNN 
object is a subset of another SVNN. 


eeoy => 725 idle eile es Fy (4.2) 


Listing 3: SVNN - is subset of 





def is_subset_of(self, svnn): 
”””’ Check if SVNN is a subset of another SVNN 
:param svnn: Single Value Neutrosohpic Number to compare with 
:return: True or False 
if self. truth <= svnn._truth and self. indeterminacy >= svnn. 
— _indeterminacy and self. falsehood >= svnn._falsehood: 
return True 
return False 





4.2.3. SVNN Equal 


Comparing two SVNN to detect if they are equal or not is calculated based on the Equation 4.3 and imple- 
mented in Listing 4. One of the advantages of Python magic is utilized in this function via implementing it as 
__eq__ which gives the neutrosophic package capability of comparing two SVNN numbers via the equal sign 
operator. 


c=y SS royycr (4.3) 


Listing 4: SVNN - Equal 





def _eq (self, svnn): 
if self.is_subset_of(svnn) and svnn.is_subset_of(self): 
return True 
return False 
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4.2.4 SVNN Add 


Two SVNNs can be added using the Equation 4.4 and implemented in Listing 5. Added SVNNs return a new 
SVNN. Using Python magic by implementing the add functionality through __add__ enables us to utilize the 
plus operator © operator on SVNNs. 


Sey = Usb ly — Lelos lly lola) (4.4) 


Listing 5: SVNN Add 








def _add_(self, svnn): 
return svnn(f’{self._id} + {svnn._id}’, (self._truth + svnn._truth) — (self. 
— _truth * svnn._truth), self._indeterminacy * svnn._indeterminacy, self. 
—» _falsehood * svnn._falsehood) 





4.2.5 SVNN Multiply by SVNN 


Two SVNNs can be multiplied by the Equation 4.5 and implemented in Listing 6. Using Python magic by im- 
plementing the multiply functionality through _mul__ enables us to utilize the multiply operator ® on SVNNs. 


xg @y = (1, T,, Ip + Ly — Lely, Fa + By — FF) (4.5) 


Listing 6: SVNN Multiply by SVNN 








def _mul_(self, svnn): 
return svnn(f’{self. id} « {svnn._id}’, self. truth * svnn. truth, svnn 
— ,_indeterminacy — (self._indeterminacy * svnn._indeterminacy), ( 
— self._falsehood + svnn._falsehood) — (self._falsehood * svnn. 
—» _falsehood)) 








4.2.6 SVNN Multiply by Alpha 


SVNN can be multiplied by constant (alpha) using the Equation 4.6 and implemented in Listing 7. Multiplying 
by constant is an important operation that is very useful in scaling, that is crucial for computer graphics and 
image processing, among other fields. 


az = (1—-(1-T,)*, [0, FS) — a>0 (4.6) 


> ea sar) 


Listing 7: Multiply by Number 











def multiply _by_alpha(self, alpha): 
assert alpha > 9, ’Alpha must be larger than zero’ 
return svnn(f’{self._id} multiplied _by_{alpha}’, 1 — pow(1 — self. 
— _truth), alpha, pow(self._indeterminacy, alpha), pow(self. 
~+ _falsehood, alpha)) 
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4.2.7 SVNN Score 


Calculating SVNN Score is important for MCDM. Listing 8 presents the implementation of the SVNN Score 
function calculated in Equation 4.7 


Cy ees mee 


E(x) = 3 





, E(x) € [0,1] (4.7) 


Listing 8: SVNN Score 








def score(self): 
return ( 2 + self._truth — self._indeterminacy — self._falsehood ) / 
> 3 





4.2.8 SVNN Accuracy 


SVNN Accuracy also plays an important rule in MCDM. Examples include, not only: rule engines. Listing 9 
highlights the Python code that calculates SVNN Accuracy presented in Equation 4.8 


H(z) =T, — Fy, H(x) € [-1,]] (4.8) 


Listing 9: SVNN Accuracy 








def accuracy(self): 
return self. truth — self._falsehood 





4.2.9 SVNN Ranking 


The ranking method is based on both the score values of E(x) and E(y) [15] and the accuracy degrees of H(x) 
and H(y) has the following relations depicted in Equations 4.9, 4.10, 4.11 and implemented in Listing 10 as 
follows: 


if E(x) > E(y) then a > y (4.9) 
if E(x) = E(y) and A(x) > H(y) then z > y (4.10) 
if E(x) = E(y) and H(z) > A(y) thenz =y (4.11) 


Listing 10: SVNN Rank 








def ranking _compared_to(self, svnn): 


III ID 


“param synn: 
:return: —1 —> Not Applicable, 0 —> equal ranking, 1 —> higher ranking 


II II ID 


if self.score() > svnn.score(): 
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return 1 
if self.score() == svnn.score() and self.accuracy() > svnn.accuracy() 
>: 
return 1 
if self.score() == svnn.score() and self.accuracy() == svnn.accuracy 
> 0): 
return 0 
return —1 











4.2.10 SVNN Deneutrosophication / Score Function 


Deneutrosophication can be defined as mapping a Single Valued Neutrosophic Number into a crisp output and 
is calculated in [7] as 








1-—T7,)?+ 12+ F? 
jie |! tee 
3 
Listing 11 presents the Python code required to implement the Equation 4.12 


(4.12) 


Listing 11: SVNN Deneutrosophy 





def deneutrosophy(self): 
from math import sqrt, pow 
return 1 — (sqrt (((pow(1 — self._truth) ,2) + pow(self._indeterminacy 
— ,2) + pow(self._falsehood,2)) / 3)) 








4.3 SVNN Helper Methods 


Those are additional methods required for coding, debugging, and documentation purposes. SVNN additional 
methods are listed in Listing 12 


Listing 12: SVNN - Helper Methods 





def _str_(self): 
return f’ID: {self. id} — Truth: {self._truth} — Indeterminacy: {self. 
—  _indeterminacy} — Falsehood: {self._falsehood}’ 


def _repr_(self): 
return f’ID: {self. id} — Truth: {self._truth} — Indeterminacy: {self. 
— _indeterminacy} — Falsehood: {self._falsehood}’ 





5 Single Valued Neutrosophic Sets 


The implementation in Listing 13 represents thinking of a Single Valued Neutrosophic Set (SVNS) as a Set of 
Single Valued Neutrosophic Numbers (SVNNs). Utilizing Object Oriented Concepts in proposed neutrosophic 
package, SVNN is presented as a class, and SVNS is presented as another class, and there is an association 
relationship between them. This justifies importing SVNN within SVNS class. 
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Listing 13: SVNS - Constructor 





from svnn import SingleValuedNeutrosophicNumber 


class SVNSet: 
””” This class has association relationship with SVNN 


II III 


def _init_(self): 
# List of SVNNs 
self._items = [] 
# Index variable — used for iteration over SVNNs in SVNS 
self._idx = —1 








5.1 SVNS Hybrid Arithmetic Operators 


where /\ is the t-norm, and Vis the t-conorm. Hybrid arithmetic and geometric aggregation operators are 
defined in [15] as follows 


e Single Valued Neutrosophic Number Weighted Arithmetic Average (SVNNWAA) 
e Single Valued Neutrosophic Number Weighted Geometric Average (SVNNWGA) 
e Single Valued Neutrosophic Number Ordered Weighted Arithmetic Average (SVNNOWAA) 
e Single Valued Neutrosophic Number Ordered Weighted Geometric Average (SVNNOWGA) 


5.1.1 Single Valued Neutrosophic Number Weighted Arithmetic Average (SVNNWAA) 
Listing 14 presents the Python code that calculates SVNWAA as presented in Equation 5.1 


Cae 


1 j 


Wy) OL) 


1 


SVNNW AA(a1, 20, ---5 Zn) = So wiz; = a-|J@-7)”, 
j=l 


n 
j=l j= 


n 


Listing 14: SVNNWAA 
def weighted_arithmetic_average(self, weights): 


III ID 





single—valued neutrosophic number weighted arithmetic average (SVNNWAA) 

weights: List of weights of each item — list length must be equal to the length of the items 

For more information: Google weighted arithmetic average 

or watch https://www. youtube.com/watch?reload=9&v=luuBU6fwtNo 

:return: Three values: T, U, V 

assert len(weights) == len(self._items), ’Weights List Length Does Not 
— Match Collection SVNN Items’ 
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weights_sum = 0.0 
for weight in weights: 
weights sum += weight 
assert weights_sum == 1, ’Weight\’s sum does not equal 1’ 
truth_total = 1.0 
indetermenacy_total = 1.0 
falsehood_total = 1.90 
for item, weight in zip(self. items, weights): 
truth_total *= pow(1 — item._truth, weight) 
indetermenacy_total x= pow(item._indeterminacy, weight) 
falsehood_total *= pow(item._falsehood, weight) 
return 1 — truth_total, indetermenacy_total, falsehood_total 





5.1.2 Single Valued Neutrosophic Number Weighted Geometric Average (SVNNWGA) 


Listing 15 implements Equation 5.2. 


n nm 


SVNNWGA(x,2,...,%) = [[z? = ([@)".1-[[a-u)".1-[[a-wy") 62) 


j=l j=l j=l j=l 


Listing 15: SVNNWGA 








def weighted_geometric_average(self, weights): 
”””’ single—valued neutrosophic number weighted geometric average 
weights_sum = 9.0 
for weight in weights: 
weights_sum += weight 
assert weights_sum == 1, ’Weight\’s sum does not equal 1’ 
truth_total = 1.0 
indetermenacy_total 
falsehood_total = 1 
weights.sort() 
for item, weight in zip(self._items, weights): 
truth_total x= pow(item._truth, weight) 
indetermenacy_total x= pow(1 — item._indeterminacy, weight) 
falsehood_total x= pow(1 — item._falsehood, weight) 
return truth_total, 1 — indetermenacy_total, 1 — falsehood_total 


= 1.0 
0 
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5.2 SVNS Geometric Aggregation Operators 
5.2.1 Single Valued Neutrosophic Number Ordered Weighted Arithmetic Average (SVNNOWAA) 


Listing 16 presents Python implementation of Equation 5.3. 


(Vicy))%) (5.3) 


1 


SVNNOWAA(21,22,---52n) = S > Gauy = -[[G-Te)*, 
= : : 


n 
j=l j= 


(Up) 
1 j 


n 


Listing 16: SVNNOWAA 








def ordered_weighted_arithmetic_average(self, weights, ordered_by_position = 
> False): 
assert len(weights) == len(self._items), ’Weights List Length Does Not 
~+ Match Collection SVNN Items’ 

weights_sum = 0.0 

for weight in weights: 
weights_sum += weight 

assert weights_sum == 1, ’Weight\’s sum does not equal 1’ 

truth_total = 1.0 

indetermenacy_total = 1.0 

falsehood_total = 1.90 

for item, weight in zip(self._items, weights): 
truth_total x= pow(1 — item._truth, weight) 
indetermenacy_total x= pow(item._indeterminacy, weight) 
falsehood_total x= pow(item._falsehood, weight) 

return 1 — truth_total, indetermenacy_total, falsehood_total 





5.2.2 Single Valued Neutrosophic Number Ordered Weighted Geometric Average (SVNNOWGA) 


Listing 17 depicts the implementation of Equation 5.4. Python provides efficient ways that helps in building 
such complicated calculations. Here, Weights are sorted to be used for the calculation. Python utilizes efficient 
builtin methods, for example like the one presented for sorting. 


n 


SVNNOWGA(a, 22,...,2n) = [[ 4) = ([ Go)*.1-[[G-Gw).1-]] G-e)”) 
J 


1 j=l 


PU 


n n 
j=1 j=l j= 


(5.4) 


Listing 17: SVNNOWGA 





def ordered_weighted_geometric_average(self, weights): 
””” single—valued neutrosophic number weighted geometric average 


II II ID 


weights _sum = 0.0 
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for weight in weights: 
weights sum += weight 
assert weights_sum == 1, ’Weight\’s sum does not equal 1’ 
truth_total = 1.0 
indetermenacy_total = 1.0 
falsehood_total = 1.9 
# The following line is the main difference 
weights.sort(Q 
for item, weight in zip(self._items, weights): 
truth_total «x= pow(item._truth, weight) 
indetermenacy_total x= pow(1 — item._indeterminacy, weight) 
falsehood_total x= pow(1 — item._falsehood, weight) 
return truth_total, 1 — indetermenacy_total, 1 — falsehood_total 





5.3. SVNS Helper Methods 


Additional helper methods are needed for supporting basic SVNS operations, such as 


5.3.1 Add SVNN 
Supports adding SVNN to SVNS, as depicted in Listing 18 
Listing 18: SVNS - Add SVNN 








def add_svnn(self, svnn): 
# TODO: Prevent Duplication 
self._items.append(svnn) 





5.3.2 Delete SVNN 
Supports removing SVNN from SVNS, as implemented in Listing 19 
Listing 19: SVNS - Delete SVNN 








def delete_svnn(self, svnn): 
#TODO: Notify user about Exception handling 
self._items.remove(svnn) 





5.3.3. Retrieve All SVNNs 


Retrieving a list of all SVNNs in SVNS is a crucial task. Returned list is an iterable one that can be used for 
further processing. Listing 20 presents such functionality implementation. 


Listing 20: SVNS - Retrieve All SVNNs 








def get_all_svnns(self): 
return self. items 
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5.3.4 Count All SVNNs in SVNS 


Counting all SVNNs in SVNS is a primitive task. Listing 21 presents the code to implement such a function- 
ality. Using Python magic, via utilizing the _-len__ enables us to use the len() function syntax over SVNN 
object. 


Listing 21: SVNS - Count All SVNNs 








def _len__(self): 
return len(self._ items) 





5.3.5 SVNS: is_empty 


Though checking either SVNS is empty or not can be achieved via _-len__( function, it is important to enable 
proposed neutrosophic package to check is_empty() in conditionals. Listing 22 depicts such functionality. 


Listing 22: SVNS - is_empty 








def is_empty(self): 
if len(self) == 0: 
return True 

return False 





5.3.6 SVNS - Iteration 


Iteration is a general term for taking each item of something, one after another. While using a loop for example, 
going over a group of items is called iteration. An iterable object is an object that has an _iter__ method 
which returns an iterator. _.getitem__ method can take sequential indexes starting from zero (and raises an 
IndexError when the indexes are no longer valid). An iterator is an object with a _next__ method. 

Providing iteration functionality within our proposed neutrosophic package is critical, so later users can 
either loop, or apply map functionalities over SVNNs within SVNSs. Such characteristic is an important 
feature for future use cases. Listing 23 depicts how iteration functionality is implemented in SVNS. 


Listing 23: SVNS - Iteration 








def _iter_(self): 
return self 


def _next__(self): 
self._idx += 1 
try: 
return self._items[self.__idx] 
except IndexError: 
self._idx = 0 
raise StopIteration 


def _getitem_(self, id): 
try: 
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return self._items[id] 
except IndexError: 
raise StopIteration 





6 Interval Valued Neutrosophic Number 


Given the following definitions, operational laws can be applied as defined in [9] 
Nya {<e: eel ; rs 12] ; aed >xex} 
Ny Ny Ny Ny Ny Ni 
Np = ‘< x: [Ir Te [1 12] [rt Fe Sa ex] 
No No No No N2 N2 


Listing 24 presents the IVNN Class Declaration and Constructor. In the presented implementation, t_lower 
<—> and t_upper for example represents the following mathematical symbols respectively 


L U 
fee 
Ni Ni 


Listing 24: IVNN Class Declaration and Constructor 








class IVNN: 


def _init (self, id, t_lower, t_upper, i_lower, i_upper, f_lower, f_upper): 


assert 
assert 
assert 
assert 
assert 
assert 


assert 


eaoooo 2@ 


0 


t_lower <= 
t_upper <= 
i_lower <= 
i_upper <= 
f_lower <= 
f_upper <= 


a ey 


t_lower + i_lower + f_lower <= 3 


self. id = id 


self. _t_lower 
self._t_upper = 
self._i_lower = 
self. i_upper = 
self. flower = 
self._f_upper 


= t_lower 
t_upper 
i_lower 
i_upper 
f_lower 
= f_upper 
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6.1 IVNN Operations 
6.1.1 IVNN Complement 


The complement of an interval valued neutrosophic number 


A= (V4, TA), Wa, 14), [Fas Fal) 
is defined by [4] as 


AS = ([Fa, Fa), Ws, 14), (Ta, Ta) (6.1) 


Listing 25: IVNN - Complement 





def complement (self): 
return IVNN(f’{self._id} complement’, 
self._f_lower, 
self. _f_upper, 
self._i_lower, 
self._i_upper, 
self. _t_lower, 
self._t_upper) 





6.1.2) IVNN Add 


Two SVNNs can be added using the Equation 6.2 and implemented in Listing 26. Added [VNNs return a new 
IVNN. Again, using Python magic by implementing the add functionality through _-add__ enables us to utilize 
the plus operator & operator on IVNNs. 


tot =(|r% Se - rere), |r me rere) [FL Pt Pe we 
Ni No Ni No Ni No Ni No Ni No Ni Neo Ni No NM No 


(6.2) 


Listing 26: IVNN - Add Two IVNNs 


def _add_(self, ivnn): 

return IVNN(£’{self. id} + {ivnn._id}’, 

self._t_lower + ivnn._t_lower — self. t_lower *« ivnn._t_lower, 
self._t_upper + ivnn._t_upper — self._t_upper * ivnn._t_upper, 
self._i_lower * ivnn._i_lower, 

self._i_upper * ivnn._i_upper, 

self._f_lower * ivnn._f_lower, 

self. f upper * ivnn._f upper) 
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6.1.3 IVNN Multiply by IVNN 


Two IVNNs can be multiplied by the Equation 6.3 and implemented in Listing 27. Using Python magic 
by implementing the multiply functionality through -_mul__ enables us to utilize the multiply operator © on 
IVNNs. 











Nom =((rere rere) [1 41h -1h Ee 4 e ~ 141) [Ft 4 FL — FL PL pu 4 pu - Fi Fe] 
Ny No Ny, No Ny N2 Ny No Ny No Ny, No Ny No Ny No Ny No Ny, No 
(6.3) 
Listing 27: IVNN - Multiply Two IVNNs 
def _mul_(self, ivnn): 
return IVNN(f’P{self. id} * {ivnn._id}’, 
self. t_lower * ivnn._t_lower, 
self._t_upper « ivnn._t_upper, 
self._i_lower + ivnn._i_lower — self._i_lower *« ivnn._i_lower, 
self._i_upper + ivnn._i_upper — self._i_upper * ivnn._i_upper, 
self._f lower + ivnn._f_lower — self._f_lower * ivnn._f_lower, 
self. f upper + ivnn._f upper — self._f upper « ivnn._f_upper) 
6.1.4 IVNN Multiply by Alpha 
IVNN can be multiplied by constant (alpha) using the Equation 6.4 and implemented in Listing 28. 
rc L\$ u\é LY$ uyé LY) u\$ 
6N=(|1- (1-7K)",1- (1-78)"] [(78)", (R)'] |S). (F8)"]) (6.4) 


Listing 28: IVNN - Multiply by Alpha 








def multiply_by(self, alpha): 
return IVNN(f’ {alpha} « {self._id}’, 
1 — pow((1 — self._t_lower) ,alpha), 
1 — pow((1 — self._t_upper) ,alpha), 
pow(self._i_lower, alpha), 
pow(self._i_upper, alpha), 
pow(self._f lower, alpha), 
pow(self._i_upper, alpha)) 





7 Interval Valued Neutrosophic Sets 


7.1 IVNS - Weighted Average 
Interval Neutrosophic Number Weighted Average Operator (INNWA) defined by [26] Let 


A; = (Pagday Fay _ 1, 2, at) 
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be a collection of IVNNs, and let 
INNWA:INN” > INN 


INNWA,,(Aj, Ao, ---, An) 
= (1 =| Lea (1 = inf TAs) i VTx (1 — sup Ta;)""'], 
[I [i inf Tas [Tj_, sup Til, 
Tj: inf awe Tis sup Fx')), 


Listing 29 presents Python implementation of 7.1 


(7.1) 


Listing 29: INNWA 





def weighted_average(self, weights): 


III ID 


-return: IVNN 
weights_sum = 0 
for weight in weights: 
assert 0 <= weight <= 1 
weights_sum += weight 
assert weights sum == 


t_lower_dot_product = 
t_upper_dot_product = 
i_lower_dot_product = 
i_upper_dot_product = 
f_lower_dot_product = 
f_upper_dot_product = 


PRP RP RP PR 
eoooo oe @ 


for ivnn, weight in zip(self._ivnns, weights): 
t_lower_dot_product x= pow(1 — ivnn._t_lower, weight) 
t_upper_dot_product *= pow(1 — ivnn._t_upper, weight) 
i_lower_dot_product *= pow(ivnn._i_lower, weight) 
i_upper_dot_product *= pow(ivnn._i_upper, weight) 
f_lower_dot_product *= pow(ivnn._f_lower, weight) 
f_upper_dot_product *= pow(ivnn._i_upper, weight) 


return IVNN(1 — t_lower_dot_product, 1 — t_upper_dot_product, 
—+ i_lower_dot_product, i_upper_dot_product, f_lower_dot_product, 
—> f_upper_dot_product) 





7.2 IVNS Helper Methods 


Additional IVNS helper method is presented in Listing 30. IVNS is a collection of [VNNs, and thus the method 
add_ivnn is presented. 
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Listing 30: IVNN - Helper Methods 








def add_ivnn(self, ivnn): 
self._ivnns.append(ivnn) 





8 Conclusion and Future Work 


Neutrosophic sets has gained wide popularity and acceptance in different disciplines. This paper presented 
an Open Source Python Neutrosophic package. Presented package utilizes Object Oriented Design and im- 
plementation concepts. Presented package is licensed under MIT License. Licensing was chosen carefully to 
support and enable both open source and neutrosophic community. Python was chosen for this package as a 
result of Python’s wide applicability in different paradigms, including mainly Big Data Analytics, Machine 
Learning, and Artificial Intelligence. Presented package is an open source one, so developers and researchers 
in different disciplines can adopt it effectively. Presented Neutrosophic package is a work on progress, as 
Neutrosophic sets and theory becomes more popular and gets utilized in different fields. Presented pack- 
age presented support for: Single Valued Neutrosophic Numbers, Single Valued Neutrosophic Sets, Interval 
Valued Neutrosophic Numbers, and Interval Valued Neutrosophic Sets. Different operations were presented. 
Presented package can be found at https://www.github.com/helghareeb/neutrosophic. 

The main challenge was the multiple definitions and proofs for the same operation, with different cal- 
culation methods. Example of such a challenge is the Score Function. There are numerous deneutrosophy 
functions for the same neutrosophic number, each with its own proof. Future Work includes uploading the 
presented Neutrosophic package to one of the most widely utilized Python Package servers. Besides, porting 
the presented neutrosophic package into different Programming Languages. Implementing Different Deneu- 
trosophication / Score Functions, highlighting the differences between them is another step to take. Support of 
Triangular and Trapezoidal Neutrosophic Numbers is another challenge to tackle. 
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Abstract: In the present paper, we discuss the Neutrosophic quadruple q-ideals and (regular) neutrosophic quadruple 
ideals and investigate their related properties. Also, for any two nonempty subsets U and V of a BClI-algebra S, 
conditions for the set N@Q(U, V) to be a (regular) neutrosophic quadruple ideal and a neutrosophic quadruple q-ideal 
of a neutrosophic quadruple BCI-algebra N@Q(S) are discussed. Furthermore, we prove that let U,V, J and J be 
ideals of a BCI-algebra S such that J C U and J C V. If J and J are q-ideals of S, then the neutrosophic quadruple 
(U, V)-set NQ(U, V) is a neutrosophic quadruple g-ideal of NQ(S). 


Keywords: neutrosophic quadruple BCK/BCI-number, neutrosophic quadruple BCK/BCI-algebra, (regular) neutro- 
sophic quadruple ideal, neutrosophic quadruple q-ideal. 


1 Introduction 


To deal with incomplete, inconsistent and indeterminate information, Smarandache introduced the notion of 
neutrosophic sets (see ([{1], [2] and [3]). In fact, neutrosophic set is a useful mathematical tool which extends 
the notions of classic set, (intuitionistic) fuzzy set and interval valued (intuitionistic) fuzzy set. Neutrosophic 
set theory has useful applications in several branches (see for e.g., [4], [5], [6] and [7]). 

In [8], Smarandache considered an entry (i.e., a number, an idea, an object etc.) which is represented by a 
known part (a) and an unknown part (b7,, cl, dF’) where T, J, F have their usual neutrosophic logic meanings 
and a, b, c, d are real or complex numbers, and then he introduced the concept of neutrosophic quadruple num- 
bers. Neutrosophic quadruple algebraic structures and hyperstructures are discussed in [9] and [10]. Recently, 
neutrosophic set theory has been applied to the BCK/BCI-algebras on various aspects (see for e.g., [11], [12] 
[13], [14], [15], [16], [17], [18], [19] and [20].) Using the notion of neutrosophic quadruple numbers based on 
a set, Jun et al. [21] constructed neutrosophic quadruple BCK/BCI-algebras. They investigated several prop- 
erties, and considered ideal and positive implicative ideal in neutrosophic quadruple BCK-algebra, and closed 
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ideal in neutrosophic quadruple BCI-algebra. Given subsets A and B of a neutrosophic quadruple BCK/BCI- 
algebra, they considered sets NQ(U, V) which consists of neutrosophic quadruple BCK/BCI-numbers with a 
condition. They provided conditions for the set NQ(U, V ) to be a (positive implicative) ideal of a neutrosophic 
quadruple BCK-algebra, and the set VQ(U, V) to be a (closed) ideal of a neutrosophic quadruple BCI-algebra. 
They gave an example to show that the set {0} is not a positive implicative ideal in a neutrosophic quadru- 
ple BCK-algebra, and then they considered conditions for the set {0} to be a positive implicative ideal in a 
neutrosophic quadruple BCK-algebra. Muhiuddin et al. [22] discussed several properties and (implicative) 
neutrosophic quadruple ideals in (implicative) neutrosophic quadruple BC Kk -algebras. 

In this paper, we introduce the notions of (regular) neutrosophic quadruple ideal and neutrosophic quadru- 
ple q-ideal in neutrosophic quadruple BCI-algebras, and investigate related properties. Given nonempty sub- 
sets A and B of a BCI-algebra 5, we consider conditions for the set NQ(U, V) to be a (regular) neutrosophic 
quadruple ideal of N@(S’) and a neutrosophic quadruple q-ideal of NQ(S). 


2 Preliminaries 


We begin with the following definitions and properties that will be needed in the sequel. 
A nonempty set S with a constant 0 and a binary operation * is called a BCI-algebra if for all x,y,z € S 
the following conditions hold ({23] and [24]): 


(1) (((a * y) * (w * z)) * (z*y) = 0), 
(II) ((u* (@*y)) *y = 0), 
Dae 0); 
(WV) Ge9=0,74¢ =) = ag 
If a BCI-algebra S satisfies the following identity: 
(V) (Vz € S) (0x2 =0), 


then S is called a BCK-algebra. Define a binary relation < on X by letting x * y = 0 if and only if x < y. 
Then (.S, <) is a partially ordered set. 


Theorem 2.1. Let S be a BCK/BCI-algebra. Then following conditions are hold: 


(Vee) (¢e0 =a). (2.1) 
VHRy2 ee) SS £e re yee Sey Seer), (2.2) 
(Vii eZe Srey) es = (a2) Ky, (2.3) 
(Va,y,2 €S)((a*z)*(y*z) Say) (2.4) 


where x < y if and only if x * y = 0. 
Any BClI-algebra S' satisfies the following conditions (see [25]): 


(Vee Sia (ae eae) = ae y), (2.5) 
(Va,y € S)(0* (x *y) = (O* x) * (O*y)), (2.6) 
(Va,y € S)(0 * (O* (a x y)) = (0 * y) * (Ox 2)). (2.7) 
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A nonempty subset A of a BCK/BCI-algebra S is called a subalgebra of Sifx*y € Aforallz,y Ee A.A 
subset J of a BCK/BCI-algebra S is called an ideal of S if it satisfies: 


Oe T, (2.8) 
(Vee S)(Vyel)(xwxyel > rel). (2.9) 


An ideal J of a BCI-algebra S is said to be regular (see [26]) if it is also a subalgebra of S. 
It is clear that every ideal of a BCK-algebra is regular (see [26]). 
A subset J of a BCI-algebra S is called a q-ideal of S (see [27]) if it satisfies (2.8) and 


(Ve,y,z€S\(ce(yxz) el yel > cezel). (2.10) 


We refer the reader to the books [25, 28] for further information regarding BCK/BCI-algebras, and to the 
site “http://fs.gallup.unm.edu/neutrosophy.htm” for further information regarding neutrosophic set theory. 
We consider neutrosophic quadruple numbers based on a set instead of real or complex numbers. 


Definition 2.2 ((21]). Let S be a set. A neutrosophic quadruple S-number is an ordered quadruple (a, xT, y/, 
zF’) where a, x,y,z € S and T, J, F have their usual neutrosophic logic meanings. 


The set of all neutrosophic quadruple S-numbers is denoted by NQ(S), that is, 
NQ(S) := {(a,2T, yl, zF) | a,2,y,z € S}, 


and it is called the neutrosophic quadruple set based on S. If S is a BCK/BCI-algebra, a neutrosophic quadru- 
ple S-number is called a neutrosophic quadruple BCK/BCI-number and we say that NQ(.S’)) is the neutrosophic 
quadruple BCK/BCI-set. 

Let S' be a BCK/BCI-algebra. We define a binary operation ® on NQ(S) by 


(a,xT, yl, zF) @® (b,uT,vlI,wF) = (ax*b, (ax u)T, (y* v)I, (2 * w)F) 


for all (a,aT,yl,zF), (b,uT,vl,wF) € NQ(S). Given aj, a2,a3,a, € S, the neutrosophic quadruple 
BCK/BCI-number (a1, a2T, a3/, a,F’) is denoted by 4, that is, 


@ = (a1, a2T, azlI,a4F), 
and the zero neutrosophic quadruple BCK/BCI-number (0, 07, OJ, OF) is denoted by 0, that is, 
0 = (0,07, 01, 0F). 
We define an order relation “<” and the equality “=” on NQ(S) as follows: 


Dey ea <a tory = 1,7 .3, 4, 
C=Y S43 = y; fort =1,233,4 


for all z,y € NQ(S). It is easy to verify that “<” is an equivalence relation on NQ(S). 


Theorem 2.3 ([21]). Jf S is a BCK/BCI-algebra, then (NQ(S); ®, 0) is a BCK/BCI-algebra. 
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We say that (NVQ(S); ®,0) is a neutrosophic quadruple BCK/BCI-algebra, and it is simply denoted by 
NQ(S). 
Let S be a BCK/BCI-algebra. Given nonempty subsets A and B of S, consider the set 
NQU,V) := {(a,2T, yl, zF) € NQ(S)|a,c EU &y,z EV}, 


which is called the neutrosophic quadruple (U, V )-set. 
The set NQ(U, U) is denoted by NQ(U), and it is called the neutrosophic quadruple U-set. 


3 (Regular) neutrosophic quadruple ideals 

Definition 3.1. Given nonempty subsets U and V of a BCI-algebra S, if the neutrosophic quadruple (U, V)- 
set NQ(U,V) is a (regular) ideal of a neutrosophic quadruple BCI-algebra NQ(S), we say NQ(U,V) is a 
(regular) neutrosophic quadruple ideal of NQ(S). 


Question 1. If U and V are subalgebras of a BCI-algebra S, then is the neutrosophic quadruple (U, V )-set 
NQUU, V) a neutrosophic quadruple ideal of NQ(S)? 


The answer to Question | is negative as seen in the following example. 


Example 3.2. Consider a BCI-algebra S = {0, 1, a, b, c} with the binary operation *, which is given in Table |. 
Then the neutrosophic quadruple BCI-algebra V.Q(.S') has 625 elements. Note that U = {0,a} and V = {0, b} 


ee 99 


Table 1: Cayley table for the binary operation “x 





aera rox 
area rao 
a rag oor 
mn a TOR f]8 
eseoocotse 
C2Tea Fa a] 


are subalgebras of S. The neutrosophic quadruple (U, V)-set NQ(U, V) consists of the following elements: 


where 
0 = (0,07, 0/,0F), 1 = (0,07, 0/,bF), 2 = (0,07, bI,0F), 
3 = (0,07, bI,bF), 4 = (0, aT, 01,0F), 5 = (0, aT, 01, bF), 
6 = (0,aT,bI,0F), 7 = (0,aT, bl, bF), 8 = (a, 0T, 01, 0F), 


Or 
| 


= (a, 0T, 01, bF), 10 = (a,0T, bI,0F), 11 = (a, 0T, bI, bF), 
12 = (a, aT, 01, OF), 13 = (a,aT, OI, bF), 
14 = (aa bf OF), 15 = (aT bl oF); 
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If we take (1, aT’, bJ,0F') € NQ(S), then (1, aT, b/,0F) € NQ(U,V) and 
(1,aT, bI,0F) ®9 = 15 € NQ(U,V). 


Hence the neutrosophic quadruple (U, V )-set NQ(U, V) is not a neutrosophic quadruple ideal of NQ(S). 


We consider conditions for the neutrosophic quadruple (U, V)-set NQ(U, V) to be a regular neutrosophic 
quadruple ideal of NQ(S). 


Lemma 3.3 ((21]). Jf U and V are subalgebras (resp., ideals) of a BCI-algebra S, then the neutrosophic 
quadruple (U,V )-set NQ(U, V) is a neutrosophic quadruple subalgebra (resp., ideal) of NQ(S). 


Theorem 3.4. Let U and V be subalgebras of a BCI-algebra S' such that 
(Va,y € S)\(x € U(resp., V), y € U (resp, V) => yxa ¢€ U (resp., V)). (3.1) 


Then the neutrosophic quadruple (U,V )-set NQ(U, V) is a regular neutrosophic quadruple ideal of NQ(S). 
Proof. By Lemma 3.3, NQ(U, V) is a neutrosophic quadruple subalgebra of NQ(S). Hence it is clear that 


0 € NQ(U,V). Let @ = (1, %2T,¢3I,24F) € NQ(S) and 9 = (41, yoT, ysl, ya’) € NQ(S) be such that 
y@®«£ Ee NQU,V) andz € NQ(U,V). Then x; € U and x; € V fori = 1,2 and j = 3,4. Also, 


Yor = (yi, yal’, yal, ys’) ® (Vitel Gel eak) 
= (y1 * £1, (Yo * L2)T, (y3 * U3)T, (Ya * 4) F) © NQUU,V), 


and so yy * 2 € U, yo * 2 € Ui, y3 * 43 € V and yy *¥ x, EV. If y ¢ NQ(U,V), then y; ¢ A ory; ¢ B for 
some i = 1,2 andj = 3,4. It follows from (3.1) that y; «7; € U or y; «x; ¢ V for some i = 1,2 andj = 3, 4. 
This is a contradiction, and so y € NQ(U,V). Thus NQ(U, V) is a neutrosophic quadruple ideal of NQ(S), 
and therefore NQ(U, V) is a regular neutrosophic quadruple ideal of NQ(S). 


Corollary 3.5. Let U be a subalgebra of a BCI-algebra S such that 














(Vz,yES\(¢eUu,y¢€U => yxx EV). (3.2) 


Then the neutrosophic quadruple U-set NQ(U) is a regular neutrosophic quadruple ideal of NQ(S). 


Theorem 3.6. Let U and V be subsets of a BCI-algebra S. If any neutrosophic quadruple ideal N Q(U,V) 
of NQ(S) satisfies 0 ® & € NQ(U,V) for all € NQ(U,V), then NQ(U,V) is a regular neutrosophic 
quadruple ideal of NQ(S). 


Proof. For any z,y € NQ(U,V), we have 
(£@j) @F = (F@F) ©F =0@GF ENQU,V). 


Since NQ(U, V) is an ideal of NQ(S), it follows that z ®y € NQ(U,V). Hence NQ(U, V) is a neutrosophic 
quadruple subalgebra of NQ(S), and therefore NQ(U, V ) is aregular neutrosophic quadruple ideal of NQ(S). 














Corollary 3.7. Let U be a subset of a BCI-algebra S. If any neutrosophic quadruple ideal NQ(U) of NQ(S) 
satisfies 0 ® & € NQ(U) for all z € NQ(U), then NQ(U) is a regular neutrosophic quadruple ideal of 
NQ(S). 
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Theorem 3.8. Jf U and V are ideals of a finite BCI-algebra S, then the neutrosophic quadruple (U, V )-set 
NQUU,V) is a regular neutrosophic quadruple ideal of NQ(S). 


Proof. By Lemma 3.3, NQ(U,V) is a neutrosophic quadruple ideal of NQ(S). Since S is finite, NQ(S) is 
also finite. Assume that | VQ(S')| = n. For any element z € NQ(U, V), consider the following n+ 1 elements: 


0,0@#,(0@%) @%,--- ,(---((0®Z)@z) @---) @F. 


n-times 


Then there exist natural numbers p and g with p > q such that 


(---((0@® Z)@Z) @---) @X=(---((0@® Z)@Z) @---) @F. 


p-times q-times 
Hence 


0 = ((---((0@ £)@Z) @---) ®Z) @ ((---((0@ Z)@#) @---) @Z) 


ti ti 
= ((---((0®Z)@£) ®---) @Z)\@Z) @---) @F) @ ((---((0@Z)@F) @---) @Z) 
times p—qtimes q times 
= (---((0@Z)@Z) ®---)®ZE NQUU,V). 
— q times 


Since NQ(U, V) is an ideal of NQ(S), it follows that 0 ®  € NQ(U,V). Therefore NQ(U, V) is a regular 
neutrosophic quadruple ideal of NQ(S') by Theorem 3.6. 














Corollary 3.9. If U is an ideal of a finite BCI-algebra S, then the neutrosophic quadruple U-set NQ(U) is a 
regular neutrosophic quadruple ideal of NQ(S). 


4 Neutrosophic quadruple g-ideals 


Definition 4.1. Given nonempty subsets U and V of S, if the neutrosophic quadruple (U, V )-set NQ(U, V) 
is a q-ideal of a neutrosophic quadruple BCI-algebra NQ(S), we say NQ(U, V) is a neutrosophic quadruple 
q-ideal of NQ(S). 

Example 4.2. Consider a BCI-algebra S = {0,1, a} with the binary operation «, which is given in Table 2. 


Then the neutrosophic quadruple BCI-algebra N.Q(.S’)) has 81 elements. If we take U = {0,1} and V = {0, 1}, 
then 


NQ(U,V) = {0, 1, 2,3, 4,5, 6, 7,8, 9, 10, 11, 12, 13, 14, 15} 


is a neutrosophic quadruple q-ideal of NV Q(S) where 
O0= (0,07, 01, 0F),1 = (0,07, 01,1F), 2 = (0,07, 17, 0F’, 
3 = (0,07, 1, 1F), 4 = (0,17, 0/,0F),5 = (0,1T, 07, 1F), 
6 = (0,17, 1/,0F), 7 = (0,1T, 17,1F), 8 = (1, 0T, OF, OF), 
9 = (1,07, 0/,1F), 10 = (1,07, 17,0F), 11 = (1,07, 1/,1F), 
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66,99 


Table 2: Cayley table for the binary operation “x 





QS FE oO] ¥ 
QR OO 
2 00;/F 
oe 8/8 


I2= (IP OL 0F) 13 =(1 AT OF. LF), 


iS EA OF) ea I ee), 


Theorem 4.3. For any nonempty subsets U and V of a BCI-algebra S, if the neutrosophic quadruple (U, V )-set 
NQUU, V) is a neutrosophic quadruple q-ideal of NQ(S), then it is both a neutrosophic quadruple subalgebra 
and a neutrosophic quadruple ideal of NQ(S). 


Proof. Assume that NQ(U,V) is a neutrosophic quadruple q-ideal of NQ(S). Since 0 € NQ(U,V), we 
have 0 € U andO0 € V. Let x,y,z € S be such that x * (y* z) € UNV andy € UNV. Then 
(yy, yl, yF) € NQ(UU,V) and 


(GaP wih) @ (ys yl. yl. yl) @: i270, 21. 2F)) 
(Pell DEY ONG RS (YU eZ) LAY Re oR ee) 
=(g% (yee), (oe (yes) (ox (Geel, Gaye zy) Pye NOU, V). 


Since NQ(U, V) is a neutrosophic quadruple q-ideal of NQ(S), it follows that 
(ee z (ee ZT ee ZI ee 2) P) = (227 212k) @ (428,28, 2h) 6 NQOW,YV): 


Hence x * z € UNV, and therefore U and V are q-ideals of S. Since every q-ideal is both a subalgebra 
and an ideal, it follows from Lemma 3.3 that NQ(U,V) is both a neutrosophic quadruple subalgebra and a 
neutrosophic quadruple ideal of NQ(S). 














The converse of Theorem 4.3 is not true as seen in the following example. 


Example 4.4. Consider a BCI-algebra S = {0, a, b,c} with the binary operation *, which is given in Table 3. 
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Table 3: Cayley table for the binary operation “x 
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Then the neutrosophic quadruple BCI-algebra N@(S) has 256 elements. If we take A = {0} and B = {0}, 
then NQ(U,V) = {0} is both a neutrosophic quadruple subalgebra and a neutrosophic quadruple ideal of 
NQ(S). If we take & := (c, bT, OI, aF), Z := (a, bT,0I,cF) € NQ(S), then 
% ® (0@ Z) = (c, bT, OF, aF) ® (0 @ (a, bT, OF, cF)) 
= (c, bT, OI, aF) @ (c, bT, 01,aF) = 0 € NQ(U,V). 


But 
f@z2 =—(¢,07T,0LaF) @ (4,67, 01 ,cr) 


=(ero, (047,020 Larol) 
= (b,0T, 01, bF) ¢ NQ(U,V). 


Therefore NQ(U, V) is not a neutrosophic quadruple q-ideal of NQ(S). 


We provide conditions for the neutrosophic quadruple (U, V )-set NQ(U, V ) to be a neutrosophic quadruple 
q-ideal. 


Theorem 4.5. Jf U and V are q-ideals of a BCI-algebra S, then the neutrosophic quadruple (U,V )-set 
NQUU, V) is a neutrosophic quadruple q-ideal of NQ(S). 


Proof. Suppose that U and V are q-ideals of a BCI-algebra S. Obviously, 0 € NQ(U,V). Let @ = 
(a1, 027, x31,c4F), ¥ = (yi, yoT, ysl, ysF) and Z = (21, 227, 231, z4F') be elements of NQ(S) be such 
that Z ® ( ® Z) € NQ(U,V) and g € NQ(U,V). Then y; € A, y; € B fori = 1,2 and j = 3,4, and 


E® (Yy ® Z) = (21, LeT 7, 231, 24F) ® ((y1, yoT, ysl, yak’) ® (21, 2eT, 231, z4F)) 
= (21, 027, x31, LaF’) ® (Yr * 21, (Yo * 22)T, (ya * 23) 1, (Ya * 24) F) 

= (21 * (Yr * 21), (Lo * (Yo * 22))T, (@3 * (Ys * 23))T, (Ga * (Ya * 24))F) 

E NQ(U,V), 


that is, x; * (y; * 2) € U and x; « (y; *z;) € B fori = 1,2 andj = 3, 4. It follows from (2.10) that x; * z; € U 
and x; * z; € V for? = 1,2 andj = 3,4. Thus 


£@® zZ = (x1 * 2%, (Lo * Z2)T, (x3 * 23), (44 * 24) F') € NQ(U,V), (4.1) 














and therefore NQ(U, V) is a neutrosophic quadruple q-ideal of NQ(S). 


Corollary 4.6. If A is a q-ideal of a BCI-algebra S, then the neutrosophic quadruple U-set NQ(U) is a 
neutrosophic quadruple q-ideal of NQ(S). 


Corollary 4.7. If {0} is a q-ideal of a BCI-algebra S, then the neutrosophic quadruple (U,V )-set NQ(U, V ) 
is a neutrosophic quadruple q-ideal of NQ(S) for any ideals U and V of S. 


Corollary 4.8. Jf {0} is a q-ideal of a BCI-algebra S, then the neutrosophic quadruple U-set NQ(U) is a 
neutrosophic quadruple q-ideal of NQ(S) for any ideal U of S. 
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Theorem 4.9. Let U and V be ideals of a BCI-algebra S such that 
(Vz,y,2€ S)\(ax(y*xz) UNV => (aexy)*zEUNV). (4.2) 


Then the neutrosophic quadruple (U,V )-set NQ(U, V ) is a neutrosophic quadruple q-ideal of NQ(S). 
Proof. It is clear that0 € NQ(U,V). Let @ = (21, 22T,23I,r4F), 9 = (y1,4y2T, y3l,ysF) and 2 = 
(21, 2aT, 231, z4F’) be elements of NQ(S’) be such that z ® (¥ ® 2) € NQ(U,V) and y € NQ(U,V). Then 
yi, ¥2 © U, Ys, 44 € V and 


E® (Y ® Z) = (21, LoT 7, 231, LaF) ® ((y1, yoT, ysl, ya’) ® (21, 2eT, 231, zaF)) 
= (£1, 22T, X31, L4F’) ® (yr * 21, (Yo * 22) T, (Ys * 23)L, (Ya * 24) F) 
= (1 * (yr * 21), (Lo * (Yo * 22))T, (G3 * (ys * 23))L, (Ga * (Ya * 24)) F) 
Ee NQ(U,V), 
that is, x; * (y; * %;) € U and x; * (y; * z;) € V for? = 1,2 and j = 3,4. It follows from (2.3) and (4.2) that 
(x; * 2) * Ys = (4; * Y;) * % € U and (a; * z;) * yj; = (a; *y;) *z; € V for? = 1,2 andj = 3, 4. Since U and 
V are ideals of S, we have x; * z; € U and x; * z; € V fort = 1,2 and 7 = 3,4. Thus 


E@® Z = (xy * XY, (Lo * Zo)T, (x3 * 23)1, (44 * 24) F) € NQ(U,V), (4.3) 











and therefore NQ(U, V) is a neutrosophic quadruple q-ideal of NQ(S). 
Corollary 4.10. Let U be an ideal of a BCI-algebra S' such that 





(Vz,y,z2€ S\(ux(y*xz)eU => (a@xy)*z EU). (4.4) 


Then the neutrosophic quadruple U-set NQ(U) is a neutrosophic quadruple q-ideal of NQ(S). 
Theorem 4.11. Let U and V be ideals of a BCI-algebra S such that 


(Vaz,yE S\(ax(Oxy)eEUNV => xreyeEUNYV). (4.5) 


Then the neutrosophic quadruple (U,V )-set NQ(U, V ) is a neutrosophic quadruple q-ideal of NQ(S). 
Proof. Assume that x * (y * z) € UNV for all x, y, z € S. Note that 
(x * y)) * (0 * 2)) * (a * (y * z)) = ((a # y) * (x * (y * 2))) * (0 * 2) 
< ((y * 2) *y) * (0 * 2) 
=(0*«z)*(0*z)=0EUNV 
Thus (x * y) * (0* z) € UNV since U and V are ideals of S. It follows from (4.9) that (2 *y)*zE UNV. 
Using Theorem 4.9, NQ(U, V) is a neutrosophic quadruple q-ideal of NQ(S). 
Corollary 4.12. Let U be an ideal of a BCI-algebra S' such that 














(Vz,yeE S\(ax(Oxy) EU => xreyEeU). (4.6) 


Then the neutrosophic quadruple U-set NQ(U) is a neutrosophic quadruple q-ideal of NQ(S). 
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Theorem 4.13. Let U and V be ideals of a BCI-algebra S such that 
(Vz,yEeS\(cxEeUnUu => rxyeUnv). (4.7) 


Then the neutrosophic quadruple (U,V )-set NQ(U, V ) is a neutrosophic quadruple q-ideal of NQ(S). 


Proof. Assume that x * (y* z) € UNV andy € UNV forall z,y,z € S. Using (2.3) and (4.7), we get 
(x xz) *(y*z) = (a¥(y*z))*z EUNV andy*xz € UNV. Since U and V are ideals of S, it follows that 
xx*xz€UNV. Hence U and V are q-ideals of S, and therefore NQ(U, V) is a neutrosophic quadruple q-ideal 
of NQ(S) by Theorem 4.5. 


Corollary 4.14. Let U be an ideal of a BCI-algebra S' such that 














(Vz,yEeS\(4eU > reyEeU). (4.8) 


Then the neutrosophic quadruple U-set NQ(U) is a neutrosophic quadruple q-ideal of NQ(S). 
Theorem 4.15. Let U,V,I and J be ideals of a BCI-algebra S such that I C U and J CV. If I and J are 
q-ideals of S, then the neutrosophic quadruple (U,V )-set NQ(U, V) is a neutrosophic quadruple q-ideal of 
NQ(S). 
Proof. Let x,y, z € S' be such that x « (0 xy) Ee UNV. Then 

(aie (ee (Ox y))) # (Oxy) = (ae Ory) eee Ory) =OeETOS 
by (2.3) and (III). Since J and J are q-ideals of S, it follows from (2.3) and (2.10) that 

(x xy) * (ax (Ox y)) = (a4 x (ax (Ox y))) xyEINICUNV 

Since U and V are ideals of S, we have x xy € UNV. Therefore NQ(U, V) is a neutrosophic quadruple 
q-ideal of NQ(S) by Theorem 4.11. 


Corollary 4.16. Let U and I be ideals of a BCI-algebra S such that I © U. If I is a q-ideal of S, then the 
neutrosophic quadruple U-set N@Q(U) is a neutrosophic quadruple q-ideal of NQ(S). 


Theorem 4.17. Let U,V, I and J be ideals of a BCI-algebra S such that I C U, J C V and 














(Vz,y,2€ S)\(ax(y*xz) EIN => (axy)ezEIn J). (4.9) 


Then the neutrosophic quadruple (U, V )-set NQ(U, V ) is a neutrosophic quadruple q-ideal of NQ(S). 
Proof. Let x,y, z € S' be such that x * (y* z) Ee 1N Jandy € 1 J. Then 
(cez)xy=(xey)ezeInd 


by (2.3) and (4.9). Since J and J are ideals of S, it follows that x * z € IM J. This shows that J and J are 
q-ideals of S. Therefore NQ(U, V) is a neutrosophic quadruple q-ideal of NQ(S) by Theorem 4.15. 


Corollary 4.18. Let U and I be ideals of a BCI-algebra S such that I C U and 














(Vr,y,2 € S)\(ax(yxz) el => (axy)*z el). (4.10) 
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Then the neutrosophic quadruple U-set NQ(U) is a neutrosophic quadruple q-ideal of NQ(S). 

Theorem 4.19. Let U,V, I and J be ideals of a BCI-algebra S such that I C U, J C V and 
(Vz,yEeS\(reINdJ > rxyelIn J). (4.11) 

Then the neutrosophic quadruple (U,V )-set NQ(U, V ) is a neutrosophic quadruple q-ideal of NQ(S). 


Proof. By the proof of Theorem 4.13, we know that J and J are q-ideals of S. Hence NQ(U, V) is a neutro- 
sophic quadruple q-ideal of NQ(S') by Theorem 4.15. 














Corollary 4.20. Let U and I be ideals of a BCI-algebra S such that I C U and 
(Va,yEeS\(cel > xeyel). (4.12) 
Then the neutrosophic quadruple A-set NQ(U) is a neutrosophic quadruple q-ideal of NQ(S). 
Theorem 4.21. Let U,V, I and J be ideals of a BCI-algebra S such that I C U, J C V and 
(Va,yEe S\(ax(Oxy)EINJ > rxyeTIn J). (4.13) 
Then the neutrosophic quadruple (U,V )-set NQ(U, V ) is a neutrosophic quadruple q-ideal of NQ(S). 


Proof. Assume that «*(y*z) € IN J For alla, y, z € S. Then (x*y)*z € [NJ by the proof of Theorem 4.11. 
It follows from Theorem 4.17 that neutrosophic quadruple (U, V)-set NQ(U, V) is a neutrosophic quadruple 
q-ideal of NQ(S). 














Corollary 4.22. Let U and I be ideals of a BCI-algebra S such that I C U and 
(Ve,yES\(ax (Oxy) el > xrxyel). (4.14) 


Then the neutrosophic quadruple U-set NQ(U) is a neutrosophic quadruple q-ideal of NQ(S). 


Future Work: Using the results of this paper, we will aply it to another algebraic structures, for example, 
MV-algebras, BL-algebras, MTL-algebras, Ro-algebras, hoops, (ordered) semigroups and (semi, near) rings 
etc. 


Acknowledgements: We are very thankful to the reviewer(s) for careful detailed reading and helpful com- 
ments/suggestions that improve the overall presentation of this paper. 
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Abstract: In this paper, we proposed a different approach on bipolar neutrosophic soft sets and discussed their prop- 
erties with examples which was initially introduced by Mumtaz Ali et al.[15]. Also we defined some similarity and 
entropy measurements between any two bipolar neutrosophic soft sets. Further, we proposed the representation of 
a 2-D digital image in bipolar neutrosophic soft domain. Finally, based on similarity measurements, we propose a 
decision making process of real-time problem in image analysis. 


Keywords: Neutrosophic set, Bipolar Neutrosophic set, similarity, entropy, Digital image. 


1 Introduction 


In our physical world, many real life situations don’t have an exact solution. For that problems, we cannot use 
conventional method to determine the solution. To avoid those difficulties in dealing with uncertainities, we ap- 
ply the concepts of Neutrosophy. Neutrosophy is the branch of philosophy which was introduced by Florentin 
Smarandache [10]. Neutrosophy deals with three components truth-membership, indeterminacy-membership 
and falsity-membership. Apparently, in the case of uncertainty, we have different solution methods like fuzzy 
theory, rough theory, vague theory etc. Since Neutrosophy is the extension of fuzzy theory, it is one of the 
efficient method among those. By using Neutrosophy, we can analyze the origin, nature and scope of the 
neutralities. Neutrosophy is the base for neutrosophic sets. Neutrosophic set was introduced by Smarandache 
which has three components called Truth-membership, Indeterminacy-membership and Falsity-membership 
ranges in the non-standard interval |~0, 17]. 


But for engineering and real life problems we prefer specific solution. Since it will be difficult to apply in 
real life problems, Wang et al. [11] introduced the concept of single valued neutrosophic set (SVNS) which 
is the immediate result of neutrosophic set by taking standard interval [0,1] instead of non-standard interval 
]~0,1*[. Single valued neutrosophic theory is useful in modeling uncertain imprecision. Yanhui et al. [8] 
proposed image segmentation through neutrosophy whereas A. A. Salama et al. [7] proposed a neutrosophic 
approach to grayscale images. Majundar et al. [5, 6] introduced some measures of similarity and entropy of 
neutrosophic sets (as well as SVNS). Aydogdu [4] proposed these similarity and entropy to Interval valued 
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neutrosophic sets (IVNS). Also ahin and Kk [1] proposed the concepts similarity and entropy to neutrosophic 
soft sets. 


In 2015, Deli et al. [2] introduced the concepts of bipolar neutrosophic sets (BNS) as an extension of 
neutrosophic sets. In 2016, Uluay et al. [3] proposed some measures of similarities of bipolar neutrosophic 
sets. In 2017, Mumtaz Ali et al.[15] introduced the concepts of bipolar neutrosophic soft sets which is a 
combined version of bipolar neutrosophic set and neutrosophic soft set. Neutrosophic set concepts are very 
useful in decision making problem. Abdel-Basset et al.[18, 19, 20] proposed some decision making algorithms 
for problems in engineering and medical fields. 

In this paper, we proposed slightly different approach on bipolar neutrosophic soft sets(BNSS). Section 2 
contains important preliminary definitions. In section 3, we propose different approach on bipolar neutrosophic 
soft set which was introduced by Ali et al.[15] and also we discuss their properties with examples. In section 
4, we define entropy measurement to calculate the indeterminacy. In section 5, we defined various distances 
between any two BNSSs to calculate the similarity between them. In section 6, we propose the representation 
of 2-D digital image in bipolar neutrosophic soft domain. In section 7, we propose the decision making 
process of image based on similarity measurements for a real-time problem in image analysis. Finally, section 
8 contains conclusion of our work. 


2 Preliminaries 


Definition 2.1. [12] 
Let X be a universal set which contains arbitrary points x. A Neutrosophic set A is defined by 


A= {(z,T a(x), La(x), Fa(z)) : 2 € X} 


where 7T'4(x), [4(x), F'4(x) referred as truth-membership function, indeterminacy-membership function and 
falsity-membership function respectively. 
Here 


Pals) Fila), F(a) :X 3 ]-0, Ll 
Further it satisfies the condition 


Example 2.2. Let X = {21, 72,23} be the universal set. Here, 71, x2, 73 represents capacity, trustworthiness 
and price of a machine, respectively. Then T'4(), J4(x), F'4(x) gives the degree of ’good service’, degree of 
indeterminacy, degree of ’poor service’ respectively. The neutrosophic set is defined by 

A = {(%1, 0.3,0.4, 0.5) , (vo; 0.5, 0.2,0.3),, (a3; 0.7, 0.2; 0.2) } 

where ~0 < T(x) + Ia(x) + Fa(x) < 3+ 


Definition 2.3. [11] 

Neutrosophic set(NS) is defined over the non-standard unit interval |~0,1*[ whereas single valued neutro- 
sophic set is defined over standard unit interval [0,1]. 

It means a single valued neutrosophic set A is defined by 


A= {(e,Ta(e),ta(@),.Palz)) > © X} 
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where 

T(x), L4(x), a(x) : X > [0,1] 
such that 

0 < Ta(x) + Ia(x) + Fa(x) < 3. 


Definition 2.4. [13, 16] 
A pair (F’, A) is a soft set over X if 


F:A- P(z) 


That means the soft set is a parameterized family of subsets of the set X. 
For any parameter e € A, F'(e) C X is the set of e-approximation elements of the soft set (F’, A). 


Example 2.5. Let X = {21, 22,23, 24} be a set of 2-dimensional images and let A = {€1, €2, €3} be set of 
parameters. where e;=contrast, e2=saturation and e3=sharpness. 
suppose that 


F(e1) = {x1, ra} 
F(e2) = {£1, ©3} 
F(e3) = ftys tay. 


Then, the set 
F(A) = {F(e1), Flea), Fles)} 
is the parameterized family of subsets of X. 


Definition 2.6. [14] 
A neutrosophic soft set (F'4, E) over X is defined by the set 


(Fy, F) = {(e, Fa(e)) EeE E, F4(e) E NS(X)} 


where F', : FE —+ NS(x) such that F4(e) = yife ¢ A. 
Also, since F'4(e) is a neutrosophic set over X is defined by 


Fia(e) = {(x, ury(e)(Z), Ury(e)(Z), Wrye(x)) 22 EX} 


where wry(c)(X), UF4(e)(L), WF4(e)(“) represents truth-membership degree of x which holds the parameter e, 
indeterminacy-membership degree of x which holds the parameter e and falsity-membership degree of x which 
holds the parameter e. 


Example 2.7. Let X = {2, 22,73, x4} be a set of houses under consideration. Let A = {e1, €2,e3} be set of 
parameters where €1, €2, €3 represents beautiful, wooden and costly, respectively. 
Then we define 


(Fa, E) = {(e1, Fa(er)) , (2, Fa(ea)) , (es, Fa(es)) f 
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Here 


Fy(e,) = {Ke 0.4, 0.3) , (x2, 0.5, 0.6, 0.7) , (x3, 0.5, 0.6, 0.7) , (xa, 0.5, 0.6, an 
F4(e,) = {Ke 0.5, 0.6, 0.3) , (x2, 0.4, 0.7, 0.6) , (x3, 0.6, 0.2, 0.3) , (xa, 0.7, 0.2, aay} 
F4(eo) = {Ke 0.6, 0.3, 0.5) , (x2, 0.7, 0.4, 0.3) , (x3, 0.8, 0.1, 0.2) , (xa, 0.7, 0.1, asp} 


Fa(e3) = {Ker 0.7, 0.4, 0.3) , (x2, 0.6, 0.1, 0.2) , (x3, 0.7, 0.2, 0.5) , (aa, 0.5, 0.2, ay} 
Hence (F'4, ) is a neutrosophic soft set. 


Definition 2.8. [2, 3] 
Let X be the universal set which contains arbitrary points x. A bipolar neutrosophic set (BNS) A is defined by 





A= HnTMe) PG), F (yt (ea (ak (a) are x} 


where 


T*t,I*, Ft : E > (0, 1] (positive membership-degrees) 
T ,I-,F~ : E — |-1, 0] (negative membership-degrees) 


such that 
0<Tt(a2)4+I*(2)+ Ft(a) <3,-3<T (2) +I (2) 4+ F(a) <0. 
Example 2.9. Let X = {2 , x2, 73} be the universal set. A bipolar neutrosophic set (BNS) is defined by 


A = {(z1,0.3, 0.4, 0.5, —0.2, —0.4, —0.1) , 
(x5; 0.5, 0.2, 0.3, —0.2, —0.7,—0.5) , 
(x3, 0.7, 0.2, 0.2, —0.5, —0.4, —0.5) } 


where 0 < Tf (x) + [4 (x) + Fi (x) < 3 and -3 < Ty (x) + Q(x) + Fy (2) <0. 
Also Tj (x), 14 (x), Fq (x) > [0,1] and Ty (x), 14 (2), Fy (x) - [-1,0]. 








3 Different approach on bipolar neutrosophic soft set 


In this section, we propose a slightly different approach on bipolar neutrosophic soft sets which is the com- 
bined version of neutrosophic soft set and bipolar neutrosophic set and this was initially introduced by Mumtaz 
Ali et al.[15]. He defined a bipolar neutrosophic soft set associated with the whole parameter set F’. 


In our approach, we define a bipolar neutrosophic soft set associated with only subset of a parameter set F.. 
Because, there is a possibility to exist different bipolar neutrosophic soft sets associated with different subsets 
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of LE. 


Ali et al.[15] definition is given below. 


Definition 3.1. Let U be a universe and F be a set of parameters that are describing the elements of U. A 
bipolar neutrosophic soft set B in U is defined as: 























B= {(e, {(u, T*(u), I*(u), Ft(u),T (uv), I (u), F (u) :ueus:ec E} 








where T+, 1+, F* — [0,1] and T~, 1~, F~ — [-1, 0]. The positive membership degree T*(u), [*(u), F’*(u), 
denotes the truth membership, indeterminate membership and false membership of an element corresponding 
to a bipolar neutrosophic soft set B and the negative membership degree T~ (uw), J~ (wu), F (u) denotes the 
truth membership, indeterminate membership and false membership of an element u € U to some implicit 
counter-property corresponding to a bipolar neutrosophic soft set B. 





























Our approach is given below. 


Definition 3.2. Let X be the universe and F be the parameter set. Let A be subset of the parameter set F. 
A bipolar neutrosophic soft set 6 over X is defined by 


B=(F4, F) = {(e.Falo) S66 E, F(e) C Bws(x)} 


Here 
Fia(e) = (x UE SOME GOTO Ore yee 6OvRe) DLE x}. 


where up, (e)(2), UE, (- (2), Wh, (-)() represents positive truth-membership degree , positive indeterminacy- 
membership degree and positive falsity-membership degree of x which holds the parametrer e, and simi- 
larly U7, (¢) (x), UR, (e) (x), Wyle) (x) represents negative truth-membership degree , negative indeterminacy- 
membership degree and negative falsity-membership degree of x which holds the parameter e . 


Example 3.3. Let X = {21, %2, 73, x4} be a universal set and let EF = {e), €2, e3} be the parameter set. 
Also, let A = {e€1,e€2} C E and B = {e3} C E be two subsets of E. 


Then we define 


B, = (Fa, E) = {(e, Fa(e)): e € E, Fa(e) € BNS(X)} 
Bo = (Gp, E) = {(e, Ga(e)) : e € E,Ga(e) € BNS(X)} 


where, 
F4(e1) = {Ke 0.5, 0.4, 0.3, —0.02, —0.4, —0.5) , (ro, 0.4, 0.7, 0.6, —0.3, —0.5, —0.02) , 


(x3, 0.4, 0.3, 0.5, —0.6, —0.4, —0.2) , (x4, 0.4, 0.6, 0.3, —0.6, —0.2, -03)} 
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Fy(e2) = {lew 0.6, 0.3, 0.2, —0.4, —0.5, —0.04) , (x2, 0.5, 0.2, 0.3, —0.1, —0.3, —0.6) , 
(x3, 0.3, 0.4, 0.2, —0.3, —0.4, —0.7) , (4, 0.8, 0.2, 0.01, —0.4, —0.5, -01)} 
Gp(e3) = {Ke 0.6, 0.3, 0.4, —0.4, —0.5, —0.3) , (v2, 0.4, 0.5, 0.1, —0.2, —0.6, —0.4) , 


(x3, 0.2, 0.3, 0.1, —0.4, —0.4, —0.2) , (x4, 0.3, 0.4, 0.4, —0.5, —0.3, -0.2)} 


Then 6, and By are the parameterized family of bipolar neutrosophic soft sets over X. 


3.1 Properties of Bipolar Neutrosophic soft sets 


In this section, we have discussed some basic properties of Bipolar neutrosophic soft sets. 


3.1.1 Subsets and Eqiuvalent sets 

Let X be universal set and F be a parameter set. Let A, B C E. Suppose B, and By be two bipolar neutro- 
sophic soft sets. Then 6, C By if and only if A C B and 

Ura(e)(*) S Ug e)(2), My (ey(@) 2 VG g(e)(@), Wig (ey(#) 2 Wy (e)() and 


Un,(e)(®) 2 Ug), Yee) S Yeg(e)(®)s Wr) S WG,,(e)(2)- 
Also 6, and By are called equivalent sets only if A = B and all the parameters of B, and by are corre- 
sponding to each other. 


Example 3.4. Suppose 6, and By be two bipolar neutrosophic soft sets associated with A = {e2} and B = 


{€1, €2}. 
Let B, = (F'4, FE) = {(e, Fa(e)) : e € E} and By = (Gz, F) = {(e, Ga(e)) :e € E} 
Here, 


(x1, 0.4, 0.3, 0.9, 0.2, —0.3, —0.4) , (x2, 0.5, 0.6, 0.7, 0.3, —0.4, -0.0)} 


Fa(e2) = { 
Gp(e1) = {(21.0.5,04,0.3 —0.6, —0.2, —0.4) , (xo, 0.6, 0.3, 0.2, -0.5,-03,-02)} 
Gp(e2) = {(11,0.6,0.4,0.2 —0.5, —0.1,—0.1) , (x, 0.7, 0.6, 0.3, —0.4, -0.2,-03)} 
This implies B, C Bg. 

3.1.2 Union and Intersection 


The union is defined by 


OF os) Oe ae) 
BiB (Ful JGs) = | marluhyia(#)Hé yal) Fa(e) ; Gp(e) 





,min(Wh (2), WE, (0)(2)), 


se : Veale) ®) + VE p(e)(®) _ : 
MAU (e)(®)s Wag (e)(@)); BO, ma (wp (o)(®)s WE g(e)()) 
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The intersection is defined by 


+ + 
VE, (e(£) + Va ple (x) 
B, 1B, = (Fa{ |Gs,£) = { (mintu a2) ugyoa(2) ae) 5 ©) ,MAx(Wh (¢)(X); Wag (e)(X)), 


: : Veg(e(®) + %ape@) : 
Mase (Up e)()s UG p(e)(@)), min w7(o(); WE g(e)(2)) 








Example 3.5. Suppose 
B, = (F4, E) = {(x1,0.4, 0.3, 0.9, —0.5, —0.2, —0.1) , (xo, 0.5, 0.6, 0.7, —0.3, —0.4, —0.6)} 


Bo = (Gp, E) = {(2z1,0.5, 0.4, 0.3, —0.6, —0.3, 0.4) , (x2, 0.6, 0.3, 0.2, 0.5, —0.3, —0.2)} 


be two bipolar neutrosophic sets. Then the union is 
B, UB, = (Fr UG, E) = {(21, 0.5, 0.35, 0.3, —0.6, —0.25, —0.1) , (x2, 0.6, 0.45, 0.2, —0.5, —0.35, —0.2)} 
the intersection is 


By N By = (Fa) Ga, E) = {(e1, 0.4, 0.35, 0.9, -0.3, -0.25, 0.4) , (a2, 0.5, 0.45, 0.7, 0.3, -0.35, —0.6)} 


3.1.3. The complement 


The complement of a BNSS is 
B® = (Fa, E)° = (F4, 7) = (wh i (2); 1 — UF (¢)(£), Upg (ey (Z)s Wp4(e)(Z), —1 — (Eis One) 
Example 3.6. Let 6 be a bipolar neutrosophic soft set. 
B= (F4, E) = {(x1,0.4, 0.3, 0.9, —0.5, —0.2, —0.1) , (xo, 0.5, 0.6, 0.7, —0.3, —0.4, —0.6) } 
Then the complement is defined by 


Bo = (F4, BE) = {(2, 0.9, 0.7, 0.4, —0.1, —0.8, —0.5) , (x2, 0.7, 0.4, 0.5, —0.6, —0.6, —0.3)} 


3.1.4 Complete BNSS and null BNSS 


The complete bipolar neutrosophic soft set comp — B is defined by 
comp — B = {e,)x;,1,0,0,0,-1,-1):e€ E;r € xX} 


The null bipolar neutrosophic soft set is defined by 
null — B = {e,)x;,0,1,1,-1,0,0):e€ E;x € X} 


The following propositions were given by Ali et al. for bipolar neutrosophic soft set associated with the 
whole parameter set. These propositions are also suitable for our approach. 
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Proposition 3.7. Let X be a universe and E be a parameter set. Also, A,B,C € E. Let By = (F4, EF) = 
{(e, Fa(E)):e € BE, Fa(E) € BNS(X)}, Bo = (Ga, E) = {(e,Ga(E)):e € E,Ga(E) € BNS(X)}, 
B; = (Hc, E) = {(e, Hc(E)): e € E, Hc(E) € BNS(X)} be three bipolar neutrosophic soft sets over 
X. Then, 


1. B, U By = Bo U By, 
Ds BO Bo = BoM By, 
3. B, U (Bz U B3) — (B, U Bz) U By 





4. By 2 (Bx Bs) = (Bi N Bz) N Bo 











Proof. This proof is obvious. 





Proposition 3.8. Let X be a universe and E be a parameter set. Also, A,B € E. Let By = (F4,E) = 
{(e, F4(E)):e € BE, Fu(E) € BNS(X)}, Bo = (Gz, E) = {(e, Ga(E)) :e € E,Ga(E) € BNS(X)} be 
two bipolar neutrosophic soft sets over X. Then the following De Morgan’s laws are valid. 


1. (By U Bz)* = (By) 9 (Bi)° 
2. (BM Bz)* = (B,)° U (By) 


Proof. Let By = {e, Cre (Z), Up, (6) (2), Weg (e) (X), Up, (e)(Z), UE, (e)(Z), Wry (e) (z)) :e€ B} 


By = {e, Cae (2), Ub, (e)(2)s Wbn ()(2)s Vag (e)(2)s VS pe) (Z)s MS ple) (x)) :e€ B} 
Then, 





(B, U By) = c (+, max(Uh, (6) (Z), Ub ace) (x)), min(UE, (e) (x), Vbn(e) (x)), MIN( WH (6) (x), WE gle) (x)), 


Min(Up,(¢)(L), UG pe) (2)), Max(Up, ()(L), VG ,(e)(Z)), MaL(WF, ()(Z), WE pe) )) :e€ Bh 


= c (min uo (2) to (2)) ice min(UE (6)(2)s Vey (e)(X))s max(up, () (2 x),U UG a(e)(2))s 


Max(Wp,4(c)(Z); WG p(e)(Z)), —1 — max(vp,(.)(Z); VG, (e)(Z)), Min(Up, (¢)(Z), UG, (e) ( ))): ee Bh 
) 


{« (1 min(uf (2), ty (2) sma — uf o(t):1 — tb g@)(2)), max ub, co (2), ub, ca (2), 


iF ))) ec Bh 
(7), tpg ()) -¢€ Bf 
(2 fo) EY 


MaZx(Wp,(e)(L), WE p(e)(Z)), min(—1 — vp, (-)(Z), -1 — 0G, (-)(X)), Min(UR, (<)(Z), Vane 

(e) (e) (e) (e) (c) (o(@ 
= {e (2, Wig ey) 1 — Ving ey(®), Ui (ey(#)s WEA (e)(@)s “1 — VE y Ge 

{e, e Weg (e)(2)s 1b — UG g(e)(#), UG g(e)(#), WG p(e)(@)s 1 — VG (6) (2): Up (6) 


= 
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(Bi By)° = c (,min(u¢o(0) Wb yea (e) marl oo (t) 18 po (t))marl woo (t) 8 ¢o()) 
MAX(Up, (¢)(Z), Up (e)()), MIN(Up, (6) (X), Vag(ey(L)), MIN(Wp, ()(Z), WE (6) =) :e€ el 


= c («, Max(WF ()(Z); WEp()(X)), 1 — max(Vp, ()(L), VG q(e)(2)), MIn(Up, (0) (2), UG, (e) (2), 


ts) 


mMin(WF, ()(Z), WEn(e)(L)), —1 — min(vp,(.)(), VG, (e)(&)), Max(Up, (6) (7), UE ce) i) :e€ 


Min(Wrrj(e)(L), Wey (ey (2), Max(—1 — UA, ()(X), —1 — VG, (6)(L)), Max(Up, (6) (Z), UG, (ec) ))) :e€€ Bh 
= {e, ( wyae al) 1 — Vp, (e) (2); Up, ce) (2), WR, (2), —1 — ig ote) :e€ B} 


U {e, Cc Weg (ey(Z)s 1 — Ub ge) (Z), US, (6) (2) Wage) () —1 — UG, (6) (2), Ua g(e) (z)) :e€E 
= (Bi)° U (B2)* 














Proposition 3.9. Let X be a universe and E be a parameter set. Also, A,B,C € E. Let By = (F4, EF) = 
{(e, F4(E)):e € BE, Fa(E) € BNS(X)}, By = (Gz, E) = {(e,Ga(E)):e € E,Ga(E) € BNS(X)}, 
B; = (Hc, E) = {(e, Hc(E)) :e € E, Hc(E) € BNS(X)} be three bipolar neutrosophic soft sets over 
X. Then, 


1. B, al (By U Bs) = (By al Bo) U (By al Bs) 
2. B, U (By al Bs) = (By U Bo) al (By U Bs) 


Proof. This proof is obvious. 














4 Entropy measure of bipolar neutrosophic soft sets 


Generally Entropy measures are used to calculate indeterminacy of sets. In this section, we define entropy 
measurement for bipolar neutrosophic soft sets. 


Definition 4.1. Let X = {2 1, 22,...,Zm} be a universe of discourse set and E' = {e1, €2,..., €n} be subset of 
a parameter set A. Let By = (Fy, F) and By = (G4, E) be two bipolar neutrosophic soft sets. The mapping 
E: BNSS(X) > R* U {0} is called an entropy on bipolar neutrosophic soft sets if € satisfies the following 
conditions. 
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1. €(B) = Oifand only if B € [F'SS(X) (Intiutionistic fuzzy soft set) 


2. &€(B) is maximum if and only if wp ,(.)(@) = Vey y(t) = Wey) (@) and up,(.(@) = Vey (2) = 
Wpry(e)(x) for alle € FE anda € X 


3. €(B) = €(B°) forall B € BNSS(X) 


4. E(B) < E(Bo) if By C Bi. 


Definition 4.2. Let G be a bipolar neutrosophic soft set. Then, entropy of 6 is denoted by €(L) and defined as 
follows: 


m n 


(8) =1= D1] (the 20 + they (@) - fey 2 — rb eg (ed 


w=1 j=l 


Example 4.3. Let X = {2 , r2, 73, x4} be a universal set and let EF = {e1, e2, e3} be the parameter set. 
Let A = {e), €2} be a subset of EF. 











— (te) 4s) + UHGe,) a) ) + [UB Gep (ae) — UBere,) a) 


1. Define B, = (Fa, FE) = {(e1, F'(e1)) , (e2, Fa(e2)) } 
where, 


F4(e,) = {a 0.6, 0, 0.4, —0.3, 0, —0.7) , (x9, 0.3, 0, 0.7, —0.2, 0, —0.8) , 


(x3, 0.4, 0, 0.6, —0.6, 0, —0.4) , (a4, 0.1, 0, 0.9, —0.5, 0, -05)} 


F4(eo) = {Me 0.5, 0, 0.5, —0.4, 0, —0.6) , (2, 0.2,0, 0.8, —0.1, 0, —0.9) , 


(i .50:8:0.027=0.7,09-20:3); A0:8,.0:0.2-0 4:0. -0.)} 


Since all the indeterminacy degrees are zero, 6, becomes intituitionistic fuzzy soft set(IFSS). 
By Definition 4.2, €(B,) =0 


2. Define Bo = (Fa, E) = {(e1, F(e1)) 5 (€2, F'4(e€2))} where, 


F4(e,) = {a 0.5, 0.5, 0.5, —0.9, 0.9, —0.9) , (x9, 0.3, 0.3, 0.3, —0.8, 0.8, —0.8) , 


(x3, 0.4, 0.4, 0.4, —0.5, —0.5, —0.5) , (4, 0.5, 0.5, 0.5, —0.5, —0.5, -05)} 
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F4(e2) = {Ke 0.4, 0.4, 0.4, —0.4, —0.4, —0.4) , (x2, 0.5, 0.5, 0.5, —0.1, —0.1, —0.1) , 


(740.3, 0:3/03:=0.5,=0.5,—0.5), (a4, 0.8,0.8,0:8, 02.0.2; -0.2)} 


Since truth-membership, indeterminacy and falsity-membership degrees are equal, 
By Definition 4.2, €(6,) = 1 (i.e maximum). 


3. Define Bz = (Fu, EF) = {(e1, Fa(er)) , (e2, Fa(ez)) } where, 


Fy(e1) = {Ke 0:5:0:4.07, 02 =0:5.=0'7) <4 040.7003 06 = 0.20.1), 


(py,0.4.0:6;0.2: =055)—0:3:=0.7):,.(t4,0.6)0.3°0:2)+0:7,-05, -03)} 


F4(es) = {Ke 0.6, 0.3, 0.7, —0.4, —0.2, —0.4) , (a9, 0.4, 0.7, 0.3, —0.7, 0.3, —0.4) , 


(x3, 0.3, 0.5, 0.1, —0.5, —0.7, —0.3) , (x4, 0.8, 0.3, 0.1, —0.5, —0.2, -0.4)} 


Then, 
(B3)° = (Fa, 7) = {(e1, Pa (er)) , (ea, Fa(ea)) F 


where, 


FS(e,) = {Ke 0:770:6:0.5; 0:7, —0:5.-0.2)<\(75"0:3,0:3)04,=0:15 0.8, 0.6). 


(x3, 0.2, 0.4, 0.4, —0.7, —0.7, —0.5) , (x4, 0.2, 0.7, 0.6, —0.3, —0.5, -0.} 


FS (es) = {to 0.7, 0.7, 0.6, —0.4, —0.8, —0.4) , (2, 0.3, 0.3, 0.4, —0.4, —0.7, —0.7) , 


(x3, 0.1, 0.5, 0.7, —0.3, —0.3, —0.5) , (#4, 0.1, 0.7, 0.8, —0.4, —0.8, -05)} 
Since the sum of indeterminacy and its complement is one and complement of truth-membership be- 


comes falsify-membership and vice versa, 
By Definition 4.2, €(B) = €(B°) for any BNSS. 


4. Let By = (Fa, E) = {(e, Fa(e)): e € E} and Bo = (Gu, E) = {(e, Ga(e)) :e € E} 
Here, 


F4(eo) = {Ke 040.3509: 0.9, 0.3, 04). (o5,0:5, 06:07: 03,04 -0.0)} 
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Ga(e1) = {(21,0:5,04,0.3, =0:6;=0:2;=04) <(99:0.60.3:0.2,=0.5,=03; -02)} 


Ga(e2) = {(11,0.6,0.4,0.2 ~0.5, —0.1,—0.1), (2, 0.7, 0.6, 0.3, —0.4, —0.2, -03)} 


Here B, C Bo. 
By Definition 4.2, 
E(B,) = 0.705 
E(Bz) = 0.6725 
Hence 


E(B) < €(B1) if By C Bo 


5 Distance between bipolar neutrosophic soft sets 


In this section, we will define some distance measures of bipolar neutrosophic soft sets. Let X be a universe, 
E be a parameter set and let A, B be two subsets of F.. 
Let B, = (F'4, E) and By = (Gz, E) be two bipolar neutrosophic soft sets. 


Here 


Fale) = (2 UE (O98, 6 Oh, OE WOME MEO) DLE x} 


Gale) = | (21t8 colt) Xb gest (0) Wage (MG ppo(2) Wage (4)) :£E x} 


Definition 5.1. Consider the two Bipolar neutrosophic soft sets B; = (f'4, F) and By = (Gz, E) defined 
above. Let d be a mapping defined asd: BNSS(x) x BNSS(x) — Rt U {0} and it satisfies the following 
conditions. 

1) d(B,, By) > 0 

it) d(B,, Bz) = d(Bo, By) 

iit) d(B,, By) = 0if fB, = Bo 

iv) d(B,, By) + d(Bs, B3) > d(B,, Bs) (for any Bs) 














Then, d(B,, Bz) is called a distance measure between two bipolar neutrosopihic soft sets B, and By . 


Definition 5.2. A real function S : BNS'S(X) x BNSS(X) — (0, 1] is called a similarity measure between 
two bipolar neutrosophic soft sets By = [aij|mxn and By = |bij|mxn if S satisfies the following conditions. 
1)S(By,, Bo) € [0, 1] 

11)S(By, Bo) = S(Bo, By) 

iti) S(By, Bo) = lif flaij)mxn = [bij]mxn 

iv)S(Bi, Bs) < S(Bi, Bz) + S(Ba, Bs) if By Cs Bo = B3 (for any Bs) 
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5.1 Hamming distance between two bipolar neutrosophic soft sets 





di y55(Bi Bo) =)! ju(x)| | ju(x)| | to jv(x)| 3 j 


j=l i=l 


where 


Aus) = Ups, (e,) (i) - Ups, (c,) (i) 
Viju(x) = UB, (e)) (Zi) — UB, (e,) (Zi) 
Proof. i) Since |A;;u(x)| , |Vizu(x)| , |Aiju(x)|, |Viju(@)|, |Aijw(x)| , |Vizw(x)| are all positive, 
d3nss(B1, Bs) = 0 
li) Since UB, (e,) (i) = Ups, (e,) (i) = Ups, (e,) (i) - Ups, (e,) (i) , 
|A;;u(X)| is same for both d¥y.¢¢(B1, Bo) and d$y,.¢(B2, Bi). 
Also this is true for all membership degrees. 
Hence d2.yg5(Bi, Bo) = dB s5(Bo, Bi) 
iii) Since Aj;u(X) = Up, (c,) (Li) — UB, (c,) (Li) and V;;u(X) = Up, (ec) (Zi) — UB, (e;) (Xi) = 0 are both zero for 
B, = By, 
dts (Bi, Bo) = Oif By = By. 





























iv) Let 
n om Aiju v)| + |Visur(v)| + Ayjv x) + |Visur(a)| + Ajjw x)| +|V,wr(2 
thygl By Ba) = S25 tee + gun) + yee + [Vy + yen] + yet 
j=l i=l 
n m Ayu v)| + V iu ve) + Ayjv av)| + V igv v)| + Aj; w v)| + Vigw x 
tg Ba By) = Sale + ua + yet + [Vale + yet] + eto 
j=l i=l 


dé ygs(B1, Bz) + dBvgs(Bo, Bs) 








nom ey) — UB, (¢,)(@i)| + b,c) — Up. (e,) (i) | + 5, ces) 8) — Up, (e,)(@i)| + 


Day ; 


j=l i=l 





a Bc (e) — UB (e,) (i) | + 








aces) 8) — Wye (@0)| + [OS cep (8) — Men (2a) 




















et tes) — Up, (e,)(i)| + ites @s) — Upa(e,)(i)| + ecg tesy (2) — WB (e;)(%i)] + 











oe (wi) — WB, (e,) (a) | + ce (2) — Wp, (e;)(%i)] + waacey (2) — Wp,(e,) (2) 








n m ub, ce) (28) = Ups, (e,) (i) + of, ce (2s) = UB, (c,) (Zi) 


ap ae ; 


j=l i= 


+ [08 ce) (@8) — Whey (t2) 

















a 


This implies 
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dé ygs(B1, Bo) + dBysg(Bo, Bs) > dBngs(Bi, Bs) 














5.2 Normalized Hamming distance 


d3ngs( Bi, By) 


dpngs (Bi, By) = ron 





Proof. Since d#y,5¢(Bi, Bz) satisfies definition 5.1, for any positive m,n 


di B,,B 
deh 39(Bi, Ba) = Bvss| = 2) 




















mn 
also satisfies definition 5.1 
5.3 Euclidean distance between two BNSS 
(Aiju(x))? + (Vijzu(x))? + (Ajjv(x))? + (Vijzu(2))? + (Aijw(2))? + (Vi;w(2))? |? 

ree (By, Bo) = bapa e. j j j ; j j j 

j=1 i=1 

where 
+ 


Aiju(x) = UB, (e ji) -_ Ups (es) (i) 
Vigu(x) = Ugie cy) - Up, (e,) (a) 


Proof. i) Since (A;;u(x))?, (Vi;u(x))?, (Aijvo(x))?, (Vizu(a))?, (Aijw(x))?, (Vizw(2))? are all positive, 
div s(Bi, Bz) = 0 


ii) Since (ug, (. p(ti)- Ub (e (a)? = (UB, (e,) (4) - UB, (e (ui)? (Aiyu(X))? is same for both dE y5¢(B1, Bo) 
and dB 65 ( Bos By). 
Also this is true for all membership degrees. 
Hence djy.55(B1, Bs) = din gg(Bo, Bi) 


iii) Since A;;u(X) = UB, (c,) (i) — UB, (c,) (Li) and Vjju(X) = ug, (.,)(Li) — Ug, (e,) (vi) = 0 are both zero 
for By = Bo, 


iv) Let 





déngs(Bi, By) = 
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By the definition of Euclidean norm, we take 

dénss(B1, Be) = ||B. — Boll, 

denss(Bo, Bs) — I|B2 > Bs|, 

Then, |B, = Bs], = |B, =4 Bo + Bo — B3}l, 

By Triangle inequality, 

|B. — Ball, < ||Bi — Ball, + ||Bo — Ball, 

Hence d§.y55(B1, B2) + d§n59(Be, Bs) > déysg(B:, Bs) 

















5.4 Normalized Euclidean distance 


di nsg(Bu, By) 
mn 





d'gxgs(Ba, Bg) = 


Proof. Since, d,y.¢5(B1, Bz) satisfies Definition 5.1, 


di nss(Bi, By) 


d'ijnss (Bi, By) = Vmn 











also satisfies Definition 5.1 for all m,n. 





Note 5.3. From the above measurements, we conclude the following conditions. 


i) 0 < dBygs(Bi, Be) < mn [Obviously true] 
ii) 0 < def 55(B1, Bz) < 1 [from i) ] 
iii) 0 < dey 5¢(B1, Bo) < mn [Obvious from i) ] 
iv) 0 < dtegg(Bi, By) <1 [from iii) ] 


Based on these distance measures, we can calculate the similarity between two BNSSs using the following 
measures. 


: 1 
1) SBvgs(B1, Bo) = 


Dt: Tonsg( Pr, By) 





it) SBngs(Bi, Bg) = 





Lee Tiwss( Pr, Ba) 


a) Or aN a Pi Pa) = eae (Bn Bp) 
1 


iv) S"Epnss(Bi, Bo) = 1+ d”Epnss(Bi, Bo) 








6 Representation of image in bipolar neutrosophic soft Domain 


In this section, we convert 2-dimensional digital image into bipolar neutrosophic set. A digital image con- 
tains many pixels. According to pixel intensity values, we classified digital image as foreground image and 
background image. 

we define bipolar neutrosophic soft set as parameterization of family of subsets which contains positive 
mebership degrees and negative membership degrees. Here we assign positive membership degrees to fore- 
ground image and negative membership degree to background image. 
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For example, Let us consider a 2-dimensional digital image as X = {21, ©2, %3, Y1, Y2, y3} . Here 11, x2, £3 
represents foreground pixels and y1, y2, y3 represents background pixels. Let A = {e1, e2, e3} be set of param- 
eters, where €1, €2, e€3 denotes contrast, brightness and sharpness of given image respectively. 

Define B = (F'4, E) = (e, Fa(e)):e € E, Fa(e) € BNS(X) 

Here 


F4(e1) = { (ert th HAoy 2 HE Heyl) > Wr4(e1) 











(sath yen(t pa (ex) (@2)s Wpra(ey) ("2)s Ur (e1) (%2) UF 4(ey) (£2), Wr (e1) 


(tub yen(ta Veg (er) (T3)s Wig (ey) (T3)s Ug (er) (C3) s Veg (e1) (%3) Wea er) 


Pale) ={ (a UFrg (ea) (1) Usrg (en) LI)» Wig (en) (1) Uarg (en) (L1)s UF (ep) (1) Weg (ea) 











(2,1 eta Ugg en) (%3)> Wing (en) (©3)s Wig (en) (©3)+ Ug (en) (3) Wg (en) 


F4(e3) = { (2th Fh Hon Ho Hel) » Wr 4(es) 











(x4 )) 
(x2 )) 
(xs) )| 
(x1) )) 
(ath ey ta) th toy ( tal Hh cen (2) ME tey 0) YFgten lt ); Wag ey)(%2) )) 
(xs) 
(x4 )) 
(x2 )) 


(2th coy (t Up (eg) (#2)> Wirg (eg) (F2)s Upeg (eg) (L2)+ Varg (eg) (F2)s Urea es) 
(eat 2) YF HH oF He) ty) 


where uj, , (e(2), UE, (2), Wh, (<) (£) represents positive truth-membership degree , positive indeterminacy- 
membership degree and positive falsity-membership degree of a pixel x which holds the parametrer e, and sim- 
ilarly Wp, ()(X), Up, (e)(2), Wp, (e)() Tepresents negative truth-membership degree , negative indeterminacy- 
membership degree and negative falsity-membership degree of a pixel x which holds the parameter e . 


Remark 6.1. We assume the pixels are already classified as foreground and background pixels based on their 
intensity values. This assumption leads us to the following conditions. 


For absolute foreground pixels, 
se) = 108 (ae )r= 0 
Oe) = 071) v(x) =-1 
w (2) = [0,1] w (4) =-1 
For absolute background pixels, 
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ie (oO u(x) = [—1,0] 
ae Gig han v(x) = [-1,0] 
weg) 1 w7 (az) = [-1, 0] 


6.1 Pixels in BNSS domain 


Digital images are just array of pixels; each and every pixel has particular intensity values. Initially, Yanhui et 
al.,[8, 17] proposed the technique to transform image into neutrosophic domain. In this subsection, we extend 
this technique to bipolar neutrosophic domain. 


We allocate membership values for each pixel according to their attributes. For foreground pixels 
ut (i, 7), ut (i, 7), wt (i, 7) named as positive truth-membership, positive indeterminacy, positive falsity-membership 
respectively and for background pixels u~ (7,7), uv (7,7), w’ (i, 7) named as negative truth-membership, nega- 
tive indeterminacy, negative falsity-membership respectively. 


An arbitrary pixel can be represented as follows: 
Pens(i, J) = LUO)" gel ep) 0, FU yg) (aa) ys 
Here 


OU, FeO ries os Wp teat 
ut (i, 7) = g(t, 7) g vu" (i, 9) o(4 j) 





Jmax _ Jmin Onis aa Onan 
wt(i,j)=1—uti, 7) = It, I) 

Imax — Gmin 
Ss a a 

‘ G i) = Oran Grain ( J) Onaa = Oran 
seg 2o Se gli, De Oia 
w (i,j) =-1l-u (i,j) = = 

Imax —~ Jmin 


where g(i, 7) represents mean intensity of foreground pixel in some neighbourhoods W and g(i, 7) represents 
the mean intensity of background pixel in some neighbourhoods W*. 
Here 


i+w/2 j+w/2 
m=it—w/2n=j- a 
i+w*/2  j+w*/2 


WI-po Ly 


ma=i—w* /2n=j—w* /2 

d(t, 3) = |9(@, 9) — 94, 9)| 

6(t, 3) = |9(@, 9) — 94, 9)| 
Oman = Maro (i, 7) Onin = Oy 7) 





Example 6.2. Let X = {f1, fo, bi, b2} be pixel set of a 2-D image. Also let E = {e1, €2, e3} be the subset of 
the parameter set A with parameters e1, €2, e3 aS contrast, brightness and sharpness, respectively. 
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Now we define 
(Fy, F) = {(e, Fa(e)):e € E, Fa(e) € BNS(X)}. 
Here 


F(e1) = {( 05.04.08 O11) 5:05:04 0:70:60; 1.1). 0403.05 0 1 
(hi OAS 06 0903) (b00 1 07 0 08) ba Os 0A: -03)} 
F(e) = 1s 06: 0:30 2000208 USE ae 0S 04 0 0 a1) 
GeO ti 04-0 5. 0b. 0vl ie 06 09-03) bs 0.11 0A -01)} 
F(e3) = 1h 06.0 3:04.02 = 1) .4 040504, 0: SH 1h. 02 0.80 1 0a = 1) 


(61,0; 1.1.05, 30,309) 6.0.45 1, 08,04 09) 160, 070.9, -0.1)} 


Then (/'4, F) is a bipolar neutrosophic soft set which is the parameterized family of soft subsets of X. 


7 Decision making process based on similarity measurements 


Since neutrosophic set theory deals with uncertainities, it is useful for decision making problems. Due to lack 
of parametrization tools in neutrosophic sets alone, we have some difficulties while making decisions. There 
fore, neutrosophic set along with parameters are more favorable for decision making problems. 

In this evaluation criteria, we have two types of membership degrees as positive and negative membership 
degrees. So we consider positive membership degrees for foreground pixels and negative membership de- 
grees for background pixels. This means, we expect maximum positive truth-membership value and minimum 
negative truth-membership value for foreground pixels while maximum negative truth-membership value and 
minimum positive truth-membership value for background pixels. 

So we define ideal neutrosophic values for our criteria in the following way. 


a= {¢ (max, (1s))-mint uf (19)), min uf ()), mau ())-min( (4) 
min(w7yet)) :e; € Esa; € X 
[Deg = {ei (iin(ufy.(¢))maclof,(0s))mac(wh,(0s))-min(ujy(4))+man(vp(e)) 


maz (w7ey())) Mee Lee x} 


So our aim is to select the most relevant foreground and background set of pixels by their brightness, 
contrast level and sharpness level from the image samples of a particular image. The different types of lena 
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images and their corresponding neutrosophic values are given below. 





(a) Blur image (b) Noisy image (c) Low resolution 


Figure 1: Different types of Lena images 





By 


Brightness(e1) Contrast(e2) Sharpness(e3) 





fi 
fa 
by 
by 


(0.5,0.4,0.3,-0.2,-0.3,-0.9) (0.8,0.2,0.4,-0.3,-0.4,-0.8) (0.4,0.7,0.6,-0.2,-0.3,-0.9) 
(0.2,0.3,0.7,-0.1,-0.4,-0.3) (0.6,0.3,0.3,-0.6,-0.3,-0.5) (0.5,0.6,0.3,-0.4,-0.6,-0.8) 
(0.7,0.2,0.4,-0.5,-0.6,-0.9) (0.5,0.6,0.2,-0.7,-0.3,-0.2) (0.2,0.1,0.3,-0.7,-0.5,-0.5) 
(0.4,0.6,0.8,-0.7,-0.3,-0.3) (0.6,0.6,0.8,-0.7,-0.2,-0.2) (0.3,0.4,0.3,-0.9,-0.1,-0.2) 





Table 1:Neutrosophic values of (a) Blur image. 





By 


Brightness(e 1) Contrast(e2) Sharpness(eé3) 





fi 
fe 


bs 


(0.6,0.5,0.4,-0.1,-0.2,-0.8) (0.7,0.1,0.3,-0.4,-0.5,-0.9) (0.3,0.6,0.5,-0.3,-0.4,-0.9) 
(0.8,0.3,0.5,-0.4,-0.5,-0.8) (0.4,0.5,0.1,-0.8,-0.4,-0.3) (0.4,0.3,0.5,-0.5,-0.3,-0.5) 

(0.5,0,0.2,-0.7,-0.4,-0.7)  (0.3,0.4,0.4,-0.8,-0.4,-0.3) (0.4,0.3,0.5,-0.5,-0.3,-0.3) 
(0.2,0.4,0.6,-0.9,-0.1,-0.1) (0.4,0.4,0.8,-0.5,-0.2,-0.2) (0.2,0.2,0.3,-0.5,-0.1,-0.4) 





Table 2:Neutrosophic values of (b) Noisy image. 





Brightness(e1) Contrast(e2) Sharpness(é3) 





(0.4,0.5,0.7,-0.9,-0.8,-0.2) (0.3,0.8,0.7,-0.6,-0.5,-0.1) (0.7,0.4,0.5,-0.7,-0.6,-0.1) 
(0.2,0.7,0.5,-0.6,-0.5,-0.2) (0.6,0.5,0.9,-0.2,-0.6,-0.7) (0.6,0.7,0.5,-0.5,-0.7,-0.5) 
(0.5,0.4,0.8,-0.3,-0.6,-0.3) (0.7,0.4,0.6,-0.2,-0.6,-0.7) (0.6,0.7,0.5,-0.5,-0.7,-0.7) 
(0.8,0.6,0.4,-0.1,-0.9,-0.9) (0.6,0.6,0.2,-0.5,-0.8,-0.8) (0.8,0.8,0.7,-0.5,-0.9,-0.6) 





Following table shows that the neutrosophic values of absolute foreground and background pixels. 


Table 3:Neutrosophic values of (c) Low resolution image. 





model —B  Brightness(e,;) Contrast(e2) | Sharpness(e3) 
ae (1,0,0,0,-1,-1) (1,0,0,0,-1,-1) (1,0,0,0,-1,-1) 
b (0,1,1,-1,0,0) (0,1,1,-1,0,0) (0,1,1,-1,0,0) 
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By our criteria, we define ideal neutrosobhic values as follows. 








B Brightness(e,) Contrast(e2) Sharpness(eé3) 

fi (0.6,0.4,0.3,-0.1,-0.8,-0.9) (0.8,0.1,0.3,-0.6,-0.5,-0.9) (0.7,0.4,0.5,-0.2,-0.6,-0.9) 
fe (0.8,0.3,0.5,-0.1,-0.5,-0.9) (0.6,0.5,0.9,-0.2,-0.3,-0.3) (0.6,0.3,0.3,-0.4,-0.7,-0.8) 
b; (0.5,0.4,0.8,-0.7,-0.4,-0.3) (0.3,0.6,0.6,-0.8,-0.3,-0.2) (0.2,0.7,0.5,-0.7,-0.3,-0.3) 
by (0.2,0.6,0.8,-0.9,-0.1,-0.1) (0.4,0.6,0.8,-0.7,-0.2,-0.2) (0.2,0.8,0.7,-0.9,-0. 1,-0.2) 





Now we compute the Hamming distance between our ideal bipolar neutrosophic soft set and the bipolar 
neutrosophic set of each images to find the similarity. 


dpnss(B, Bi) 


Bs) = 3. 


dh g5(B, 


Then the similarity values are, 











1 
1 
1 
SE ee(B, 83) = 1+dE,..(B.Bs) 0.2174 





Based on these similarity scores, we choose By as the reliable bipolar neutrosophic soft set. This means 
among these three types of image samples, second image is more favorable to our criteria. 


8 Conclusion and Future work 


In this paper, we proposed a different approach on bipolar neutrosophic soft sets and discussed their properties 
which was initially introduced by Ali et al. Further we defined some distance measures between any two bipo- 
lar neutrosophic soft sets to check similarity between them. And also we defined entropy measure to calculate 
indeterminacy. In section 6, we gave the representation of 2-D image in bipolar neutrosophic domain. Finally, 
the proposed similarity measurements have been applied to decision making problem in image analysis. Our 
future work will include more decision making methods based upon different similarity measurements. 
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